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Chapter 1

Complex plane

1.1. Introduction

Most of you are already familiar with complex numbers defined as numbers of the form a + b,
where a and b are real numbers. Sums like this are called formal sums - we do not know how to
add a and b so we just call the symbol a + ib the sum of these two numbers. The same idea is
used while defining polynomials. The comparison with polynomials also suggests how we can add
or multiply two complex numbers.

(a+1ib)+ (c+id) = (a+c)+i(b+d)
and
(a4 ib)(c +id) = ac + i(ad + bc) + i*bd = (ac — bd) + i(ad + bc).
Addition and multiplication so defined satisfy some nice properties making it a field.
DEFINITION 1.1 (Field). A triple (F,+,.) where +: F'x F'— F and .: F' x F' — F'is called a
field if 4+ and . satisfy the following conditions
(1) Addition is associative: for all fi, fo, fs € F', fi + (fo+ f3) = (f1 + f2) + f3.
(2) Addition is commutative: for all fi, fo € F, f1 + fo = fa+ f1
(3) Existence of additive identity: there exists an element, denoted by 0, such that for all
feF, f+0=f=0+f.
(4) Existence of additive inverse: for every f € I there exists an element —f such that
fH(H)=0=(=f)+F.
(5) Multiplication is associative: for all fi, fa, f3 € F, f1.(fa-f3) = (f1-f2)-f3-
(6) Multiplication is commutative: for all f1, fo € F, fi.fa = fa.f1.
(7) Existence of multiplicative identity: there exists an element denoted by 1 such that for
every fe F, f1=f=1.f.
(8) Existence of multiplicative inverse: For every f € F', there exists an element % such that
r(3)=1=()4

(9) Multiplication distributes over addition: for all fi, fo, f3 € F', fi(fa+ f3) = fife + f1fs.

Recall that addition and multiplication of real numbers also satisfied these nice properties. The
same is also true for the set of complex numbers C = {a + ibla,b € R} under the addition and
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2 1. Complex plane

multiplication defined above. The proof is generally a mixture of the analogous result for real
numbers combined with some computation. In what follows, let z = (ag + ibx). Then, (justify
each step)

LEMMA 1.2. Complex addition is associative.

Proof.

(a1 +ib1) + ((a2 + ib2) + (a3 + ib3)) = (a1 +ib1) + ((a2 + a3) + (b2 + b3))
a; + (az + as)) +i(b1 + (b2 + b3))
(a1 4 a2) + az) + i((by + b2) + b3)
(a1 + az) +i(by + b2)) + (az + ib3)
(

ay +ib1) + (a2 +ib2)) + (a3 + ibs)

(
(
(
(
(

LEMMA 1.3. Complex addition is commutative

Proof.
(a1 +1ib1) + (ag +ibg) = (a1 + az) +i(b1 + ba)
= (az +a1) +i(ba + b1)
= (ag +ib2) + (a + ib)

LEMMA 1.4. The element 0+ i0 is the unique additive identity

Proof. First of all notice that (a+1ib)+ (0+1i0) = (a+0)+i(b+0) = a+ib = (0+a)+i(0+b) =
(0+140) + (a + ib). Thus, 0+ 40 is an additive identity. Moreover, if ¢ + id is an additive identity,
then (a +ib) + (c +id) = (a + ¢) + i(b+ d) = a +ib. Thus, a + ¢ = a and b+ d = b which implies
that ¢ =0 and d = 0. O

LEMMA 1.5. Given any element a+ ib, the element (—a) +i(—b) is its unique additive inverse.

Proof. To begin with note that (a + ib) + ((—a) + i(=b)) = (a + (—a)) + i(b + (=b)) = 0 + 0.
Moreover, if (a +ib) + (¢ +id) = (a+¢) +i(b+d) = 0440, then a + ¢ =0 and b+ d = 0. Thus,
¢ = —a and d = —b, giving us uniqueness. O

LEMMA 1.6. Multiplication is associative

Proof.
(a1 + iby)(az + ibs) (a3 + ibs)) = (a1 + iby)((asas — babs) + i(asbs + baas))
= (a1(agas — babs) — bi(agbs + baas)) + i(a1(az2bs + baas) + b1 (azas — babs))
= (a1a2a3 — a1babs — biagbs — bibaag) + i(araxbs + arbaas + biagas — bibabs)
((arag — biba)as — (arba + braz)bs) + i((a1az — bibe)bs + (a1ba + biaz)as)
((arag — b1ba) +i(arby + braz))(as + ibs)
(a1 + iby) (a2 + iby))(as + ibs).

LEMMA 1.7. Multiplication is commutative



1.2. Complex numbers as a field of fractions 3

Proof.
(a +1ib)(c + id) = (ac — bd) + i(ad + bc) = (ca — db) + i(da + ¢b) = (¢ + id)(a + ib)

LEMMA 1.8. The element 1 + i0 is the unique multiplicative identity

Proof. Firstly, (a+14b)(1+10) = (a.1 —b.0) +i(a.0+b.1) =a+ib= (1l.a—0.b) +i(0.a + 1.b) =
(1 + 0i)(a + b). Thus, 1 + 40 is a multiplicative identity. Moreover, if for every a + ib € C
(a +ib)(c +id) = (ac — bd) + i(ad + bc) = a + ib, then ac — bd = a and ad 4+ bc = b. Choosing
a=1and b=0, we get 1.c — 0.d = 1, that is ¢ = 1. Similarly choosing a = 0 and b = 1, we get
0.c—1.d =0, that is d = 0. ]

LEMMA 1.9. Given an element a + ib # 0 + 0, the element (ﬁ) +1 (ﬁ) s its unique

nuverse.

2

Proof. Note that (a+ib) <<ﬁ) +1 <ﬁ>> = (a;ibQ — a;fig)—i—i <a{122 + ag‘fw) = 1410.
Thus, (azj_bz) +i (a{fw) is an inverse. Moreover, if 14i0 = (a+1b)(c+1id) = (ac—bd)+i(ad+bc),
then ac — bd = 1 and ad + bc = 0. Multiplying the second equation by b, we get 0 = abd + b?c.

But, from the first equation, bd = ac — 1. Thus, a(ac — 1) + b?>c = 0. That is, a’c + b’c = a. As
a+ib # 0410, a®>4+b> # 0. Thus, c = #1172. Substituting the value of ¢ in the equation ad+bc = 0,

we get ad + bﬁ = 0, which can be simplified to obtain d = ﬁ. O

LeEMMA 1.10. Complex multiplication distributes over addition

Proof.
(a1 + ib1)((ag + ib) + (a3 + ib3)) = (a1 + ib1)((a2 + az) + i(by + b3))
= (a1(ag + ag) — b1(ba + b3)) + i(a1(ba + b3) + b1 (az + a3))
(a1a2 + ajaz — biba — b1bz) +i(aibe + arbz + brag + bias)
((araz — b1ba) +i(arby + braz)) + ((aras — b1bs) + i(a1bs + bras))
((

ai +ib1)(a2 +ib2)) + ((a1 + ib1)(as + ib3)).

Putting together all the above lemmas, we have

THEOREM 1.11. The triple (C,+,.) is a field.

The relation with complex numbers and polynomials is actually a lot deeper - it is a good
idea to construct complex numbers as R[z]/(z? 4 1). The two definition end up being equivalent.
Although important, understanding this equivalence is not indispensable, so you may skip it in
your first reading.

1.2. Complex numbers as a field of fractions

Let R[z] be the set of all polynomials with real coefficients. Then one can check (as above) that
addition and multiplication of polynomials satisfy all properties except the existence of multiplica-
tive inverse. Such a triple is called a commutative ring. The adjective commutative specifies that
multiplication is also commutative. Thus, (R[z]+,.) forms a commutative ring usually called the
ring of polynomials. Moreover, This ring behaves pretty much similarly to the ring of integers.


https://en.wikipedia.org/wiki/Ring_(mathematics)
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More precisely, there are special polynomials called irreducible polynomials and every polynomial
can be represented uniquely as a product of these irreducible polynomials - up to reordering and
multiplication by real numbers. A polynomial is said to be irreducible if it cannot be written as
the product of two lower-degree polynomials.

EXAMPLE 1.12. The polynomial 22 + 3x + 2 is reducible because 2% + 3z + 2 = (x + 2)(x + 1).

EXAMPLE 1.13. The polynomial 22 + 1 is irreducible as it cannot be written as the product of
two lower-degree polynomials. If we need to write 22 + 1 as a product of two polynomials, both
polynomials have to be linear. But if 22 + 1 = (az + b)(cz + d) (where a # 0 # d), then x = —b/a
or z = —d/c us a root of the polynomial 2 + 1, but we know the polynomial has no real root.

1.2.1. R[z]/(z*+1) is a commutative ring. Given a commutative ring (R, +,.) and a subset I,
we are interested in constructing the quotient R/I. The elements of R/I are of course the cosets
r+I1={r+iliel}. Thus,r+1I=s+1iff r—s € I. Given, this quotient, it is natural to define
the operations + and . on R/I as:

r+D+G+)=(r+s)+1

and
(r+D.(s+I)=rs+1.

But, there is no guarantee this definition is well-defined - that is the answer might depend on
the representative you choose. However, the definition will be well-defined (you can remove this
dependence) if I satisfies two conditions:

(1) (I,+) forms a subgroup of (R,+).
(2) Vre R,Viel, riel.

Subsets that satisfy the above conditions are called ideals. Let us verify that if I satisfy the above
conditions, then the definition of 4+ and . for R/I are indeed well defined. Let r + 1 =7/ + I and
s+l =§+4+ILis(r+I)+(s+1I)=0"+1)+ (s +1), thatisr—7r" €l and s—s € I. To
verify the definitions are well-defined, we need to check (r+ 1)+ (s+1)=(r"+ 1)+ (s + 1) and
(r+1).(s+1)=("+1).(s+1). In other words, we need to show (r +s) — (' + ') € I and
r.s —r'.s’ € I. Notice that (r +s) — (' +5) = (r —r') + (s — §') and both r — ' and s — &’ are
elements of I. As (I,+) is a group, it is closed under addition and hence, (r +s) — (' + §') € I.
On the other hand, r.s —r'.s’ = rs —r'.s+r'.s+1.s =s(r—r')+r(s—s'). Now, s € R and
r—r'€1lsos(r—r")el. Similarly, r € Rand s — s’ € I so r(s — s') € I. And finally by closure
under addition, this implies r.s — r’.s" € I.

EXERCISE 1.14. If R is a commutative ring, show that R/I is also a commutative ring.
EXERCISE 1.15. Show that R[z] is a commutative ring.

EXERCISE 1.16. Show that (2% + 1) = {p(z)|2? + 1 divides p(z)} is an ideal.

Thus, by the previous exercises, R[z]/(x? 4+ 1) is a commutative ring.

1.2.2. R[z]/(x?+1) is an integral domain. Let p(m)+<m +1) and ¢(x)+ (22 +1) be two elements
of the commutative ring R[z]/(z? + 1). Then (p(x ) + (2% + 1)) (q(z) + (2% + 1)) = 0 + (2% + 1) iff
p(z)q(x) € (22 +1). And, p(z)q(x) € (2% + 1) iff 22 4 1 divides p(z)q(x

)-
THEOREM 1.17. 22 + 1 divides p(x)q(z) iff x> + 1 divides p(z) or q(x).
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Proof. Assume 22 + 1 does not divide p(x). Then, using Euclidean algorithm, you can find two
polynomials r(z) and s(z) such that 7(z)(z? + 1) + s(z)p(x) = 1. Thus, by multiplying with q(z)
on both sides, r(z)(2? + 1)q(z) + s(z)p(z)q(z) = q(x). 2* + 1 divides p(z)q(x) so divides both the
terms on the left. Hence 22 + 1 divides ¢(x). O

1.2.3. R[z]/(z? + 1) is a 2-dimensional vector space over R.

EXERCISE 1.18. Show that (R[z]/(z? + 1),+) along with the scalar multiplication Vo € R,
a(s+ I) = a.s + I forms a vector space over R.

Notice that 2 + 1 = -1+ as #2+1 € I. Similarly, 2>+ = —z+T as 23 +z = z(2®> +1) € I.
And, 2* +IT=1+4+Tasz* — 1= (22 - 1)(22+1) eI

EXERCISE 1.19. Show that

(1) 2™ +1 =1+ 1 if n = 4k for some natural number &

(2) 2" +I=a+1if n =4k + 1 for some natural number &k
(3) 2"+ 1 = —1+1 if n = 4k + 2 for some natural number k
(4) 2" +1 = —x+ I if n =4k + 1 for some natural number &

EXERCISE 1.20. Show that 1 and z form a basis for the vector space R[x]/(x? + 1).

1.2.4. R[z]/(x? +1) is a field. As multiplication is distributive, given z € R[z]/(z% + 1) the map
L. : Rlx]/(x®> + 1) — R[z]/(z? + 1) defined as L,(w) = zw is a linear map. And Theorem 1.17
tells us that this map is injective. Rank-Nullity theorem tells us that therefore the map should
be surjective. That is, there exists some w such that L,(w) = 1 or zw = 1. Hence, z has a
multiplicative inverse.

EXERCISE 1.21. Show that the map ¢ : Rlx]/(z2+1) — C defined as p(a+xb) = a+ib is a field-
isomorphism. More precisely, show that ¢ is a bijection and p((a+xb)(c+zd)) = p(a+xb)p(c+xd)

1.3. Complex plane as a vector space

Every field is a vector space over itself. Thus, C is certainly a vector space over itself. Thus, the
more interesting observation is that it forms a vector space over R. Given any real number «, you
can define the scalar multiplication of a complex number a + ib by the scalar a as («a) + i(ab).
(C,+) along with the above scalar multiplication turns C to a vector space over R. It can further
be noticed that 1 and ¢ span this vector space. As every element a + ib can be expressed as the
linear combination a.1 + bi. These two vectors are also linearly independent - a.1 + b = 0 means
a + tb. Once again, using our analogy with polynomials this is possible iff a = 0 = b.

As any two 2 dimensional vector space are isomorphic, C is isomorphic to R? as a vector
space. The linear map L : C — R? defined as L(a + ib) = (a,b) is a canonical isomorphism. This
isomorphism allows us to define multiplication on R2. Namely, (a,b).(c,d) = (ac — bd, ad + be).

EXERCISE 1.22. Show that R? with usual vector addition and the above product is a field.

However, this is not the only isomorphism one can construct between C and R? - there are
infinitely many isomorphisms. Consider the linear map M : C — R? defined as M(a + ib) =
(a,b/2). Thus, the vector (a,b) stand for the complex number a + i(2b) and the vector (c,d)
stand for the vector ¢ + i(2d). The product of these two complex numbers is the complex number
(ac—4bd) +i(2(ad +bc)). This complex number correspond to the vector (ac — 4bd, ad + bc). Thus,
we could have defined a product (a,b) x (c,d) = (ac — 4bd, ad + bc). Moreover, (R2, +, x) is a field.


https://en.wikipedia.org/wiki/Vector_space
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Thus, we should realise that there is more than one way in which we can define multiplication on
R2. However, we need not worry too much - these different definitions are somewhat similar. We
will explore this story in more detail through exercises.

EXERCISE 1.23. Show that (R?, +, x) is a field.

EXERCISE 1.24. Show that (R2,+, x) is isomorphic to (R2,+,.). More precisly, show that
there exists an invertible function ¢ : R? — R? such that ¢(v +w) = ¢(v) + ¢(w) and p(v x w) =

p(v)-p(w).

EXERCISE 1.25. Give an example of another isomorphism from C to R? that gives a third
definition of multiplication on R?

EXERCISE 1.26. Give an example of an isomorphism from C to R? we have not encountered so
far but under this isomosphism you will again obtain the product (a,b).(c,d).

The most natural isomorphism L : C — R defined as L(a + ib) = (a,b) allows us to visualise
complex numbers on the plane. This visualisation is the familiar Argand plane description we learn
in school. As the elements on the z-axis represent real numbers, they will often be called the real
axis. Similarly, as the elements of the y-axis represent purely imaginary numbers, it will also be
called the imaginary axis.

Once we have this visualisation, we can make also make sense of the addition law geometrically.
Recall, that we defined the addition of vectors to be a coordinate-wise addition. Thus, (a,b) +
(¢,d) = (a+¢,b+ d). Notice, that the four points (0,0), (a,b), (¢,d), and (a + b,c+ d) form a
parallelogram. Vector addition is often defined (or at least motivated) using this parallelogram.

N

(a+b,c+d)

'

EXERCISE 1.27. Interpret the subtraction of two complex numbers geometrically.

1.3.1. Inner product. The plane R? is a special vector space called an inner product space. An
inner product on a vector space V over R is amap (, ) : V x V — R such that

(1) (z;y) = (y,2) (symmetric)


https://en.wikipedia.org/wiki/Inner_product_space
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(2) (z+2,9) = (z,9) + (2,9) (bi-linear)
(3) (xz,z) >0and (z,z) =0iff z =0 (positive definite)

EXERCISE 1.28. Show that the usual dot product on R? is an inner product.

EXERCISE 1.29. Show that (,) : R? x R? — R defined as

=il [

Y2

is an inner product iff

(1) b= c, that is the matrix is symmetric.
(2) the determinant ad — be > 0.
(3) the trace a +d > 0.

EXERCISE 1.30. Show that if (,) : R? x R?> — R is an inner product, then there exists a

symmetric matrix a [Z 2] with ad — b2 > 0 and a + d > 0 such that

=il

Y2

We can use the isomorphism L : C — R? to transfer the dot product on R? to an inner product
on C. Namely, we can define (a + ib, c + id) = ac + bd.

LeEMMA 1.31 (Cauchy-Schwarz inequality). Let V' be a vector space and let (,) be an innner
product on V. Then,

(v, ) < [oll[[wl]]-

Proof. If v or w is the zero vector, then both sides are the equality would be zero. So, we may
assume that v # 0 # w. First consider the case ||v|| = 1 = ||w]||. Then

0 flo—wl? = (v — w,0—w)
= (v,v —w) — (w,v — w)

= (v,v) — (v,w) — (w,v) + (w, w)

= [vl* = 2(v, w) + [|wl|
=2 —2(v,w)

Thus, (v,w) < 1 = ||v||||w||. Now consider the more general case, where ||[v|| > 0 and [Jw| > 0.

Then, take v’ ”“—| and w' = ”%” Thus, from the earlier case, we have

v

v w

roon oy Y _ 1 v.w
2w = Tl = ol

Therefore,

(v, w) < [Jvffflw]-
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1.3.2. Norm. As an inner product is positive definite it defines a norm on the vector space.

DEFINITION 1.32. If V is a vector space over R, a norm on V' is a function || || : V' — R such
that

(1) flv+wl|| < v + [Jw]] (Triangle inequality)

(2) llav]l = |e]lv]] (Homogeneous)

(3) |lv]|=0iff v=0 (Positive definite)

EXERCISE 1.33. If || || is a norm on the vector space V, show that ||[v|| > 0 for all v € V.
LEMMA 1.34. If (,) is an inner product on V, then ||v|| := <v,v>% is a norm.

Proof. Triangle inequality:
v +w|? = (v+w,v+w)

= [[olf* + 2{v, w) + [|wl|?

< vl + 2llw{fwll + [[w]®

= (loll + [lwl[})?
Thus, by taking square root on both sides, we get the triangle inequality.
Homogeneity:

law]? = (av, av) = o*(v,v) = o®||v]®

Thus, by taking square root on both sides, we get the required equality.

Positive definiteness: follows directly from positive definiteness of inner product. O

Question: Given an inner product, there is a canonical norm associated with it. Is every norm
induced by an inner product (in this manner)?

This a hard question, but we already saw that we can characterise inner products on R™. If
we knew all the inner products, we may check if this is one among them or not. The basic idea in
this characterisation is that bilinear maps are determined by their action on pairs of basis
vectors. You are familiar with the idea that linear maps are determined by their action on basis
vectors and this is analogous to that result.

LEMMA 1.35. Every linear map L : R — R has the form L(x) = ax.

Proof. Notice that L(z) = L(x.1) = x.L(1). Thus, if we define a = L(1), then L(z) = ax for
all z. O

LEMMA 1.36. Every inner product () : R? — R? has the form {(x1,%2), (z2,v2)) = azi7 +
B(x1yz + 2y1) + Yy192-

Proof. Let (x1,y1) and (x2,y2) in R? be fixed but arbitrary. Then,

((x1,91), (22, 92)) = ((21,0) + (0,91), (2, y2))

= ((%1,0), (v2,92)) + ((0,11), (22, y2))

= ((21,0), (z2,0) + (0,92)) + ((0,y1), (x2,0) + (0,2))

= ((21,0), (z2,0)) + ((z1,0), (0,y2)) + {(0,91), (2, 0)) + ((0,y1), (0, y2))

= 2172((1,0), (1,0)) + z1y2((1,0), (0, 1)) + y122((0, 1), (1,0)) + y1y2((0, 1), (0, 1))
= 2122((1,0), (1,0)) + (z1y2 + 2291)((1,0), (0, 1)) + y192((0,1), (0, 1)).


https://en.wikipedia.org/wiki/Norm_(mathematics)
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Define a = ((1,0), (1,0)), 8 = ((1,0),(0,1)), and v = ((0,1), (0,1)) to complete the proof. O
EXERCISE 1.37. Show that || ||oo : R? — R defined as ||(z, y)|| = max(|z|,|y|) is a norm.

LEMMA 1.38. There does not exist any inner product {,) on R? such that ||v| s = (v,v)é.

Proof. We will use proof by contradiction. Assume there exists such an inner product (, ). Then,
by Lemma 1.36, we know ||(z,v)||% = ((x,y), (z,v)) = az? + 2Bxy + vy? for some a, 3, and 7. We
will substitute various vectors to discover the values of o, 3, and v. We know 1 = ||(1,0)||% = «
and 1 = [|(0,1)||2%, = 7. Thus, |(z,9)% = ((z,v),(z,y)) = 2% + 282y + y? for some B. From
2=1(2,1)]2 =4+ B+1, we get 3= —3, but from 3 = ||(3,1)||2, =9+ B+ 1, we get f = —7. As
it is impossible for 8 to take two different values, our initial assumption should be wrong. O

Thus, we have answered our question. More precisely, we showed that there exists norms that
are not induced by an inner product. Please note that the proof technique is as important as the
result itself. In this proof, we characterised all inner products and showed one specific norm was
not equal to the norm induced by any of the inner products. There is another way to go about
such proofs. We can show that norms induced by inner products satisfy a property that the given
norm does not have. Let us explore this line of thought as well. Given below is a property satisfied
by norms induced by an inner product.

LEMMA 1.39. (Parallelogram law) If ||v|| = <U,U>% for allv € V, then ||v+wl|]® + ||v — w||? =
2[|v]? + 2[|w]]?.

Remark 1.40. The lemma is called called parallelogram because v+w and v—w are the diagonals
of the parallelogram that has v and w as adjacent sides. Geometrically, the theorem says the sum
of the squares of the lengths of the diagenals of a parallelogram is equal to the sum of squares of
the lengths of its sides.

v+ w

~

Proof. Notice that for any v, w
v+ w|* = (v + w,v +w)
= (v,v+w) + (w,v + w)
= (v,v) + (v, w) + (w,v) + (w, w)
— JJol2 + 20, w) +
Similarly, we can prove

lv — w||* = |lv][* — 2(v, w) + [|w]|?
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Adding the two, we get the required result ||v + w|? + |Jv — wl||? = 2||v]|? + 2||w]|?. O

LEMMA 1.41. The norm ||||oo does not satisfy the parallelogram law.

Proof. Let v = (1,0) and w = (0,1). Then, [[v|3, = [|(1,0)2, = 1, [w[Z, = (0, D], = 1,
HU+UJH§% = I, 1)2Hc2>o =1, and [v—w|%, = (1, =D)I3, = 1. Clearly, |lv+ w3, +[lv —wll3, =2 #
4=2v5% + 2[5 .

In fact, we can construct an infinite family of norms that are not induced by any inner product.
But, I leave its proof as an exercise.

EXERCISE 1.42. Show that ||(z,y)|l, = ¢/|z[? + |y[? is a norm on R

EXERCISE 1.43. Show that || ||, satisfies parallelogram law iff p = 2.

1.4. Topology of the complex plane

1.4.1. Metric. A metric on a set X is a function d : X x X — R>q such that

(1) d(z,y)=0iff z =y (Positivity)
(2) d(z,y) = d(y,z) (Symmetry)
(3) d(z,y) < d(z,z)+d(z,y) for all z € X (Triangle inequality)

LEMMA 1.44. Let V be a vector space and ||| a norm on V. Then, d(z,y) = ||z —y|| is a metric
onV.

Proof. Positive definiteness of norm implies that 0 = ||z — y|| = d(x,y) if and only if z —y =0
or z =y. Thus, d(z,y) = 0 iff z = y. As norm is homogeneous d(y,z) = |ly—z| = [[(-1)(z—y)|| =
| = llz =yl = [z —yll = d(z,y). Finally, d(z,2) = [z —z[ = [z —y+y—2| < lz—yll+lly -zl =
d(z,y) + d(y, 2). m

Thus, normed vector spaces form a rich class of examples of metric spaces. In particular, R?
is a metric space. We also saw there is an infinite family of norms on R? and thus on C. These
norms give rise to an infinite family of metrics on C or R?

DEFINITION 1.45. Define d, : C — R to be the metric dp(z,w) = ||z — w]|,

Remark 1.46. These norms and metrics can be generalised to R™ and thus each R" is a metric
space. Much of the topology of R? or C that will be discussed in this course can be generalised to
R™.

As every norm induces a metric, it is natural to wonder if every metric is induced by a norm.
The following example answers the question.

ExXAMPLE 1.47 (Discrete metric). The function d : C x C — R defined as d(z,y) =0if z =y
and d(x,y) = 1 if x # y is clearly positive and symmetric. If  # y, then either z # z or z # y. So,
d(xz,z) =1or d(z,y) = 1. Thus, d(z, z) + d(z,y) > 1 = d(z,y). On the other hand, if x = y, then
0 =d(z,y) <d(x,z)+d(zvy). Hence, d also satisfies the triangle inequality and is thus a metric.
If d(z,y) = ||z — y|| for some norm [|||, then 1 = d(2+10,0+1i0) = ||(2+40) — (0+40)|| = ||2+140] =
12(1 4+ 40)|| = 2||1 +i0)]| = 2||(1 +i0) — (0 + i0)|| = 2d(1 + 40,0;0) = 2, which is a contradiction.
Thus, this metric is not induced by a norm.

A metric enables us to define convergence of sequences and and open sets. Thus, we can talk
about the continuity of functions f : C — C. Such a structure is called a topology.
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1.4.2. Open balls and open sets.

DEFINITION 1.48 (Open Ball). Given a metric d on X, we define the open ball centred around
x of radius r as By(z,r) ={y € X : d(z,y) <r}.

Let us understand the definition using some examples. We will primarily look at d, where
p =1,2,00 and the discrete metric on C.

(a) di-ball centred at (a,b) (b) d2-ball centred at (a,b) (¢) deo-ball centred at (a,b)

EXAMPLE 1.49. Let the metric space be (C, dy). Then, d(x+iy,a+1ib) = |[(x+iy) — (a+1ib)|1 =
|(x—a)+i(y—0b)|1 = |z —a|+ |y —b|. Thus, B(a+ib,r) ={z+iy:|r—a|+|y—b] <r}. Let us
first understand the set {x 4+ iy : |x — a| + |y — b| = r}. Note that
r—a+y—b ifz>aandy>0b
a—xz+y—>b ifr<aandy>0b
t—a+b—y ifz>aandy<b
a—x+b—y ifx<aandy<b

[z —al+ ]y - bl =

Thus, the set {x + iy : |z — a| + |y — b| = r} is the union of four sets
Li={z+iy:x—a+y—b=r,x >a,y > b}
={zx+iy:y=—x+r+a+bx>ay>b}
={z+iwy:y=—-x+r+a+ba<z<r+a}

Ly={s+iy:a—az+y—b=r,x<a,y>b}
={z+iy:y=z—a+b+r,z<a,y>0b}
={zx+iy:y=x—a+b+ra—r<z<a}

Ly={z+iy:x—a+b—y=r,z>a,y <b}
={zx+iy:y=xz—a+b—r,z>a,y<b}
={r+iy:y=rv—a+b—r,a<z<a+r}

Li={z+iy:a—z+b—y=rxz<a,y<b}
={z+iy:y=—zx+a+b—r,x<a,y<b}
={z+iy:y=—z+a+b—ra—r<z<a}

Thus, the sets L; are line segments. Moreover, the endpoints of L; are (a,r +b) and (r + a, b).
The endpoints of Ly are (a — r,b) and (a,r + b). The endpoints of L3 are (a,b —r) and (a + r,b).
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The endpoints of L4 are (a —r,b) and (a,b—7). Thus, the union of the four sets is the quadrilateral
with vertices (a,r+b), (a+r,b), (a,b—r), (a—r,b). Moreover, it can be seen that the quadrilateral
is a rhombus as the length of each L; is v/2r. Thus, B(a +ib,r) = {x + iy : |z —a| + |y — b| < r}
is the interior of this rhombus.

EXAMPLE 1.50. Let the metric space be (C, ds). Then, d(z+iy, a+ib) = ||(x+iy)— (a+ib)|2 =
[(z —a)+i(y—0b)ll2 = /(z —a)2+ (y — b)2. Thus, Bla+ib,r) = {z+iy:/(z —a)?2+ (y—b)2 <
r}={r+iy: (x—a)®+ (y—b)? <r?}.

EXAMPLE 1.51. Let the metric space be (C, ds). Then, d(z+iy, a+ib) = ||(z+iy)—(a+ib) |1 =
|(x —a) +i(y — b)||1 = max{|z — a|, |y — b|}. Thus,

B(a+ib,r) ={z +iy : max{|z — al,|y — b|} <}
={z+iy:|lzr—a|l<nr|y—0 <r}
={zx+iy:—r<z—a<r,—r<y-—-b<r}
={z+iy:a—r<z<a+rb—-r<y<b+r}

EXAMPLE 1.52. Let the metric space be (C,dy ) where d : C x C — R is defined as d(z,y) =0
if =y and d(z,y) =1if x # y. Then, if 0 < r < 1, then B(a +ib,r) = {a +ib} and if r > 1,
then B(a +1ib,r) = C.

DEFINITION 1.53. A set U C X is said to be open in (z,d) if for every = € U, there exists an
e > 0 such that B(z,e) C U.

EXAMPLE 1.54. Each open ball B(x,r) C X is an open set. To see this, notice that given
any points y € B(x,r) let ¢ < r —d(x,y). Then if z € B(y,¢), then d(z,z) < d(z,y) + d(y,z) <
d(x7y) +r— d(x7y) =r

LEMMA 1.55. Arbitrary union of open sets is open. More precisely, if A is any set and Uy, is
open for all A € A, then UxcaU) is also open.

Proof. Given any = € UxcpaUy, x € Uy, for some \g € A. As U,, is open, there exists some
e > 0 such that B(z,e) C Uy, C UxeaUyx, © € Uy,. As & € UxcaUy was arbitrary, UyepaU, is
open. ]

LEMMA 1.56. Finite intersections of open sets is open. More precisely, if Uy, Us, ..., U, are
open sets, then N U; is also an open set.

Proof. Let x € N_;U;. Then x € U; for all i. As U; is open, there exists an ¢; such that
B(z,e;) C U;. Define € = min{ey, €9, ...,ep}, then B(x,e) C B(z,&;) C U;. Thus, B(z,e) C U; for
all . Thus, B(x,¢) C NI, U;. O

ExaMPLE 1.57. Infinite intersections of open sets need not be open. (—%, %) is an open subset

of R, but N, (—1, 1) = {0} and {0} is not an open set.

1.4.3. Convergence of sequences.

DEFINITION 1.58. Let (X, d) be a metric space. A sequence x,, € X is said to converge to a
point x € X if d(x,,x) converges to 0.

LEMMA 1.59. In the metric space (C,d2), a sequence z, = x,~+iy, converges to a point z = x+iy
iff xn converges to x and y, converges to y.
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Proof. Suppose 2, converges to z. Then da(zn, 2) = \/(zn — )% + (Y, — y)? converges to zero.
But, |z, — x| = /(2 — 2)2 < \/(zn, — )2 + (yn — y)2. Thus, |z, — x| converges to 0. Similarly,
we can prove |y, — y| converges to 0. On the other hand, if x, converges to z and y, converges
to y, then |z, — | and |y, — y| converges to zero. Therefore, da(2y,2) = \/(2n — )2 + (yn — y)2
converges to zero. O

Convergence of sequences and open sets are both tools that allow us to define continuity. Thus,
it is only natural to expect that the two are related to each other. This relationship is described
by the following lemma.

LEMMA 1.60. In a metric space (X,d) a sequence x,, converge to a point x iff given any open
set U such that x € U, there exists an € > 0 such that B(x,€) contains all but finitely many x,.

Proof. Suppose x,, converges to . Consider any open set U containing . Then, as U is open,
there exists an € > 0 such that B(x,e) C U. But, d(x,,z) converges to 0. Therefore, there exists
N such that 0 < d(xy,,z) < ¢ for all n > N. That is, all but finitely many elements x,, belong to
B(x,e) and thus belong to U.

Suppose for every open set U containing z, there exists an £ > 0 such that B(x,¢) contains all
but finitely many z,. Given any € > 0, choose U = B(z,¢). As B(z,¢) is an open set containing
x, all but finitely many x,, will belong to B(z,e). Thus, there exists an N such that z,, € B(z,¢)
for all n > N. That is, d(x,,x) < € for all n > N. Hence, x,, converges to z. O

DEFINITION 1.61. In a metric space (X,d) a set K is said to be closed if its complement is
open.

THEOREM 1.62. A subset K of a metric space (X,d) is closed iff given any sequence x, such
that x,, € K for allm and x, converges to x, the limit point x € K.

Proof. Suppose K is closed. Consider any sequence x,, such that z,, € K and z, converges to
x. We will use a proof by contradiction to prove that € K. Assume x ¢ K. The set U := K¢ is
open and contains . Thus, by previous result z,, will belong to U for all by finitely many n. But
we had taken a sequence x,, such that x, € K and thus we have a contradiction. Therefore the
assumption that ¢ K has to be wrong. In other words, x € K.

Assume that: given any sequence x, such that x,, € K and x,, converges to x, the limit point
z € K. We will prove that K is closed by proving that U := K¢ is open. Once again, we will use
a proof by contradiction. Assume U is not open. Then there exists an element x € U such that
B(z,r) ¢ U for any r. Therefore B(x, %) ¢ U for any n. That is, for each n, we can find a point z,,
such that =, € B(z, 1) but 2, € U or in other words z,, € K. But as x,, € B(z, 1), d(z,,,2) < L.
That is x,, converges to x. But, x, € K and x, converges to = therefore z € K. But we assumed
this x belongs to U and hence does not belong to K - that is, we have a contradiction. O

1.5. More geometry: Complex numbers as funcitons

Earlier, we saw a geometric view of complex addition, where we used the identification of complex
numbers with R2. We could also identify the set of complex numbers with some other sets to
get interesting geometric ways of looking at complex numbers. To appreciate this completely, you
would need a deeper understanding of Euclidean geometry.

Recall that we say two triangles are called congruent if you can move (using rotations, reflections
and translation) one triangle onto the other. Similarly, we say two triangles are similar if you can
we can transform one triangle to another using rotations, reflections, translations, and dilations.
These four types of maps, generate a class of functions called affine maps.
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DEFINITION 1.63 (Affine map). A map f : R? — R? of the form f(a,b) = (ax+by+c, dv+ey+f)
is called an affine map.

You may recall from school that the study of congruence and similarity formed a major part of
the Euclidean geometry you learnt in school. And, as mentioned earlier, two triangles are similar iff
there is an affine map that takes one triangle to another. It is a much deeper fact that every aspect
of Euclidean geometry is the study of some property that is preserved under affine maps. This
observation led Felix Klein to characterise geometry as the study of properties that are preserved
under some collection of maps. And this led to other forms of geometry like spherical and hyperbolic
geometry.

The aim of the digression was to convey the importance of studying affine maps. We will denote
the set of affine maps as A and we will identify the set of complex numbers with subsets of A.
These identifications will provide some deeper insights into complex arithmetic.

1.5.1. Addition as translation. Consider the map ® : C — A that takes the complex number
a + ib to the map T, : R? — R? defined as T, (7, y) = (x + a,y + b).

EXERCISE 1.64. Verify that Tyiip 0 Terib = T(artib)+(c-tid) -

Recall that we had earlier used the identification between R? and C to define a multiplication
on R2. Similarly, we could have used the identification between C and A to translate function
composition to an operation on C. If we did, we would reinvent complex addition!

EXERCISE 1.65. Show that ® is injective.

1.5.2. Multiplication as Amplitwist. Consider the map ¥ : C — A that takes the complex
number a + ib to the map L, (z,y) = (ax — by, bx + ay). I am not doing anything magical, I am
just taking the product (a,b).(x,y) defined earlier. Notice that L, is a linear map. If you prefer
thinking of linear maps as matrices, you could also consider the map ¥ : C — GLa(R) defined as

U(a + ib) = [Z _ab] .

EXERCISE 1.66. Verify that Lt 0 Letid = Liayib)(c H-d)Q.

EXERCISE 1.67. Show that W is injective.

Further notice that the matrix

a —b
U(a+ib) = [Z b] = (a® +b%) |40 aTi0? )
a a2+b2 a2+b2

EXERCISE 1.68. Show that

T
a —b a —b 1 0
a?+b?  a?+b2 a?+b?  a2+4b? _
b a b a 10 1
a2+b2 (12+b2 a2+b2 a2+b2

DEFINITION 1.69. A matrix A is called orthogonal if AA” = I. The collection of all 2 x 2
orthogonal matrices is denoted as O(2). Notice that as 1 = det(AAT) = det(A) det(AT) = det(A)>2.
Thus, det(A) = £1. The collection of all elements of O(2) with determinant 1 is denoted as SO(2).

EXERCISE 1.70. Given a + ib € C verify that ¥(z) € SO(2) iff a® +b? = 1.

n the language of group theory, ® : (C,+) — (A, 0) is a homomorphism. You may ignore this remark if you have not
seen group theory earlier
2That is, ¥ and ¥ are homomorphisms


https://en.wikipedia.org/wiki/Spherical_geometry
https://en.wikipedia.org/wiki/Hyperbolic_geometry
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EXERCISE 1.71. Show that A € SO(2) iff there exits some 6 € [0, 27] such that

=[]

By comparison, we see cos(f) =
angle (a,b) makes with the z-axis.

=z and sin(f) = 2+b2 That is, tan(f) = g. Hence 6 is the

DEFINITION 1.72. Given a complex number a + ib, define the modulus of a + ib, denoted as
|a + ib|, to the the number a? + b2. Given a non-zero complex number a + ib, define the argument
of a + b, denoted as arg(a + ib), using the formula

tan~!(¥) if y>0andz %0

tan~!(%) if y <0 and 0

argla+ib) =4 (®) ify<Oamdz#0
2 ify>0and z=0

Eh ify<Oandz=0

Geometrically, |a + ib| is the length of the vector and arg(a + ib) is the angle it makes with
z-axis.

Im

z=ua-+1ib

Let z = a +ib, let r = |a + ib|, and 0 = arg(a + ib). Then,
v =r [ | =16 7] [t et ]-

Thus, ¥(z) should be thought of as scaling (or amplification) by its modulus and rotat-
ing /twisting by its argument. Thus, the operation will be called an amplitwist®.

[ ] [os(@) —sin (9)]
r| |sin(f)  cos(0)

U(r)¥(cos(d) + isin(d))

= U(r(cos(f) + isin(h))).

As W is injective, this implies that z = r(cos(6) + i sin(6)).

Let z3 = a1 +ib; and z9 = ag + iby. Further let |z;| = r; and arg(z;) = 6; Then W(z1) o U(z3)
is the linear map that scales by the product r173 and be rotates by 61 + 5. More precisely,
cos(01 + 02) —sin(61 + 62)
sin(6y + 62)  cos(61 + 62)

Further notice that we can write

\IJ(Z1Z2) = \If(zl)\I/(zz) =T17T9

3A terminology lifted from Visual complex analysis by Tristan Needham
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If you know the formula for cos(#;+62) and sin(6;+62), then you can also verify this algebraically
by explicitly verifying
cos(6) —sin(f1)] [cos(f2) —sin(f2)|  [cos(61 +02) —sin(6 + 62)
sin(f1) cos(6h) | |sin(f2) cos(f2) |  |sin(f; 4+ 02)  cos(61 + 62)
On the other hand, if the geometric reasoning makes sense to you, the above equation can be used
to find the formula for cos(6; +602) and sin(6; +602). In fact, pretty much all trigonometric formulae
can be proved using complex numbers. Check out Page 14 in Visual complex analysis by Tristan
Needham for more details.

More importantly, the injectivity of W tells us that z12z9 = rira(cos(61 + 62) + isin(6; + 62)).
That is, the product of two complex numbers is the complex number whose modulus is the product
of the modulus of those two complex numbers and its argument is the sum of the arguments of the
two complex numbers. We will see more implications of this observation in the next class.

Recall, that we defined geometry as set of properties that are preserved under some collection
of maps. And, we would identify two objects if there is a map in this collection that takes one to
another. Now we would want any identification to satisfy the following conditions:

(1) Each element should be identified with itself. In other words, the collection should have a
map that takes an element to itself. Although, it is possible to attain this in an extremely
complicated way, the property would surely be guaranteed if the identity map belongs to
the collection.

(2) If x is identified with y, then y should be identified with z. In other words, if there is a
function f that takes x to y, there is another function that takes y to x. This would be
guaranteed if every element of the collection is invertible and if f belongs to the collection
so does f71..

(3) If z is identified with y and y is identified with z, then, z is identified with z. This would
be guaranteed if given f, g in the collection, fog belongs to the collection. In other words,
function composition is a binary operation on this collection of maps.

And these considerations motivate the concept of a group defined below.

DEFINITION 1.73. (Group) A group is a set G equipped with a binary operation, that is, a
function 4 : G x G — G satisfying the following conditions:

(1) Forall z,y,z€ G,z + (y+ 2) = (z+y) + 2
(2) There exists a special element denoted by 0 such that z +0 =2 =0+ z.
(3) For every x € G, there exists a y in G such that x + y =0 =y + .
In fact, the famous Cayley’s theorem tells us that this is a perfect way to think of groups as all
groups are isomorphic to some collection of maps. An isomorphism is a map between two groups

(G,+) and (H,.) is a bijective function ¢ : G — H such that ¢(g1 + g2) = ¢(g1).0(g2) (that is the
algebraic structure is preserved).

EXERCISE 1.74. Let A be the collection of affine maps. Show that (A, o) forms a group.

EXERCISE 1.75. Show that (O(2),.) and (SO(2),.) (where . represents matrix multiplication)
form groups.

EXERCISE 1.76. Define an operation + : [0,27) x [0,27) — [0,27) as

Fab) at+bifa+b<2r
a,b) =
a + b — 27 otherwise


https://en.wikipedia.org/wiki/Group_(mathematics)
https://en.wikipedia.org/wiki/Cayley%27s_theorem
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Show that ([0, 27),+ is a group.
EXERCISE 1.77. Show that (SO(2),.) is isomorphic to ([0, 27), +).
EXERCISE 1.78. Let R5g = {z € R|z > 0}. Show that (R, x) forms a group.

EXERCISE 1.79. Show that (Rg x [0,27),*) where * is the operation defined as (r1,0 + 1) *
(rg,02) = (r172,61 + 62). This is an example of a direct product of groups and is also represented
as (Rxo, x) x (]0,27),+).

EXERCISE 1.80. Show that (C\ {0}, x) is a group.

Let us now revisit what we learnt towards the end of last class. We defined a map ¥ : C — A

and saw that
|7 0] [cos(d) —sin(0)
w(z) = [0 r] [Sin(ﬁ) cos(#)
= U(r)¥(cos(f) + isin(h))
= U(r(cos(#) + isin(h))).
And as VU is injective, this implies that z = r(cos(6) 4 isin(#)) where r € Ry and 6 € [0, 27).

EXERCISE 1.81. Show that F' : (C\ {0}, x) — (Rso, x) x ([0,27),+) defined as F(z) =
(|z],arg(z)) is an isomorphism.

Notice that this matches with the polar coordinate system you might have studied on RZ.
Addition had a simple representation in cartesian coordinates and multiplication now has a simple
representation in polar coordinates.

The vocabulary we have developed so far lets us summarize what we have studied so far in
three lines:

(1) C and R? are both vector spaces and L : C — R? defined as L(a + ib) = (a,b) is an
isomorphism. We can use this isomorphism to define a multiplication on R2.

(2) Let T be the collection of all translations of R?. And let the map ® : (C,+) — (T ,0) be
the map that takes the complex number a + b to the map T, 4 : R? — R? defined as
Tovivn(z,y) = (x + a,y + b). Then, ® is an isomorphism.

(3) F: (C\{0}, x) = (Rsg, x) x (]0,27), +) defined as F(z) = (|z|, arg(z)) is an isomorphism.

1.5.3. Conjugate. Let z = a + ib. We say a is the real part of z and write a = Re(z). Similarly,
we say b is the imaginary part of z and write b = I'm(z). Also, note that addition and multiplication
corresponded to affine maps. But all these maps had a positive determinant (we call such a map
an orientation-preserving map). On the other hand, any reflection has a negative determinant
(that is, the map is orientation reversing). So, it is clear that we cannot express reflections using
addition and multiplication. You have encountered a unary operation on the complex plane that
corresponds to reflection with respect to z-axis, namely, conjugation.

DEFINITION 1.82. Given a complex number z = a+1b, the complex conjugate of a+1ib, denoted
as a + b, is the complex number a — ib.

Clearly, conjugation is related to reflection as the map that sends (a,b) to (a,—b) corresponds
to reflection about x-axis. Furthermore, the following exercises explains how to reflect about any
other line using reflection about z-axis, rotations, and translations.


https://en.wikipedia.org/wiki/Direct_product_of_groups
https://en.wikipedia.org/wiki/Polar_coordinate_system
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EXERCISE 1.83. Construct the linear map that gives the image under the reflection of a line
passing through the origin. Let the line [, pass through the origin and make angle 8 to the positive X
axis. We break this up into 3 steps and write the matrix corresponding to each linear transformation

(1) Step 1. Find the matrix corresponding to the function that maps the line [ to X axis.
Remember that you have to have to rotate by angle 8 clockwise.

(2) Step2. Now reflect along X axis. Find the matrix such that a point gets reflected along
X axis.

(3) Step 3: Now find the matrix that maps the X axis back to the origin line [.

(4) Step 4: Compose these matrices to find the matrix corresponding to the function that
reflect a point along line {.

EXERCISE 1.84. Explain how to think of a function that reflects a point about a line [ that
does not pass through the origin.

So, addition, multiplication and conjugation together capture translation, rotation, dilation and
reflection. Thus, all aspects of Euclidean geometry can be captured using these three operations.
Moreover, this allows us to view the inner product from the last class in another way! Given two
complex numbers z = a+ib and w = ¢+1id. Then Zw = (ac+bd)+i(ad—bc). Notice that Re(zw) =
(z,w). And, if you have studied cross product on R? you will notice [Im(zw)| = ||(a,b) x (¢, d)|
and the sign captures whether this vector is pointing up or down. Thus, all these ideas are captured
by the operations of complex addition, multiplication and conjugation.

Did you know?

Some natural numbers can be expressed as a sum of two squares. Some simple examples are
2=12+12 25 =32 +42, and 100 = 82 + 62. it is natural to ask the question:

Question: Given two natural numbers, both expressible as a sum of two squares, is the
product also expressible as a sum of two squares? In other words, is the collection of all
natural numbers that can be expressed as a sum of two squares closed under multiplication?

If one is not lazy, it is quite elementary to solve this question. Notice that if n = a?+b? and
m = ¢ +d?, then it is quite easy to check that nm = (a? +b?)(c? +d?) = (ac—bd)? + (ad +bc)?.
But, this result can be appreciated much more if we observe that if n (and similarly m) is the
sum of two squares, then n (and similarly m) is the modulus of a complex number (both real
and imaginary parts being integers - such complex numbers are called Gaussian integers). Let
n = |z| and m = |w|, then nm = |z||lw| = |zw|. In other words, nm is the modulus of the
complex number zw. Hence, it is the sum of two squares, namely, the sum of the squares of the
real and imaginary parts of the complex number. Thus, complex numbers help us understand
this result in a much deeper sense. Now one may ask:

Question: Is the collection of natural numbers that can be written as the sum of three
squares closed under multiplication?

The answer to this question turns out to be no. To see this, observe that 3 = 12 + 12 4+ 12
and 5 = 02 4+ 12 + 22. But, we claim 3 x 5 = 15 cannot be written as the sum of three
squares. First of all notice that if 15 = a? + b? + ¢?, then a,b,c < 3 as 42 = 16 > 15.
Moreover, notice that if one of the three (a,b, or ¢) is equal to 3, then the sum of the other
two squares would become 15 — 9 = 6. But, this is not possible. So, a,b,c < 2. But, then
a? 4+ 0%+ <22 422422 =12 < 15. Thus, we cannot find such a,b, and c.
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Recall that we can define a norm on R? quite analogous to how we defined a norm on R2.
More precisely, we can define |(z,v, 2)| = #2 +y?+ 22. Thus, if we could define a multiplication
on R? such that

(1) If v,w € N* C R3, then vw € N® C R?
(2) Jow| = |v[jw]

then, the answer to the second question should have been yes, just like the answer to the
first question. Thus, it is clear that we cannot define a multiplication on R? satisfying both
conditions. But, what if we drop the first condition? One may ask:

Question: Can one define a multiplication on R? such that |[vw| = |v||w]|?

Honestly, I do not know the answer to this question. I believe the answer is no, but do not
know how to prove it. We certainly need the multiplication to satisfy some nice properties -
as the answer to the following questions in yes.

Question: Can we define a field structure on R3?

This is because R? has the same cardinality as R. In other words, there is a bijection from
R3 to R. This bijection can be used to construct an addition and multiplication on R? and
that would turn R? into a field isomorphic to R.

The field structure on R? (or C) we constructed was somewhat special. We treat numbers
of the form a+0i (or equivalently (a,0)) are real numbers. The scalar multiplication by the real
number a (when we treat R? or C as a vector space) matches with multiplication (as in the field
operation) by the “real number” (a,0). Thus, the vector space structure and the field structure
are mutually compatible. When this happens we say it forms an algebra. If we demand all
properties except commutativity of multiplication, we obtain a division algebra. The famous
Frobenius theorem states that up to isomorphism there are only three finite dimensional division
algebras - R, C and Quaternions. And this theorem makes me believe that if the multiplication
is “nice enough”, the answer to Question “Can one define a multiplication on R? such that
|[vw| = |v||w|?” should be no . The existence of Quaternions also implies that the answer to
the following question is yes.

Question: Is the collection of natural numbers that can be written as the sum of four squares
closed under multiplication?

And I encourage you to explore the most general question in this line

Question: Is the collection of natural numbers that can be written as the sum of n squares
closed under multiplication?

Exercises

(1) Let 2 =2+ 3¢ and w = 5 — 6¢. Compute

(a) z—w (c)
(b) zxw (d)

g [ =

(2) Check which of the properties of a field hold for addition and multiplication of natural numbers
(N), integers (Z), and rational numbers (Q).
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(3) Let Z[z] denote polynomials with integer coefficients and R[z] denote polynomials with real
coefficients. Check which of the properties of a field hold for addition and multiplication of
elements in Z[z] and R]x].

(4) Show that Z/3Z is a field.

(5) Show that Z/4Z is not a field.

(6) Show that Z/nZ is a field if and only if n is prime.
(7) Express 5 — 6¢ in polar coordinates.

(8)

8) Represent the following graphically and justify your answers

(a) {z€C:|z—| =1}

(b) {z€C:|z—1|=]z—1]}

() {zeC:|z—(1+)] =2}

(d) {zeC:arg(z) =T}

(e) {z€C:arg(z—1i)=arg(z —1)}

(9) Compute ||1 4 i2]|, for p =1,2,3, cc.
(10) Suppose u,v € R? are two vectors such that |lu|| =2, ||u+v| =3, and |ju —v|| = 1. Find |Jv|.

(11) Give an example or prove the non-existence of a function f : R? x R? — R that is
(a) symmetric and bilinear but not positive definite
(b) bilinear and positive definite but not symmetric
c¢) symmetric and positive definite but not bilinear

(
a) is homogeneous and satisfies the triangle inequality but is not positive definite
b) is positive definite and satisfies the triangle inequality but is not homogeneous
(c) is homogeneous and positive definite but does not satisfy the triangle inequality

(
(
(
(

(12) Give an example or prove the non-existence of a function f : R? — R that
13

(13) Give an example or prove the non-existence of a function f : R? x R? — R that
a) is symmetric and satisfies the triangle inequality but is not positive
b) is positive and satisfies the triangle inequality but is not symmetric

(c) is positive and symmetric but does not satisfy the triangle inequality

(14) In class, we saw that given an inner product (,) on a vector space V, there is an associated
norm. But, not every norm is induced by an inner product in this manner. Suppose we knew
that |||| is induced by some inner product. Can you discover this inner product? More precisely,
can you express (u,v) as some function of ||ul|, ||v] ||u+ v, and ||u — v]|.

(15) Given an r, show that there exists an s such that

(a) Bg,(z,s) C Bg,(x,r) (d) Ba, (z,s) C Bg,(x,r)
(b) Ba,(x,s) C By, (z,r) (e) Ba,(z,s) C Bg,(x,r)
(¢) Bg,(x,s) C Bq, (z,7) (f) Bgy(z,s) C Bg(x,7)

(16) Use the previous exercise to show that, if p,q € {1,2,00}, a set U is open in (C,d,) iff U is
open in (C, d,).

(17) If d(zp,x) — 0 and d(zp,y) — 0, then show that © = y. That is, the limit of a sequence is
unique.

(18) Show that, in the metric space (C, d), a sequence z,, = x,, + iy, converges to a point z = z +1iy
iff x,, converges to x and ¥, converges to y.

(19) Show that, in the metric space (C, d,), a sequence z, = x,, + 1y, converges to a point z = x+1iy
iff z,, converges to x and ¥, converges to y.
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(20) Show that in any metric space (X,d) a sequence x,, converges to a point z iff for every open
set U in X, there exists an N € N such that x,, € U for all n > N.

(21) Use GeoGebra/Desmos to visualise the open balls in (C, d),) where p = 3,4, 5.

(22) Check the convergence of the following sequences:

(a) " (f) 2

(b) L 44t (g) 2" where |z| < 1

(c) L+4i(-1)" (h) 2™ where |z| > 1

(d) (1+4)" (i) 2™ where |z| =1, but z # 1
(e) L+4i(—1)"

(23) Give an example of the following if they exist. Else, explain why such an example does not
exist.
(a) A sequence z, such that |z,| converges, but z, does not.
(b) A sequence z, such that z, converges, but |z,| does not.
(¢) A sequence z, such that |z,| < N for some N € N, but z, does not converge.
(d) A sequence z, such that |z,| < N for some N € N, but z, does not have any convergent
subsequence.
e) A metric d: X x X — R such that d(z,y) takes exactly 3 distinct values.
f) A metric on C where the open balls are ellipses but not circles.
(g) A metric on C where the open balls are rectangles but not squares.
(h) A metric on C where the open balls are parellelograms but not rectangles/squares.

(
(

(24) Show that arbitraty interstection of closed sets is closed. Show that finite union of closed sets
is closed.

(25) Let dg : R x R — R be the function dg(x,y) = |z — y|. Show that dg is a metric.

(26) Show that a subset U of (R,dg) is open iff it is a disjoint union of open intervals. (Note that
every open interval is an open ball)

(27) Consider the metric space (R?,dy). Clearly R? is an open subset. Show that R? cannot be
written as a disjoint union of open balls. What happens if we consider (R?, dy,) instead?

(28) Which of the following subsets of C are open? Which of the following subsets of C are closed?
Prove your claims

(i) C (iv) {z€eC:2< 2] < 3}
(ii) N (v) {a:'—i—isin (1):zeR}
(iii) {x+i0:0<z <2} (vi) {e" :n € N}

100
(29) Find the real and imaginary parts of (% + 2%) .

(30) Is the collection of natural numbers that can be written as the sum of two cubes closed under
multiplication?






Chapter 2

Holomorphic functions

Last chapter gave us a thorough understanding of the various structures that can be equipped on C.
Analysis, however, is the study of functions, so we should have a rich class of functions f: C — C
at our disposal. Interestingly, they are already at your disposal.

2.1. Two Recipes

Broadly there are two strategies to come up with functions f : C — C or from f : D — C where D
is a subset of C. Historically, the word function was almost synonymous to an algebraic expression
- sometimes also called a formula. The more abstract definitions of functions (think of the Dirichlet
or Thomae functions) are a more recent phenomenon - meaning only a couple of centuries old.
Thus, polynomials - expressions of the form a,z" + ap_12""' 4+ .-+ + a1z + ag - can be treated
as functions. However, the algebraic expressions, our ancestors used were not always as simple.
They also dealt with more complicated expressions which will be the content of our next chapter.
Polynomials and their cousins use the structure of C to construct functions.

There is an easier way to construct functions f : C — C. Notice that given a function F :
R? — R?, it corresponds canonically to a function f : C — C. More precisely, if 71 : R — R is the
function 71 (z,y) = = and m : R? — R is the function m(z,y) = ¥,

fle+iy) = m(F(z,y)) + im(F(z,y)).
Similarly, given a function f : C — C, it corresponds canonically to a function F : R? — R?. More
precisely,
F(z,y) = (Re(f(z +iy)), Im(f (z + iy))).
Thus, the identification of R? and C create an identification of the set of functions F : R? — R?
- F(R?%,R?) - and the set of functions f : C — C - F(C,C). Moreover, recall that a sequence
Zn = Ty + 1y, converges to z = (z,y) iff (x,,y,) converges to (x,y). Thus,

THEOREM 2.1. A function F : R? — R? is continuous iff the corresponding function f : C — C
18 continuous.
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The one-one correspondence between the F(R?, R?) and F(C, C) gives us plenty of examples of
functions F': C — C. Moreover, the above theorem helps us understand the continuity of functions
F.:C—C.

LEMMA 2.2. If z = x + iy, then the real part and imaginary part of z" are polynomials in x
and y.

Proof by Induction. The base case is pretty obvious. Assume that z* = p(z,y) +iq(z,y). Then

= 2Pz = (p(a,y) +ig(z, ) (z +iy) = zp(z,y) — ya(e,y) + i(yp(z,y) + vq(z,y)). From the

expression, it is clear that the real and imaginary parts of z**! are also polynomials. Thus, by
induction, we have the result. ]

From the above lemma, the following result is straightforward

LEMMA 2.3. If f : C — C is a polynomial, then the corresponding function F : R? — R? is both
continuous and differentiable.

Thus, given a non-differentiable function F' : R? — R2?, the corresponding function cannot
be a polynomial. This observation can be used to construct examples of functions that are not
polynomials.

EXAMPLE 2.4. The function f : C — C defined as f(x + iy) = |x| + ¢|y| is not differentiable
and hence cannot be a polynomial.

Unfortunately, even if we restrict our attention to continuous and differentiable functions f :
R? — R?, the corresponding functions F : C — C need not be a polynomial. And this follows from
another regularity of polynomials. The fundamental theorem of algebra (which we will hopefully
prove in this course) implies that

LEMMA 2.5. If f : C — C is a polynomial, then f~1(0) is a finite set.

This allows us to construct several examples of functions that are continuous and differentiable
but not polynomials.

EXAMPLE 2.6. Let f: C — C be the function f(z) = sin(z) + i cos(y). Then, the zero set is a
countable set and hence f is not a polynomial.

EXAMPLE 2.7. Let f: C — C be the function f(z) = x. Then, the zero set is an uncountable
set and hence F' is not a polynomial.

The previous example can be generalised to

ExXAMPLE 2.8. Let f : R — R be any differentiable function with at least one zero. And let
F : C — C be the function F(x +iy) = f(z). Then the zero set is an uncountable set and hence
F is not a polynomial

2.2. Cauchy-Riemann equations

Anyways, you will probably agree that polynomials are too nice, and therefore we should not stick
to just polynomials. But, I claim, differentiable functions f : R? — R? is also not the right class of
functions. To understand this claim, let us recall that the derivative of a function f at a point a is
a linear approximation of f near the point a. However, the notion of linearity is dependent on the
underlying field. And I hope you would agree with me that you should probably look for linearity
when C is treated as a vector space over C - else it is pretty much the same as R2.
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Then, the functions F : C — C defined as f(z) = Z corresponds to the function f : R? — R?
defined as f(x,y) = (z, —y). The derivative of this function at any point is the matrix

b 4

The function defined by the above matrix namely f(z,y) = (x,—y) is a linear function from
R? — R2, but the corresponding function f : C — C defined as f(z) = Z is not a linear map, as

F(i4) = f(=1) = =1 # +1 = i.(—i) = if(i). In fact,

THEOREM 2.9. Every linear map from C to C when viewed as a function from R? to R? is given

by a matriz
a —b
b a|’

Proof. Recall that if L : C — C is linear, then L(z) = L(z.1) = 2.L(1) = L(1).z. So, if we
denote, L(1) by a+ib, then L(z) = (a+1ib)z. But, we saw earlier that this correspond to the linear

map
a —b
b al|’

Thus, given a function f : R? — R? defined as f(z,y) = (u(z,y),v(z,y)), its derivative given
by the matrix

O

is C-linear iff
du_ov 0w o
or Oy oy oz’

The above equations are famously known as the Cauchy-Riemann equations.

I encourage you to take some polynomials and verify that they satisfy Cauchy-Riemann equa-
tions. In fact, it can be proved that every polynomial satisfies the Cauchy-Riemann equations.
However, in these notes, we will not do so. We would rather obtain this fact as a consequence of
the results in the next section. You are of course encouraged to prove it. It is very difficult to find
function f : C — C that are not polynomials but satisfy Cauchy-Riemann equations. Next chapter
we will explore such functions. But, we can already discuss examples on subsets of C.

ExAMPLE 2.10. Consider the function, f : C\ {0} — C defined as f(z) = 2. Then, f(z+iy) =

%—l—zﬂ + zﬁ Clearly, the function is differentiable when treated as a function F : R? — R2.
Moreover,

ou y? — a2 0w

or  (z22+y?) Oy
and

ou —2xy v

oy (2%+y2)? Ox
More generally,

EXAMPLE 2.11. Let p(z) and ¢(z) be two polynomials and Z(q) be the zero set of g. Then the

function f : C\ Z(g) — C defined as f(z) = ¢ 8 satisfies the Cauchy-Riemann equations. The

proof of this fact is again a consequence of the results in the next section.
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2.3. Holomorphicity

Recall that the major difficulty while moving from differentiation of functions f : R — R to
differentiation of functions f : R? — R? was the lack of multiplication/division in R?. However,
this is not the case when it comes to C. Thus, we could bypass the route through R? and directly
define differentiation of functions f : C — C verbatim the same as that for functions f : R — R.
More precisely, we can say a function f : C — C is differentiable at a point zg if the limit

lim f(zo+h) — f(z0)
h—0 h

exists. Moreover, the limit is called the derivative of the function at zy and will be denoted as
1'(20). Notice however that we are implicity assuming that f(zo + h) is defined for all h, because
otherwise the term inside the limit will not make sense. However, as we are taking the limit as h
tends to 0 it is enough that f(zp + h) makes sense for all small values of h. In other words, the
domain of the function should be open. From now on we will assume the domain of our function
is open even when we do not state it explicitly. With this clarity, let us define

DEFINITION 2.12. Let U be an open set. A function f : U — C is said to be complex-
differentiable at a point zy € U if

h) —
lim f(z0 + 1) — f(20)
h—0 h
exist. Moreover, when the function is complex-differentiable at zy, the above limit is called the
derivative of f at zp and is represented as f/(z).

DEFINITION 2.13. Let U be an open set. A function f : U — C is said to be complex-
differentiable on U iff f is complex-differentiable at all points in U.

Unless there is a chance for confusion, we are going to use differentiable to mean complex-
differentiable whenever we talk about a function f: C — C.

EXAMPLE 2.14. The function f : C — C defined as f(z) = ¢ for some complex number c is
differentiable and its derivative is 0 everywhere.

EXAMPLE 2.15. The function f : C — C defined as f(z) = 2" is differentiable and its derivative

f'(z) = nz""1
: 1 n n : 1 S n n— n
Ay (e = =i (Z(k)Zkh )‘]
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Now,

lim (n) Zhpn—h-l
h—0 \ k

is non-zero iff n —k—1=01iff k =n — 1 and then (Z) = n. Thus, we have the desired result.

EXAMPLE 2.16. The function f(z) = Z is not differentiable.

I z+h—%2 I
1m —— = l1m —
h—0 h h—0 h

If hy, = i/n then hy,/h, tends to —1. On the other hand, if h = 1/n, then h,,/h, tends to 1. Thus,
the above limit cannot exist.

Now, we can prove several theorems analogous to the results we have proved in real analysis.

THEOREM 2.17. If f and g are differentiable at a point z, then f + g is also differentiable at z
and (f +9)'(z) = f'(2) + ¢'(2)

Proof. As,

lim fz+h) = /() and lim
h—0 h h—0 h
exists, by the algebra of limits we know

F(2)+4( ):}E%f(erhf)L—f(z) +l£%g(2+hf)b—g(z)

— lim f(z4+h) = f(2)+g(z+h) —g(2)
h—0 h

iy TETR) A9z h) — f(2) —9(2)
h—0 h

~ lim f+glz4+h) —f+g(2)
h—0 h

=(f+9(2)

O

EXERCISE 2.18. Show that if f is differentiable at z, then cf is also differentiable at z and
(cf)'(2) = cf'(2)-
THEOREM 2.19. If f and g are differentiable at a point z, then fg is also differentiable at z
and (fg)'(z) = ['(2)9(2) + f(2)g'(2)
Proof. Notice that,
fa(z+h)—fg(z) _ f(z+h)g(z+h) — f(2)9(2)

h h
_ fGE+h)g(z+h) = f(z+h)g(2) + f(z + h)g(2) — f(2)9(2)
h
_ flethglzth) = flz+h)gz) | flz+h)g(e) = f(2)g(2)
h h
_ g(z+h)—g(z)  flz+h)— f(2)
= 4Pt e R T )
Now, algebra of limits will fetch us the result. O

THEOREM 2.20. If g is differentiable at a point z and g(z) # 0, then 1/g is differentiable at z

and (1/9)'(2) = —4'(2)/9(2)*.
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Proof. Notice that,

1 1 1
R O =2 B C)

h h
_g(2) — gz + )
hg(z + h)g(z)
) —gz+h) 1
h 9(z+ h)g(2)
Now, algebra of limits will fetch us the result. O

EXERCISE 2.21. Show that if f and g are differentiable at z and g(z) # 0, then f/g is differen-
tiable and

<f>, () = f'(2)9(z) — f(2)g'(2)
9 9(2)? '

THEOREM 2.22. If f is differentiable at z and g is differentiable at f(z) = w. then go f is
differentiable at z and (go f)'(z) = ¢'(f(2))f'(2).

Proof. Notice,

gof(z+h)—goflz) _g(f(z+h))—g(f(2))
h h

_9(f(z+h) —g(f(z) fz+h)—f(2)
h fz+h) = f(2)
9(f(z+h) —g(f(2)) f(z+h) - f(2)
flz+h) = [(2) h
Now, algebra of limits will fetch us the result. O

THEOREM 2.23. Let U be an open set and f : U — C a function that is complez-differentiable
at zo. Then, f is continuous at the point zg

Proof. As f is differentiable at zg, the following limit exists

lim f(zo+h) — f(20)
h—0 h ’

We also know that

lim A = 0.
h—0

Thus, by algebra of limits

f(z0+h) = f(=0)
h

lim f(z0 + h) = f(z0) = limh — 0 lim h = f'(20).0 = 0.

h—0

2.4. Holomorphicity and Cauchy-Riemann equations

Throughout the rest of this chapter, let U be an open subset of C - by abuse of notion, we will also
consider this a subset of R2.
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THEOREM 2.24. If f : U — C is complex-differentiable function, then f satisfies the Cauchy-
Riemann equations. That is, if f(z +iy) = u(x,y) + iv(z,y) where u,v : R? — R, then

ou_ov 0w oo
oxr Oy an oy Oz’

Proof. The basic idea is to compare the limit as h tends to 0 along the real and imaginary axes.
First, we will approach 0 along the real axis, that is, assume that h = h + 0, then

fz+h)—f(z) wlx+hy) +iviz+hy) —ulz,y) —iv(z,y)
h h
u(x —+ ha y) — u(x7y) +i ’U(x + hvy) — v(x,y)
h ’ h

Now, we approach 0 along the imaginary axis, that is, take h = 0 4 ¢h,

fleth) = fz) _ulz,y+h) +ivy+h) —ulzy) —ivy)

ih ih
u(z,y+h) —uz,y) . vly+h) —o(z,y)
= - + . -
ih ih
_ ’U([B,y—i-h) — U(.’L’,y) — U/(l',y—i-h) —u(x,y)
N h ' h

As f is differentiable, the limit as h tends to 0 in each of the above situations would be equal to
f'(2). Thus,

ou oOv ., Ov Ou
%—I—z%—f(z)—ay Zay‘

Or alternatively,

THEOREM 2.25. Let U be an open set and f: U — C be a function. We can write f as F(x +
iy) = u(z,y) + iv(z,y) where u,v : R2 — R. Define F : R? — R? as F(x,y) = (u(z,y),v(z,y)).
If f is complex differentiable at zo = xo + iyo then F : R? — R? is differentiable at (x9,yo) and
satisfies the Cauchy-Riemann equations. More precisely, if f'(z0) = a + ib, then

a —b
DF(WO,yO) = |:b a:| '
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Proof. Assume f is differentiable at zg. Then,

f(z0+h) — f(z0) . fim f(z0+h) — f(20) — hf'(20)

/ . _
F(z0) = }ILILI%) h h—0 h =0
_ _ !
. lim flzo+h) = fz0) = hf'(20) || _ 0
h—0 h
_ _ /
i M0+ 1) = flz0) = A ()l _
h—0 It
i WG R — fe0) — (h +im)at )]
h—0 17|
— lim Hf(z + h) - f(Z()) — (hla — hgb) + i(hlb + hga)H -0
h—0 | A||
=b| |h
|+ he) = Fea - [y ][]
— lim =0
h—(0,0) 1A
This implies that F' is differentiable at (x¢,yo) with the derivative
a —b
DF(:Bo,yO) = |:b a :| :
]

THEOREM 2.26. Let U be an open set and f : U — C be a function. We can write f as f(x +
iy) = u(x,y) + iv(z,y) where u,v : R? = R. Define F : R? = R? as F(x,y) = (u(x,y),v(z,y)).
If F is differentiable at (xo,y0) and satisfies the Cauchy-Riemann equations, then f is complex
differentiable at zg = xo + 1¥o.

Proof. As F satisfies the Cauchy-Reimann equations at (zg, o), the derivative at (xq,yo) will
be of the form

a —b
DF(:B():yO) = |:b a :| :

We will prove that f is differentiable at zp and has the derivative f/'(z9) = a + ib. As, F is
differentiable,

[P0 )+ ) = Fa - 5| [3]

lim =0
h—(0,0) Al

But, this is possible iff,

i (20 + 1) = f(z0) = (ha — hob) +i(ab+ hoa)|| _ . If(z0+h) = flz0) = hla+ab)|| _
h—0 [ h—0 [
. hm f(zo—|—h)—f(zo)—h(a—|—ib)H:0
h—0 h
o lim f(20 +h) — f(z0) — h(a +1ib) _0
h—0 h
= ;Lgr%f(z°+hg—f<20) = (a + ib)

Which implies can happen only if f is differentiable at zg and the derivative f'(2¢9) =a+1ib. O
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Remark 2.27. The proofs of Theorem 2.25 and Theorem 2.26 illustrate the relation between
the complex derivative and the total derivative of the corresponding function. On the other hand,
Theorem 2.24 helps us understand that if the partial derivatives are continuous, then so is f’.

0 ifz=0
e~ 1/2" otherwise
everywhere, but is not continuous at 0 and hence not complex-differentiable at 0.

EXAMPLE 2.28. The function f(z) = obeys the Cauchy-Riemann equations

Remark 2.29. The Looman Menchoff theorem states that the only deviation from complex
differentiablity is of the type described above, namely, where the function fails to be continuaous.
More precisely, If f : U — C is continuous and satisfies the Cauchy-Riemann equations, then it is
necessarily complex differentiable on U. However, the proof of that theorem is beyond the scope of
this course.

In practice, it is difficult to check whether ' : U ¢ R? — R? is differentiable or f : U ¢ C — C
is complex differentiable. On the other hand, finding partial derivatives is easy. However, as
seen in the example above, existence of partial derivatives does not guarantee continuity, let alone
differentiability. However,

THEOREM 2.30. Let F : U — R? be such that the partial derivatives of F exists everywhere on
U and is continuous. Then, F' is differentiable on U.

Proof. If we write F(z,y) = (u(x,y),v(z,y)), then the function F is differentiable on U iff
u:U — R and v: U — R are both differentiable. We will prove that u is differentiable and leave
the other proof as an exercise. The main idea in the proof is a clever use of the mean value theorem.
Also as the partial derivatives are continuous, we can choose some § such that if |2/| < 6 and 3/ < §
then,

ou ; N Ou €
(2.) Sty - gt < §
and

ou , ~ Ou €
(22 |Gttt - S| < 5

Choose h; such that |h;| < é. Then, observe that,

w(@ + hi,y + he) —u(z,y) = w(x + hi,y + ho) —u(z,y + ho) + u(z,y + ha) — u(z,y)

Applying mean value theorem to the continuously differentiable functions

(1) f1:]0,1] — R defined as f1(h) = u(z + Ah1,y + h2)
(2) f2:]0,1] = R defined as fa(h) = u(x + h1,y + Aha)

we can find numbers \; € [0, 1] such that
ou
w(z + hy,y + h) —u(z,y + h) = hl@(fﬂ + Athi,y + ha)

and

ou
U(l’,y + h?) - U(.’E,y) = hg@((lf + hlay + )\2h2)'


https://en.wikipedia.org/wiki/Looman–Menchoff_theorem
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That is,
u(x + h1,y + ha) —u(z,y) = w(x + hi,y +h+2) —u(z,y + he) +u(z,y + ha) —u(z,y)
ou ou
= h1%($ + Ahi,y + hg) + hQ%(w + hi,y + )\th)

Thus, the expression

et oy + ) = uto) = (Gt Gee0)) - ()

can be simplified as

[ Ou ou ou ou
hi | =— Ah ho) — — ho | — h Aoho) — —
‘ 1 _8$($+ 1thi,y + 2) 8$(x7y):| + 2|:8y(x+ 1LY+ A2 2) ay(xvy)]
By, triangle inequality, the above expression evaluates to a value less than or equal to

0 0
£($ + Ahi,y + ho) — 8*2(%3/)

From Equation 2.1 and Equation 2.2, the above value is less than or equalt to

9
(h1, ho)ll + 5[l (ha, h2) || < Rl

ou

ou
|h1 a*y($+h1,y+>\2h2)*8fy($ay)

+ |ha]

£ € £
hd e < Z
“Jil + Slhal <
Thus, if ||h]] < §, then |h;| < § and hence

ou ou
ot byt ha) = o) = (GG Goten) ) - )| < e
Thus,
Ou du
|t +niy + ho) = ule,y) = (32(@.0), G4 )) - (. o)
<e.

7]
O

From the proof of Theorem 2.24 it is clear that if the partial derivatives are continuous, so is f’.
Thus, from now on, we will assume that our function is continuously differentiable on its domain.

2.5. Domains

We will now try to prove the analogue of another important theorem. Recall that if we have a
function f : (a,b) — R such that f'(z) = 0 for all € (a,b), then f is a constant. We would like
to know for what open subsets U of C do we have an analogous result for functions f : U — C.
Of course, openness is not enough, as illustrated by the function f : (0,1) U (2,3) — R defined as
flx)=0ifz € (0,1) and f(x) =1if z € (2,3). Clearly, the issue in the above example is that the
domain is “broken” or not connected. This notion can be made precise.

DEFINITION 2.31. We say P C C is path-connected, if given any two points p and ¢ there exists
a continuous curve 7 : [a,b] — C such that y([a,b]) C P and y(a) = p and ~(b) = q.

Although in the definition we are only assuming that any two points can be connected using
a continuous curve, actually we can do much better. We can show that we can connect any two
points in an open path-connected set with a piecewise smooth curve.

DEFINITION 2.32. A continuous curve v : [a,b] — R? is said to be piecewise smooth if there
exists a =tg < t1 < --- < t, = b such that fy|[ti, t;+1] is smooth.
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We can in fact also prove that we can smoothen the finitely many corners and show that any
two points in an open path-connected set can be connected by smooth curves. But, that is a bit
too technical for our course. To prove even the weaker result, we need a bit of machinery which
will be introduced now.

DEFINITION 2.33. Let D C R™ and X C D. We say X is an open subset of D if given any
x € X, there exists an e such that B(z,e) N D C X. A subset X is said to be a closed subset of D
if its complement is an open subset of D.

EXERCISE 2.34. Show that the only subsets of [a,b] that are both open and closed are the ()
and [a, b].

EXERCISE 2.35. Show that the only subsets of [0,1] U [2, 3] that are both open and closed are
0, [0,1], [2,3], and [0,1] U[2,3].

THEOREM 2.36. Let P be a path-connected space. Then, the only subsets of P that are both
open and closed are ) and P.

Proof. We will use proof by contradiction. Assume there is a proper non-empty subset X of
P that is both a closed and open subset of P. Then its complement Y = P\ X is also proper,
non-empty, both open and closed. Consider a curve 7 : [a,b] — P that connects a point x € X
and a point y € Y. As X is a non-empty open set, A := vy~ }(X) is a non-empty open subset of
[a,b] (the e-0 definition implies that the inverse image of open sets under a continuous function is
open). Similarly, as Y is a non-empty open set B := v~ 1(Y) is a non-empty open subset of [a, b].
But, [a,b] =7 YP) =y H(X)Uy 1Y) = AUB. As X and Y are disjoint, their inverses A and B
also must be disjoint. Thus, B = [a,b] \ A and as B is an open subset of [a,b] A is a closed subset
of [a,b]. Which makes A non-empty, proper subset of [a, b] that is both an open and closed subset
of [a,b] contradicting what you proved in an earlier exercise. O

EXERCISE 2.37. Let P be some subset of R%. Let ~ be defined as x ~ y if there is a piecewise
smooth curve connecting z and y. Show that ~ is an equivalence relation.

THEOREM 2.38. Let D C R? be open and path-conneceted. Fix an arbitrary point p € D and
define X :={q € D :q~p}. Then, X = D. Intuitively, this should be read as any two points in a
domain set can be connected by a piecewise smooth curve.

Proof. We will show that X is both an open and closed subset of P and hence X = D. Let
x € X, then notice that there is some € such that B(z,e) C D. Clearly, every point in B(z,¢) can
be connected to x by a straight line. That is if y € B(x,¢), then y ~ z. But, we know = ~ p.
Therefore, by transitivity of ~, y ~ p and hence y € X. Thus, B(z,e) C X and as x € X was
arbitrary X is open. We will now show that Y = D\ X is also open. Let y € Y be arbitrary. As
D is open, there exists an ¢ such that B(y,e) C D. As before if z € B(y,¢), then y ~ z. If z ~ p,
then transitivity of ~ implies y ~ p, thus, z ¢ p. Which means Y is open and hence X is both
open and closed. Therefore X =0 or X = D. X # () as p € X. Hence proved. O

THEOREM 2.39. Let D be open and path-connected and f : D — C be differentiable on D. If f
is differentiable and f'(z) =0 for all z € D, then f is a constant.

Remark 2.40. The proof of this theorem is an application of the following theorem you might
have learnt in multi-variable calculus to the two functions u and v where f = u 4 (v.

THEOREM 2.41. Let D be an open path-connected subset of R%. Let f : D — R be a continuously
differentiable function such that Vf =0 on D Then, f is a constant.
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Proof. We will use proof by contradiction. Assume, the function f is not constant. Thus,
there would at least exist two points (zg,yp) and (z1,y1) in D such that f(zo,v0) # f(z1,v1).
As D is open and path-connected, we can connect the two points using a piecewise smooth curve
7y : [0,1] — R2. More precisely, v(0) = (zo,¥0), (1) = (z1,¥1), and 7([0,1]) € D. The function
¢ = f o~ is differentiable on each of the intervals [t;,t;11] and by chain rule its derivative is
identically 0 in the interval. Thus, we know that ¢ is a constant on the interval [t;,¢; 4] from the
familiar result in the one-variable case. Thus, f(zo,y0) = ¢(to) = ¢(t1) = -+ = ¢(tn) = f(z1,11).
Which contradicts our assumption that f(zo,y0) # f(x1,y1)- O

Proof of Theorem 2.39. Let f =u+w. If f’(z) =0, then

ou ou v v

—=0=—and —=0= —.

ox y e e oy
Thus, applying the previous theorem to u and v, we know u and v are constant. Thus, f is also
constant. n

As we want like to conclude the function is constant if its derivative is 0, we will assume that
the domains of our functions are both open and path-connected. Thus, being not creative at all,
we define

DEFINITION 2.42. We say D C C is called a domain if it is both open and connected.

THEOREM 2.43. Let D be a domain and f : D — C be differentiable. If f is real valued, then
f is constant.

Proof. Let f = u+ wv. We see v is identically zero. From the Cauchy-Riemann equations, we

have
ou Ov ou ov

or oy oy Oy
Thus, u is a constant. ]

Exercises

(1) Which of the following functions f : C — C are complex differentiable. Which of them are
differentiable when treated as a function from from R? to R?? Which of them are induced by
a polynomial in 2?7 Justify your claims.

(i) f(z) = 2] (ili) f(z +iy) = («® — 3zy?) + i(32?y — y*)
(ii) f(z) = (2* + y*) — i(2zy) (iv) flz+iy) = 2zy — i(z* — y?)

(2) Without appealing to their holomorphicity, show directly that every polynomial satisfies Cauchy-
Riemann equations.

(3) Show that the function f(x + ty) = +/|vy| satisfies the Cauchy Riemann equations at z = 0,
but is not differentiable at 0.
Remark: This does not contradict the Looman Menchoff theorem as although the partial
derivatives are defined at 0, you cannot find a neigbourhod of 0 where the partial derivatives
are well-defined!

(4) Show that F : C' — C is a complex-linear map iff the corresponding map f : R? — R? satisfies
the following properties:
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e matrix My of f has positive determinant.

(a) th
(b) f(1,0) is orthogonal to f(0,1)

b)
(e) [/ (L, 0 = {10, D
(5) Show that a linear map f : R? — R? preserve inner product, that is (f(v), f(w)) = (v, w), iff

0

(a) f(1,0) is orthogonal to f(0,1)
(b) [[f(1,0)[l = [l (0, )

(6) Let D be an open subset of R? and f : D — R? be a differentiable map that satisfies the
Cauchy-Riemann equations. Then, given any two curves « : [0,1] — D and § : [0,1] — D,
((t),B' () = {((foa)(t),(fopB)(t)). Intuitively it is saying that the map “preserves angles”.
Such maps are called conformal maps and was the main focus of Riemann.

(7) Show that every rational function f(z) = Z Ezg is holomorphic on C\ Z(q) where Z(q) represents

the zero set of q. Thus, f satisfies the Cauchy-Riemann equations and is a conformal map on
C\ Z(9)-
(8) Show that Q is disconnected.
(9) Let X = {(z,y) : 2> +y?> < 1}U{(,0) : x € [1,2]} U{(w,y) : (v — 3)? + y? < 1}. Show that X
is path connected
(10) Let f: (X,d) — (Y, D) be a continuous function. Prove that if X is connected, then f(X) is
also connected. Prove that if X is path-connected, then f(X) is also path-connected.
(11) Show that if U is an open connected subset of C, then U is path connected.
(12) Let f : [a,b] — R be a function. Show that if the graph of f is connected then f satisfies the
intermediate value property.
(13) Let f: R — R be the function

sin(%) ifz
f(@:{ (2) ifz#0

0 otherwise -

Show that the graph of f is connected, but not path connected. This gives us an example
of a connected space that is not path-connected.

(14) Let D be a domain. Show that if f : D — C and f : D — C are both differentiable, then f is
a constant function.

(15) Let D be a domain. Show that if f : D — C is differentiable and |f| is constant, then f is a
constant function.

(16) Let D be a domain and f : D — C be continuously differentiable. Use the inverse function
theorem from multi-variable calculus to prove that given any point zy € D, there exists a
neighbourhood B(z0,¢) such that f[g(., ) is invertible.






Chapter 8

Power series

Recall we had discussed that polynomials form a very small class of functions and thus we need
to enlarge our class of functions. Note that a polynomial 322 + 5z + 2 can at once be thought of
as an expression with no meaning or as a function defined for all real or complex values. If we
instead look at an expression m, it can be evaluated only when x # 1 and = # 2. So, the
expression represents a function, but we have to restrict its domain. As a series is a much more
complicated expression, finding the domain of the corresponding function requires some effort. So,
we will first treat the series only as formal expression - with no meaning attached to the expression.
After proving some properties of formal power series, we will look at a natural domain where we

can treat it as a function.

3.1. Formal Power Series

DEFINITION 3.1. A formal power series is an expression of the form ) >° ; a,z". When it does
not lead to any ambiguity, we might also write it as > a,z".

Let us look at some important examples of power series:

(1) >2="

(2) e(z) =221

(3) sin(z) = 3 mlyrs® L

(4) cos(z) =3 Gy 2™

(5) Let a be a non-zero complex number. Define the binomial coefficients

(a) _ala—1(@a-2)...(a-n+1)

n n!

and the binomial series

Note that, by convention (§) = 1.

Remark 3.2. Of course, we do not associate any meaning or treat the above as functions as of
now. We are giving names only because they remind us of the familiar power series expansion for
sin, cos etc.

37
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Given two power series ZZOZO anz" and ZEOZO b,z", we can add the two as follows:

o oo o
Z anz" + Z b2 = Z(an + by)z2".
n=0 n=0 n=0

EXERCISE 3.3. Prove that the collection of all power series form an abelian group under addition.
More precisely, show that addition is associative, commutative, has an additive identity, every
element has an additive inverse.

Hint: The power series »_° 0.2" is the additive identity and the inverse of >~ 7 j a,2" is the
power series Y 7 (—an)z".

We can also multiply the two power series Y~ jan2™ and > 2 by2™ as follows

<§: anz”> X <§: bnz”> = i ( ” akbn—k> z".
n=0 n=0 n=0 \k=0

EXERCISE 3.4. Prove that The collection of all power series form a ring under addition and
multiplication. More precisely, show that multiplication is associative, has a multiplicative identity,
and distributes over addition.

Hint: The power series 1+ > >, 0.2™ is the multiplicative identity.

Given a power series Y a"z" and a complex number «, we can define the scalar multiplication
by alpha as a.(> a"z2") = Y a.a,z™. This scalar multiplication along with addition defined earlier
gives the collection of power series a vector space structure. Moreover, multiplication behaves well
with the vector space structure and makes it an algebra.

EXERCISE 3.5. Show that the collection of power series equipped with the addition, multi-
plication, and scalar multiplication defined above forms an algebra. More precisely, show that
multiplication is a bilinear operation, that is,

(1) (f +g)h=fh+gh
(2) h(f +9)=hf+hg
(3) (a.f)(B.9) = (af).fyg

EXERCISE 3.6. Show that the ring (algebra) of polynomials form a sub-ring (sub-algebra) of
the ring (algebra) of power series.

DEFINITION 3.7 (Units). Elements in a ring that have a multiplicative inverse are called unit.

LEMMA 3.8. The only units in the ring of polynomials are constant polynomials

Proof. The easiest way to prove it is by using the degree of a polynomial, we will denote degree
of a polynomial p Given two polynomials p and ¢, note that deg(pq) = deg(p) + deg(q). If p is
a non-constant polynomial, then deg(p) > 1. Thus, given any polynomial ¢, deg(pq) > 1 and
therefore pg cannot be equal to 1. ]

This proof technique is really central to a lot of mathematics and will also allow us answer the
analogous question for the ring of formal power series. What are the units in the ring of power
series. One may be tempted to think the answer would still be the same. However, we already
know that

1-2)) 2"=1+(1-1Dz+(1-1)2+.. =1
And thus, the power series 1 — z and > 2™ are both units. In fact, this idea can be used to prove
an even more general result.
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LEMMA 3.9. Any power series f = anz" such that ag = 1 has a multiplicative inverse.

Proof. The basic idea behind the proof is the observation that
1-2)) 2"=14+(1-1Dz+(1-1)"+..=1

Notice we may write f(z) = 1—h(z) where h(z) = — > "7 | apz". After the earlier observation, it is

natural to guess that the inverse of f should be ¢(z) = 1+h(z)+h(z)%+... if it makes sense. More
precisely, the coefficient of 2" should be a finite quantity. Notice that as ord(h) > 1, ord(h"t') > n.
Thus, the coefficient of z™ in f is the same as the coefficient of 2" in 1+ h(z) + --- + h(z)™. O

THEOREM 3.10. Let f be a power series. If ord(f) =0, then f has a multiplicative inverse.

Proof. Let f = > b"z" and we are given by # 0. Thus, consider the power series g = % f=
% Sbpz =5 ll’)—gz”. By previous lemma ¢ has a multiplicative inverse, which we will denote as é.
Then bg.(1) is the inverse of f, by the bilinearity of multiplication

AR 6)-

The idea of introducing an invariant comes handy when we try to prove the converse: If f has
a multiplicative inverse, then orf(f) = 0.

0

DEFINITION 3.11. Given a power series f = Y a,2", the smallest n such that a,, # 0 is called
the order of the power series. We may denote the order of f as ord(f).

EXERCISE 3.12. Let f and g be two power series. Show that ord(fg) = ord(f) + ord(g).

EXERCISE 3.13. Let f be a power series. Show that if ord(f) > 0, then f does not have a
multiplicative inverse.

EXAMPLE 3.14. Let f(z) = 22 + 3. Then,

111
75 T 31- ()
=S (A H P (2P )
:%(1—2’2—%24—26—% )

EXAMPLE 3.15. Recall that cos(z) =) %22". Thus,

This technique can sometime be used to find inverse of power series that do not have a non-zero
constant term
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EXAMPLE 3.16. Recall that sin(z) = Y %2’2"+1 =z(1- g—? + %—? —...). Thus,
1 1
=T R
1 22 24 22 24 2

1z 1\> 1) ;4 higher ord
_;4_5— 31) T z° + higher order terms.

However, this is not a power series as there is a negative power of z. Allowing finitely many
negative powers is useful and such expressions are well studied. But, let us not spend much time
on it now.

3.2. Convergence of a series of real numbers

Last section, we discussed formal expressions called power series and studied some of its properties.
Of course, the motivation was to eventually treat them as functions on suitable domains. To this
end, we are interested in the question: For what values of z does the series of complex numbers
> anz™ make sense? Before we begin the study of series of complex numbers, let us make sure we
are comfortable with the basics of series of real numbers.

A series Y °  xp is an infinite sum. Let us first look at an example known as the alternating

series. This is the series Y (—1)". Notice that the following two groupings give rise to two different
answers.

1+C-1)+Q2+C-1)+Q+(-1)+---=0+04+0+---=0
while
I+((-)+)+(-)+D)+((-)+1)+---=140+0+0+---=1.
Thus, unless we make sense of an infinite sum in a more sophisticated manner, we cannot expect
associativity to follow for infinite sums. And the definition of a sum of a series you are familiar
with is already good enough.

DEFINITION 3.17. Given a series of real number > > z,, we say the series converge, if the

sequence of partial sums s = Zszo Ty converge as k tends to infinity. And the limit is called the
sum of the series.

EXERCISE 3.18. Show that the partial sums for the alternating sequence s, is 1 when n is odd
and 0 when n is even. Hence, the series does not converge.

Thus, we have excluded the problematic example and hopefully infinite sum would be associative
whenever the series converge. And this is indeed the case.

THEOREM 3.19. If Y a,, is a convergent series of real numbers, then the sum does not depend
on how you group the numbers. More precisely, if 0 = ig < i1 < iy < ... be an increasing sequence
of natural numbers, then

converge and
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Proof. Let sj be the partial sums of )" a,, and S; be the partial sums of

o0 ik—l

Y5 w

k=1 \i=iy_1
Then, note that

j ip—1

5= (Y w) s
k=1 \i=ix_1

Thus, the sequence S; is a subsequence of the sequence s;. Therefore S; converge and has the same
limit as s;. 0

Thus, as long as the series converges, they behave not so differently from finite sums. Hence,
we will study infinite sums only when the series converge. Another important example of series is
the geometric series.

EXAMPLE 3.20 (Geometric series). The geometric series is a series of the form ) z™. Then the
sequence of partial sum s, = Y z’. Notice that s, —xs, = 1+2+...2"— (z+2*+- - +2"!) =
1 —2"t!. It is easy to see that the series does not converge when = = 1 as then s,, = n. So, assume

x # 1. Thus,
1— xn+1

Sp =
1—=x

From the properties of limits, it is clear that s, converges iff 2! converges. z™*! converges iff
€ (—1,1]. But, we have already assumed that = # 1, thus s,, converges iff x € (—1,1).

1 +1

In the above example, we noticed that the series converges only when the n — th summand
converges. And this is something we should expect. If the modulus of the summands are bounded
below, then we should expect the sum to blow up. This intuition is captured in the following
theorem.

THEOREM 3.21. If > x, converges then x, converges to 0.

Proof. We know the series ) x,, converges iff the sequence of partial sums s, converge. But,
notice that =, = s, — sp,—1. As s, and s,_1 converge, so does their difference z,. Moreover,
limz, = lims, — lims,_1 =Yz, — > x, =0. O

The converse of this theorem is however not true as demonstrated by the following example.
Intuitively, this says, it is not enough that z,, converge to 0, but it should converge fast enough.

EXAMPLE 3.22 (Harmonic series). The harmonic series is the series of the form > 7% ; 1. Notice
that as the summands are all positive, the sequence of partial sums form and increasing sequence.
Hence, the sequence of partial sums converge iff it is bounded. We will show that as s, is not
bounded above the series is divergent that means not convergent.

First observe that, as % > %, %4—% > %—F% = % Similarly, %—i—%—l—%—i—% > %—i—%—l—%—i—%:%.
And this process can be repeated. So, in some sense we can get infinitely many halves if we proceed
and because we can find infinitely many halves the sum of them cannot be bounded. That’s the
basic idea but we will just make it a little more precise.

We will prove using mathematical induction that sen > 1+ 5. This is obvious for n = 1 as
so =1+ % Asssume it is true for k, that is, assume that sqor > 1+ % Then,

1 | 1 ko1 k41
R e e i SRR S R LR

Sok+1 = Sok + ok+1 9 ' 9k+1 9k+1 2 "9 2

2k +1
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Hence we have the claim by the principle of mathematical induction. Thus, we clearly see that the
sequence of partial sums is not bounded and hence does not converge.

This implies that

EXAMPLE 3.23 (Harmonic p series, 0 < p < 1). The series » >, # diverges for 0 < p < 1.
Notice that as p < 1, n? < n. This implies n—lp > % Thus the sequence of partial sums of > >° nip
is bounded below by the sequence of partial sums of » >° | % Hence, the sequence of partial sums

certainly cannot be bounded above. Hence they do not converge.

The idea we have used in the above example is an illustration of a more general principle stated
in the theorem below.

THEOREM 3.24 (Comparison theorem). Let Y a,, and _ b, be two series such that 0 < a, < by,
for all n. Then, if > b, converges, so does > ay,.

Proof. Notice that as a,, and b, are positive, the partial sums of > a, (say s,) and partial
sums of b, (say t,) are both increasing. Thus, the sequence of partial sums converge iff they are
bounded above. Further, clearly, s, < t,. Thus, if ¢,, is bounded above, so is s,. [l

Remark 3.25. Under same hypothesis, if > a,, diverges, we may thus conclude ) b,, diverges.

EXAMPLE 3.26 (Harmonic 2 series). The harmonic 2 series is the series of the form ) > | #

Once again, the summands are all positive and hence the sequence of partial sums is monotonically
increasing. Thus, the sequence of partial sums converge iff it is bounded above. We will prove that
the sequence of partial sums is indeed bounded in this case.

Notice that 2%—#3% <2%+2%:%. Similarly, 4%+5%+6%+7—12 <4+ +35+ =73 More
generally, you can prove using induction (and this time I leave it as an exercise) that sgn+1_; <
1+ % +... 2% Now, the left hand side is bounded above by the sum of the geometric series where
r=1.

More generally (using very similar argument) one can prove that

o 1
n=1 npP

EXERCISE 3.27 (Harmonic p series. p > 1). Show that the series
p>1.

converge for all

EXAMPLE 3.28 (Alternating harmonic series). The alternating harmonic series is the series

A
n= n -
As
1 1
S2n = S2(n—-1) = 2,'17_1 - % =
the subsequence s9, is monotonically increasing. Similarly,
1 1
S2n+1 = S2(n—1)+1 = mr1l  2n =

and thus the subsequence ss,11 is monotonically decreasing. Further, notice that sg > 0
and oy, is increasing implies that sg, > 0 for all n. Similarly, s; < 1 and $g,41 is decreasing implies
that 29,41 < 1 for all n. Finally, notice that 0 < s9, < s9,41 < 1. Thus, sg, is monotonically
increasing and bounded above, hence so, converges. Similarly, se,41 is monotonically decreasing
and bounded below, hence so, 1 converges. Moreover,

i oy 1
5, (Bamet = 820) = I 5T



3.2. Convergence of a series of real numbers 43

Thus, sop+1 and sz, converge to the same limit. Moreover, as so, and s2,+1 are bounded
between 0 and 1, s, is a bounded sequence. Recall that a bounded sequence diverges (does not
converge) iff there exists two subsequences that converge to different limits. But, we will prove that
any convergent subsequence of s, has to converge to the limit of s9, and so,41, hence s, cannot
have two subsequences that converge to different limits and that will complete our proof.

Let s,, be a convergent subsequence of s,. Then there will either exist infinitely many %k for
which ny, is even or infinitely many k for which ny is odd. If there exists infinitely many k for which
ng is odd, a subsequence of s, (the subsequence of all odd ny) that is a subsequence of sgp,41 - call
this subsequence s,, . We know that if a sequence converge, then all its subsequence will converge
to the same limit. Thus,

lim s9, = lim so,41 = lim s,, = lim s,,.

n— 00 n—o0o j—00 J k—00
Similarly, if there exists infinitely many & for which ny, is even, a subsequence of s, (the subsequence
of all even ny) that is a subsequence of sy, - call this subsequence s,, . We know that if a sequence
converge, then all its subsequence will converge to the same limit. Thus,

lim sop41 = lim s9, = lim s, = lim s,,.
n—00 n—00 j—o0 J k—o0

Now that we have some examples of convergent series, we can construct more by using the
comparison theorem or by taking sum or product of known series.

THEOREM 3.29. Given two series of real numbers A = > ay, and B =) by, that converge, the
sum A+ B also converge.

Proof. Let s, and t,, be the partial sums of A and B respectively. Further, let S,, be the partial
sum of A 4+ B. Then notice that S,, = s, + t;,. Thus, by properties of limits, we can conclude that
lim S,, exists and lim .S,, = lim s,, + lim ¢,,. O

THEOREM 3.30. Given two series of real numbers A = > ay, and B =) by, that converge, the
product AB defined as

AB = i (l: akbik>
0

1=0 =

also converge.

Proof. Let s, and t,, be the partial sums of A and B respectively. Further, let P,, be the partial
sum of AB. Note that

1=0 =

Thus, by properties of limits, we can conclude that lim P, exists and lim P, = (lims,,) (lim¢,). O

EXERCISE 3.31. Show that ) °, (_7112)71 converge.

Although > # and > % both converge, we know that > 1 diverge while Y- - converge.
So, in some sense, the convergence of # is stronger. This stronger form of convergence is the theme
of our next lecture.
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3.3. Convergence vs Absolute convergence

As mentioned in last class, we will discuss a stronger form of convergence called absolute convergence
today.

DEFINITION 3.32 (Absolutely convergent series). Given a series of real numbers » >z, we

say the series converge absolutely, if the series Y |z, | converges.

We claimed that this is a stronger version of convergence, so it is natural to ask if every series
that converges absolutely necessarily converge. And the answer is of course, yes.

THEOREM 3.33. If the series Y x, converge absolutely, then ) x, converges.

Proof. Let s, be the sequence of partial sums of )z, and ¢, be the sequence of partial sums
of Y |zn|. As t, converges, we know t, is cauchy. We will prove s, converges by proving s, is
cauchy. Assume n > m, then note that,

ISn = Sm| = |Zmt1 + Tma2 + oo 2p| < Tpmtt| + - 20| =t — ti = [t — til.

Thus, if we choose N large enough such that |t,, — t,,| < e for all n,m > N, then |s,, — s,| < € for
all n,m > N. Thus, s, is cauchy. ]

As illustrated by the alternating harmonic series, there exists convergent series that are not
necessarily absolutely convergent.

DEFINITION 3.34 (Conditionally convergent series). If a series ) a, converges but does not
converge absolutely, then we say the series is conditionally convergent.

EXERCISE 3.35. Show that if z,, > 0, then > z,, is convergent iff > z,, is absolutely convergent.
EXERCISE 3.36. Show that if z,, <0, then ) z,, is convergent iff )" x,, is absolutely convergent.

EXERCISE 3.37. Show that if A = ) a, and B = ) b, converge absolutely, then so does
A+ B => (an+ by).

in the previous lecture we saw how to construct a new series from an existing series and this
was done by grouping. Now we will see another process this is called as rearrangement.

DEFINITION 3.38 (Rearrangement of a series). A series >y, is called a rearrangement of a
series Y x, if there exists a bijection f : N — N such that y, = Ty for all k.

THEOREM 3.39. Let Y x, be an absolutely convergent series, then every rearrangement > yp
of >y, converge to the same value.

Proof. Let s, be the partial sums of ) x,, let t,, be the partial sums of > y,, and s = ) x,.
Then given any € > 0, there exists N(e) € N such that |s, — s| < ¢ for all n > N.

Notice that if j = f~1(i), then y; = x;. Thus, to ensure that {z1, x2, . .. S INE) Y CHAYL Y2, - Yo}
define M (e) = max{f~1(i)|0 <i < N(¢)}. Thus, if m > M(g) and n > N(¢), then

oo
[tm — sn| < Z Tn| = s —sp| <e.
k=N(e)+1

Further,
[tm — x| < |ty — Sn| + |sn — §| < 2e.
As e was arbitrary, t,, converge to s, that is, has the same limit as s,. O
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So, we proved that if a series is is absolutely convergent then any rearrangement converges and
has the same value. Now, the question is, what happens if the series was conditionally convergent?
In this case we will show that we can find a rearrangement such that it will converge to any value
you want more precisely if you give me a value I will construct a rearrangement such that the
rearranged sequence will converge to the value you had given.

THEOREM 3.40. If series Y xy is conditionally convergent, then given any real number s we
can find a rearrangement >y, of Y. xy such that >y, = s.

Let me give a brief sketch of the proof before actually jumping into the proof of the theorem.
First we form two new series - we collect all the positive terms x, and all the negative terms x,.
We will then show that the series of positive terms and series of negative terms both will have to
diverge. Given this fact,

(1) Choose just enough positive terms (in order - and not chosen earlier) from the positive
series such that the sum of these numbers and what we have already (in the beginning we
have 0) is greater than the chosen value.

(2) Choose just enough number of terms from the negative series (in order - and not chosen
earlier) such that the sum of these numbers and what we have already is greater than the
chosen value.

Repeat the above two steps one-after-the-other again and again each time adding just enough
numbers from the positive series to make it greater than the chosen value and then choosing just
enough numbers from the negative series to make it slightly less than the chosen value. So at each
stage we the sum overshoots and undershoots the chosen value. But, as z, converges to 0, the
amount by which it under shoots or overshoots keeps decreasing. Hence it will eventually converge
it to the chosen mark this is the idea of the proof.

LEMMA 3.41. Let x, be a conditionally convergent series. Define two sequences

+_{:z:n if ot >0

:Bn .
0 otherwise

and

0 otherwise

_ {xn if xp <0
T =

and notice that x, = z;} + x,,. Then, Y. z;" and > x, both diverge.

Proof. We will prove this claim by a proof by exhaustion. That is we consider all 4 cases and
show that the only possibility is that both z and x,, are divergent.

Case 1 -z} and ;] converge: Then, by Exercise 3.35 and Exercise 3.36, we can conclude that
both z;" and z;, converge absolutely. Thus, by Exercise 3.37 >_ x;,, converges absolutely, which is a
contradiction.

Case 2 - z} is divergent, but x, is convergent: Let s; be the sequence of partial sums of > z,,
and s, be the sequence of partial sums for Yz, . As >z, is convergent, s, is bounded below by
some value, say —M, that is s;, > —M. On the other hand, as s; is a sequence of non-negative
terms, it is divergent iff it is not bounded. Thus, given any number A, there exists a number N(A)
such that s > A+ M for all n > N(A). Thus, s, = s +s, > A+ M+ (—M) = A for all
n > N(A). As A was arbitrary, this implies that s, diverges (as it is not bounded), which is a
contradiction.
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Case 3 -z} is convergent, but x, is divergent: The proof that this case is also not possible is
analogous to the proof in Case 2, hence left as an exercise.

Case 4 - x;} and x;, are divergent: As this is the only case left, we have proved our claim. O

Proof of Theorem 3.40. Choose a p such that

p—1 p
Z:}:Z <s< Z:):n
n=0 n=0

So, it is the first p for which the sum becomes greater than s. This already tells us how to defined
the function for the first p numbers. More precisely, f(0) = min{n | z, # 0 and 0 < =z, < p}
(basically, we are discarding the zeroes). Similarly, f(1) = min{n | z, # 0 and f(0) < z, < p}.
More generally, if f(k) is defined, we can define f(k+ 1) = min{n | z, # 0 and f(k) < z, < p}.
Of course this is not an infinite process as we can find atmost the values of the first p + 1 natural
numbers. But, it might end before p + 1 as some of the numbers z;7 where 0 < n < p may be
zero. But, we still have the function defined till some stage. Let us say, we have f(0),..., f(m1)
has been defined. Now we add just enough terms from the negative sequence to make the sum less
that s. More presisely, we choose a ¢ such that

p q P q—1
Z:U;[—l—Zm; <s< in{—l—Zx;.
k=0 k=0 k=0 k=0

Now, define f(mj +1) = min{n | z;, # 0 and 0 < n < ¢. Similarly, f(m; + 2) = min{n | =, #
0and f(m; + 1) < n < ¢q}. More generally, if we know f(k), then we can define f(k + 1) =
min{n | z;, # 0 and f(m1 + k) < n < ¢}. In this manner, we would be able to define f(m; +
1),..., f(me) for some number msy. And we keep on doing this process - we overshoot and under-
shoot. And we can step-by-step define the function f: N — N.

As already mentioned, as x,, converges to 0, the amount by which it under shoots or overshoots
keeps decreasing. Hence it will eventually converge it to the chosen mark O

Now that we have understood the necessary concepts in series of real numbers, we can quickly
define analogous concepts for series of complex numbers. As the proofs are very similar, they are
left as exercises.

DEFINITION 3.42. Given a series of complex number Y > | z,, we say the series converge, if the

sequence of partial sums s = ZI:L:O zn, converge as k tends to infinity. And the limit is called the
sum of the series.

EXERCISE 3.43. Let a,, € R and b, € R. Show that ) (a, + tb,) converge iff > a, and >_ b,
converge.

Thus, given a complex number z, the series > a,2" is a series of complex numbers and thus
we can test its convergence. In the case of sequence of real numbers, the easiest way to prove
convergence is by comparison with one of the examples we have discussed. However, as C does
not have an order, we cannot compare two series. One way to tackle this problem is to use the
observation in the above exercise. But, the real and imaginary parts of z™ are not that easy to
find, and thus the method is not as useful. Yet another way to tackle the problem would be to
notice that the absolute value of a complex number is a real number. This, in addition with the
observation that absolutely convergence is far more well-behaved suggests that we focus on absolute
convergence. We will later see an even more pressing reason to focus on absolute convergence. Then
comparison with the examples we have studied will work well.
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DEFINITION 3.44. We say the series Y z, converge absolutely, if the series > |z,| converge.

3.4. Radius of convergence

In the last section, we discussed two forms of convergence: conditional and absolute. We further
discussed that conditional convergence does not behave well under rearrangement and thus is
trickier. In addition, the absolute value of a complex number is a real number, so we can use
techniques from real analysis to study the absolute convergence of a series of complex numbers.
For instance, we have the following theorem.

THEOREM 3.45 (Comparison Theorem). Assume Y o> | xy is a convergent series of positive real
numbers and |z,| < x, for all n. Then, > . z, converges absolutely.

Proof. As the series ) 7, x,, converge, its value is some number, say A. We know that the
series of partial sums ¢, = > " | |2,| is a monotonically increasing sequence. Thus, to prove it is
convergent, it is enough to show it is bounded above. And, note that,

m m o0
tm:Z|zn| < an §Z$n:A.
n=1 n=1 n=1

Thus, the sequence of partial sums t,, is bounded above by A and hence convergent. ]

Recall that all this discussion on the convergence of a series of real/complex numbers was
motivated by the desire to treat formal power series as functions. Further recall that given a formal
power series f(z) = Y > a,2z", we wanted to think of the series as a limit of the sequence of
functions fp,(z) = Y ., anz™. And the “weakest” limit of a sequence of functions is the pointwise-
limit. Thus, we would like to define the function f at a point zy if the sequence f,,,(zp) converges.

Or on the other hand, the series Y~ | an(20)™ converges.

THEOREM 3.46. If a power series Y anz" converges for some zy, then it converges absolutely
for all z such that |z| < |zo|.

Proof. As the series Y a,(z9)" converges, its n-th term a,(z0)" converges to 0 and hence
|an(z0)™| converge to 0. Thus, we can say that there exist some A such that |a,(z0)"| < A for

all n. Now,
A 2o |™
|an2"] = |an||2]" < <|Zo|n> o= a2
Let r = ’%0| < 1. Thus, the convergence of the geometric series (Lecture 11) and the comparison
theorem implies that the series ) a, 2™ converges absolutely if |z| < |zg]. O

THEOREM 3.47. Assume the power series . anz" does not converge absolutely for all z, that is,
there exists some zg such that ) an(20)"™ does not converge absolutely. Then, there exists a positive
real number r such that Y anz™ converge absolutely if |z| < r and does not converge absolutely if
|z| > 7.

Proof. Define S := {x € R>g : Y an,x" converge}. Notice that the set S is non-empty as 0
always belongs to S. On the other hand, S is bounded above by |zy| (by Comparison theorem).
Thus, S has a least upper bound, let this least upper bound be r. As r is the supremum of S, if
you take t = |z| > r, then > ant™ does not converge. That is, the series ) a,2" does not converge
absolutely. On the other hand, if ¢ = |z| < r, then ¢ is not an upper bound for S. That means
there exists an s € S such that s > ¢t. As s € S, > a,s" converge and hence by the comparison
theorem » a,t™ converge. That is, the series Y a,2" converge absolutely. O
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DEFINITION 3.48 (Radius of convergence). Let Y a,2" be a power series. If the series converges
absolutely for all z, then we will say the the radius of convergence is infinity. Else, the unique r
given by Theorem 3.47 is called the radius of convergence.

In fact, Theorem 3.46 helps us make the implication of Theorem 3.47 a bit stronger.

THEOREM 3.49. Let > a,z" be a power series and r its radius of convergence. If |zg| > r, then
> an(20)™ does not converge (not even conditionally).

Proof. Let us use proof by contradiction. Assume that > a,(z9)" converge. Then, by Theorem
3.46, > anz™ will converge absolutely if |z| < |z0]. As |z9| > r, there exists z; such that r <
|21| < |z0|. Our assertion that _ a,2" will converge absolutely if |z| < |2¢| implies that Y a,(z1)"
converge absolutely. As |z1| > 7, this contradicts the definition of radius of convergence. O

Remark 3.50. Thus, given a power series Y an2" with radius of convergence 7, > an(20)" can
converge conditionally only if |z9| = . Hence, it makes even more sense to focus only on absolute
convergence.

ExAMPLE 3.51. Consider the power series »_ 2". We know that the series does not converge
if z = 1. Thus, the radius of convergence is less than or equal to 1. On the other hand, |z|] < 1,
then comparison with the geometric series tells us that > a,z" is absolutely convergent. Hence,
[0,1) C S={z € R>p : > anz™ converges}. Therefore, the radius of convergence is greater than
or equal to 1. Hence, the radius of convergence should be equal to 1.

EXAMPLE 3.52. Consider the power series Y  n"z". Notice that if |z| # 0, then for large enough
n, n|z| > 1 and hence the sequence (n|z|)™ does not converge to 0. Thus, the series Y n"z" does
not converge absolutely if |z| > 0. Therefore the radius of convergence is equal to 0.

So, we would like to find the radius of convergence of any power series. There is a nice expression
for the radius of convergence of a power series, but it uses the notion of lim sup.

DEFINITION 3.53. Let (z,)72,; be a bounded sequence of real numbers. As the sequence is
bounded above, Bolzano-Weierstrass theorem says that there exist a convergent subsequence. Thus,
the collection of sub-sequential limits S is non-empty and bounded above by every upper bound of
the sequence. Thus, S has a supremum. Define,

lim sup z,, = sup(95).

n—o0

EXERCISE 3.54. Compute the lim sup of the following sequences.
(1) an = -

n

(2) zn = (=1)"
EXERCISE 3.55. Consider a bounded sequence z,. Let s = sup{z, : n € N}. Show that if
s ¢ {xy, :n € N}, then s = limsup x,,.
First, we would like another characterisation of lim sup, which would prove more helpful.

THEOREM 3.56. Let x, be a bounded sequence. Then A = limsup(zy,) iff given € > 0, there
exrists only finitely many n such that ©, > XA+ € and there exists infinitely many n such that
Ty > AN—¢

Proof. First we will assume A\ = limsup(z,) and prove that given ¢ > 0, there exists only
finitely many n such that x,, > A + ¢ and there exists infinitely many n such that x, > A —e.
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If there exists infinitely many n such that x,, > A 4 €, then these elements form a subsequence
Zp, such that z,, > X\ +e. However, as z, is bounded, so is x,,. Thus, by Bolzano-Wiestrass
theorem, some subsequence of z,, will converge. As we could have started with this subsequence,
we will continue to denote the subsequence as x,,. As x,, > A+¢, limz,, > A+ <. That is, there
is a subsequential limit greater than A\ + & which contradicts the assumption that A = limsup(z,,).

On the other hand, as A = limsup(z,,), given € > 0, A—5 is not an upper bound for subsequential
limits. Thus, there exists some subsequence x,, which converge to a value x greater than A — 5.
Further, as x,, converges to x, there exists some N such that

€ € € €
for all k > N. Thus, we have infinitely many n (z,, for k > N) such that z,, > A —¢.

Now, we will assume A is a number such that there exists only finitely many n such that
Zn > A+ ¢ and there exists infinitely many n such that x,, > A — ¢ and prove A = limsup(xy,).

limits have to be less than or equal to A + . Hence, limsup(z,) < A +e. As € > 0 was arbitrary,
this implies limsup(z,) < A.

Fix an € > 0 arbitrarily. As there are only finitely many n such that x,, > \+e¢, all subsequential

On the other hand, as there are infinitely many n for which z,, > A — ¢, Bolzano-Wiestrass
theorem implies (as discussed earlier) that there is a subsequential limit greater than or equal to
A — e. Hence, limsup(z,) > A —e. As € > 0 was arbitrary, this implies lim sup(z,) > A.

Combining the two inequalities we have A = limsup(x,,). O

THEOREM 3.57. Let Y a,z" be a power series and let r be its radius of convergence. Then
1 . 1
— = limsup |ay,|=.
r
Proof. Let t = lim sup ]an|% and t # 0,00. Given € > 0, there exists only finitely many n such

that ]an]% >t +e. Thus, for all but finitely many n, we have |a,| < (t + &)". Let k be such that
lan| < (t + )™ Thus, we have

k [e's)
Z lanz"| < Z lanz"| + Z lanz"|
n=0 n=~k
k 00
<Y anllz" + D ((E+ o))"
n=0 n=~k

k k 9]
=Y (t+a)lzD)"+ > (lanl = (t+e)) 2"+ D ((E+2)l2])"
n=0 n=k

n=0

=A+) (2t +e)"

n=0

where
k
A=Y "(lan| = (t+2)") 2",
n=0

As the series > (|z|(t + €)™ converge if |z|(t + &) < 1, or in other words, |z] < Hie Thus, r > H%
for all € > 0. Thus, r > %
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Conversely, given ¢, there exists infiniely many n such that \an\% > t —e. Hence, the series
does not converge if |z| =t — . Therefore, r < i for all ¢ > 0. Thus, r < %

Combining the two inequalities, we have the required result. ]

THEOREM 3.58. Let a,, be a sequence of positive numbers, and assume that
a
lim 1
Qn

= A.

3=

=A>0. Then lim (a,)

Proof. Given € > 0, there exists an ng such that

an+1
an

A—e< <A+e¢

if n > ng. Thus,

a
g

that is ap, (A —€) < ang+1 < any(A + €). Similarly,
A—e< Gnot2 < A+eg,
Ano+1

that is ang+1(A—¢) < ang2 < ang+1(A+e). But, angt1 > any(A—¢) and apg+1 < apny(A+¢). Thus,
g (A — €)% < apgr2 < any(A +¢)2. More generally, using induction, we can prove a,,(A4 — )F <
Ungrk < ang(A + €)F. Thus, an,(A — &) (A — &) < ap < any(A + &) (A + )", Define
Ci(e) = any(A —e)™™ and Ca(g) = apny,(A + €)™, Then, we have,

Ci(e)(A —e)" < an < Ca(e)(A+e)".

Case 1: A >0 )
Take ¢ < A. Then, (A —¢) is positive and hence we can take n-roots of Cj(¢) and A—e. As Ci(e)n

and Cy (5)% both tend to 1 as n tends to infinity, we get,
A—e<(an)n <A+e

for all € > 0.

Case 2: A=0
As a,, is positive and A — ¢ < 0, we can improve our inequalities to get

0<a, <Cye)(A+e).
As 02(5)% tend to 1 as n tends to infinity, we get,
0< (an)n < A+e
for all € > 0.

1
Thus, in either case we have proved that (a,)» converges to A. O

We can use this observation to construct a series that converge absolutely for all z € C. Notice
that if
n—oo |ay,|

then the power series will converge for all z € C. As we are choosing the series, we can ofcourse
choose a, > 0 for all n and ag = 1. And, the simplest example of a sequence that converge to 0 is
the obviously the sequence % Thus, if we want lim (a,+1/an) = 0, a natural option would be to
set ap+1/an = 1/n. However, as the indices for power series start with 0 instead of 1, this leads to
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the problem of division by 0. Thus, we make a small modification and set ap+1/an, = 1/(n + 1).
That is, apt1 = an/(n +1). Thus,

ao
= — = 1
al 1
al 1
ag = — = —
T2 T 2
as 1
a3 = — = —
°7 373
as 1
Qg = — — —
T4
and more generally, using induction, you may prove that
1
ap = —
n!
This tells us that the power series
=1
>
= n!

converge for all z. But, recall that this is the familiar exponential series. Of course we are interested
in the exponential function because of its practical use (that it is ubiquitous in nature). The fact
that a purely theoretical speculation gives the power series representation of THAT function seems
magical. This observation was made by my friend G.P Balakumar and I was completely mesmerised
when I first heard it.

The explicit formula for computing the radius of convergence also allows us to infer conver-
gence of sum, product and quotient of two power series. We will end this lecture discussing these

properties.

LEMMA 3.59. Suppose > anz™ has a radius of convergence greater than 0. Then given 0 < s < r,
there exists C > 0 such that |ay|s™ < C for all n.

Proof. As s < r, we know »_ |a,|s" converge absolutley. Thus, lim|a,|s" converge to 0 and

hence is bounded. OJ

THEOREM 3.60. If f = Y a,z™ and g = > b,2" are power series that converge absolutely on
D(0,r), the f + g converge absolutely on D(0,7).

Proof. Applying Lemma 3.59 to the two series, we get C7 such that |an|s" < Ch and C5 such
that |b,|s"™ < Cs. Let C’ be the maximum of C; and Cy. Then |a,| < 7 and |b,| < =. Thus,

\an—&—b | < |an|+|ba] < 2. As, (2C)n converge to 1 as n tend to infinity, we get lim sup ]an—i—b \n
S. Hence the radius of Convergence of f + g is greater than or equal to s. As s < r was arbitrary,
radius of convergence of f + g is greater than or equal to 7. O

THEOREM 3.61. If f = Y anz™ and g = b,2" are power series that converge absolutely on
D(0,r), the fg=">7"0 (> peparbn_k) 2" =D cnz™ converge absolutely on D(0,7).

Proof. Applying Lemma 3.59 to the two series, we get C such that |a,|s" < Cy and Cy such
that [b,[s™ < C2. Let C be the maximum of C; and Co. Then |a,| < & and |b,| < &. Thus,

CQ
|en| < Z\ak\lbn Kl < Z oF = k: :
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1
As, (C?)w converge to 1 as n tend to infinity, we get lim sup \cn\% < % Hence the radius of
convergence of fg is greater than or equal to s. As s < r was arbitrary, radius of convergence of

fg is greater than or equal to r. O

THEOREM 3.62. Suppose f = > anz"™ has non-zero constant term and non-zero radius of con-
vergence, then % has non-zero radius of convergence.

Proof. If ag # 0, then g = a; 1 f has a non-zero radius of convergence and the constant term
is equal to 1. Notice that % = aoé. Thus, it is enough to prove that é has a non-zero raidus of
convergence. In other words, we may assume that the constant term is 1.

Thus, f = 1+ajz+ a2+ - =1 — h(z). Therefore ﬁ =1+h(z)+h(2)?+.... By Lemma

1\ " 1
3.59 we know that |a,| < S% That is |a,| < <C;"> . Denote A = CT" and we have |a,| < A™. So,

if [2] < 3, then

h(z)] <

1-— Az

o0
5 ansn
n=1
Thus, the power series 1+ h(z) + h(z)? + ... converge if
’ Az

:' Az

<1

1—- Az

That is |[Az| < |1 —Az|. We know |1—Az| > |1—|Az||. Thus, it is enough to ensure |Az| < |[1—|Az||.
In other words, 1—|Az| < —|Az| or 1—|Az| > |Az|. As the first inequality is impossible, it is enough
to check for what values of z is 1 — |Az| > |Az|. And this happens precisely when |z| < 1/(24) O

3.5. Point-wise convergence

We intuitively feel that given a formal power series f = > a,z", the sequence of polynomials

fr = ZZ:O anz™ converge to the power series f. To make this precise, we need a formal definition

of convergence of a sequence of functions. Convergence of a sequence of functions can be defined
in multiple ways and we will start with the simplest definition.

DEFINITION 3.63. We say f, : R — R converges pointwise to f : R — R if f,(x) converges
to f(x) for all xz € C.

EXAMPLE 3.64. Consider the function f, : R — R defined as f,,(z) = (1 — 1) 2. It is clear that
for each z, the sequence (1 — %) x converge to .

More generally,

EXAMPLE 3.65. A sequence of polynomials akvnzk’ +ak_17nzk_1 +...ag,, will converge pointwise
to the polynomial a,z* + ar_12% — 1+ ... ay, if a;n converge to a; for 0 <7 < k.
ExXaMPLE 3.66. Let f, : R — R be the function defined as
-1 ifz< =t
fa(z) =< na if [z < L.
1 ifz> %1

Given any z > 0, you can find an IV large enough such that x > % Thus, f,(x) =1foralln > N.
Thus, we know that f,(x) converge to 1. Similarly, if f,(x) < 0, then f,(x) converge to —1. On
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the other hand, f,(0) = 0 for all n. Thus, f,,(0) converge to the function 0. Thus, the sequence of
functions f, converge to the function f : R — R defined as

-1 ifx<0
flz)y=<0 ifz=0.
1 ifx>0

Notice that each f,, is continuous, but the limit f is not continuous. We opt for stronger notions
of convergence to ensure that the limit inherits certain nice properties.

EXAMPLE 3.67. Let f, : R — R be the function defined as f,(z) = %X(O,n)' If x <0, the
sequence fn(x) is the constant sequence containing just 0. On the other hand, if x > 0, then
eventually (once z becomes less than n) it becomes the constant sequence 0. Thus, the whole
sequence converges to 0.

Notice something interesting - [ f, = 1 for all n, but [ f = 0. Thus, this is an example of a
sequence of functions such that f, — f but [ f, / [ f. Once again, if f,, converges to f, we would
like [ f, to converge to [ f. After all, the Riemann integral of a function f is obtained as a the
limit of the integrals of a sequence of step functions f,, that converge to f.

EXAMPLE 3.68. Let fy : R = R be the function defined as fn(z) = X, ;,11)- Eventually (once
x becomes less than n) the sequence f,(z) becomes the constant sequence 0. Thus, the whole
sequence converges to 0.

EXAMPLE 3.69. Let f, : R — R be the function defined as f,(x) = nXjo,1)- Iz <0, the

sequence f,(x) is the constant sequence containing just 0. On the other hand, if x > 0, then
eventually (once x becomes greater than %) it becomes the constant sequence 0. Thus, the whole
sequence converges to 0. However, when x = 0, the sequence f,(z) = n and therefore does not
converge. Therefore, the sequence f,(x) does not converge pointwise to any function f.

ExaMpLE 3.70. Let f, : R — R be the function defined as

0 ifz<0
falz) =9 2" ifze(0,1).
1 ifx>1

If x ¢ (0,1), then the sequence f,(z) is a constant sequence. If z € (0, 1), then the sequence is not
constant, but we know it converges to 0. Thus, the limit is the function f: R — R defined as

fa) = {0 ifr <1

1 ifz>1"

ExamMpLE 3.71. Let f, : R — R be the function defined as
L ifr>0
n T) = nT
fn(@) {0 otherwise

and f : R — R be the function f(z) = 0. If z < 0, the sequence f,(x) is the constant sequence
containing just 0. On the other hand, if x > 0, then % is a positive number ¢ and  converges to
0. Thus, f, converges to f pointwise.

ExAMPLE 3.72. Let r; be an enumeration of rational numbers. Define

falz) =

1 ifx=r;forsomei<n
0 otherwise '
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Notice that the sequence f,(z) converge to the Dirichlet function
1 ifze@Q
flx) = -
0 otherwise
Notice that each of the functions f, is discontinuous only at finitely many points, but the limit is

discontinuous everywhere!

3.5.1. Devil’s staircase. Consider a recursively defined sequence of function, fy(z) = x and

fn(z) if = € [0, 1]
fot1(z) = % ifx e [% %] .
7f”(3$2_2)+1 ifx e [% 1]

Let f:]0,1] — R be the function defined as follows. If a belongs to the Cantor set, that is a is
of the form a = > 0%, 28 for a,, € {0,1}, then f(a) =Y 00 & Ifa = Z;O 1§ does not belong
the Cantor set. Define N = min{n € N: a, =1} and f(a) = 3.~ " ST + 2N.

LEMMA 3.73. If a belongs to the Cantor set, that is a is of the forma = >, 23‘?' for a; € {0,1},

then,
00 00 2a;
2a; fo (3232 n+1 5o )
n(3h)- D
i=1
Proof. We will prove the claim using induction. First notice that, a € [0, f] iff a; = 0. Thus, if
al = 0,

_ 1 B 5E 23a) fm1(201 + 372, 250)  fm1 (02, 2%
fm(a) = 2 5 = 5 .

Similarly, a € [%, 1] iff a3 = 1. Thus, if a; = 1,

CRYCED -t LW WP RTCTES B v =) B W (oo SO
+§ B +§— 5 _|_§‘

fm(a) =

Combining the two results, we have

o 2a;
fm(a) = fm_l(zzizz 37) + %

Thus, by taking m = 0, we have proved base case of the theorem, that is when n = 1. We will now
assume the statement is true when n = k and prove the statement for n = k + 1.

i (2;22 32%11) al

fk+1(a) = f + ?
fO i=k+2 7,2(:: k+1
_ ( ;3 1)+ZZ+2 ;z_f_ﬂ
2 2
2a; k+1
- fD (Z;ﬁk—I—Q 31‘—%—1) T Z %
- 2k+1 21
=1

0

Notice that 5 < 2l T

2a
fO( i=n-+1 3% 7(n)

277.

and 3 52 5=t converges to 2. Thus, ) 5+ converges as n tends to zero.

Moroever, converges to 0 as n tends to co. Thus, we have
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LEMMA 3.74. If a belongs to the Ccmtor set, that is a is of the forma = Y2, % for a; € {0,1},
then, fn (352, %) converges to Y ;2 5.
LEMMA 3.75. Ifa; =1, thena =) 72, 5t € [3,2]. Thus, fn(a) =3 for all n.

LEMMA 3.76. Leta =Y ;2 31 belong to the complement of the Cantor set. Define N = min{i €
N:a; = 1}. Then, forn > N,

i=1
As fn(a) is eventually constant, it converges to the same value.

Proof. As a; € {0,2} when ¢ < N, using the same arguments as before, when m < N

—~ai |\ _ Je (2% = 3w )
fosi | 25 | = + Z g

i=1
Thus, given n > N, take m = N — 1 and kK =n — N + 1. Then, we have

N a Foonit (O2y 57%+) A= a
Fn (Zgﬁ) == 2NZ—1 S +Z 21’-&2-1'

i=1 i=1

But, by previous lemma f,,—n41 (Z;’iN ﬁ) = % for all n > N and thus we have the result. [

Combining Lemma 3.74 and Lemma 3.76 we have

THEOREM 3.77. The sequence f, converges pointwise to f.

3.5.2. Galloping rectangles function. Let N = [logy(n)| and k =n mod (2V). Define

ek k+1
fulw)={ L T ETSEE
0 otherwise

Remark 3.78. Recall we saw that every inner product induced a norm, but not all norms are
induced by an inner product. Every norm induces a metric, but not all metrics are induced by a
norm. We finally saw that every metric induces a topology. So, it is natural to ask if every topology
is induced by a metric.

When talking about topology of the complex plane, I talked as if defining a notion of convergence
is equivalent to defining openness. However, this is not true and I was lightly cheating you.

3.6. Uniform convergence

DEFINITION 3.79. We say a sequence f, : R — R converges uniformly (or L> convergence)
to a function f: R — R iff

lim sup{|fu(z) — f(2)] : x € R} = 0.

THEOREM 3.80. Let Y anz™ be a power series and r be its radius of convergence. Let f :
D(0, r) —> C be the function f(z) = Y anz™ and fn, : D(0,r) — C be the function fp(z) =
S " If0 < p <r Then, the sequence of functions fn, converge unifomrly to the function f

n=1a

on the set D(O,p). That is,
Tim_ sup{|(z) = fu(2)] : =€ D(0,p)} = 0.
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Proof. As p < r, we know »_ a,p" converge. Thus, given any ¢, there exists an N such that
Y omen41 < €. Now notice that

o0 o o
FG) = fn@) = | Y anz"| < Y lanllzl" < D lanle™
n=m+1 n=m+1 n=m-+l

Thus, for all z € D(0, p), |f(2) — fm(2)| < e if m > N. that is,
i sup{|£(2) — fu(2)| + =€ D(O,p)} = 0.
([l

ExAMPLE 3.81. Consider the function f,, : R — R defined as f,(z) = (1 — ) . Notice that

sup{fu(w) = f(@)] s 0 € R} = sup {| 2|} = .

Thus, this sequence does not converge uniformly. However, if f,, : [a,b] — R defined as f,(z) =
(1 — %) x converges uniformly as

x
sup{|fn(x) — f(x)| : € R} = sup {‘E‘} = max{|al, |b]}.
ExaMpLE 3.82. Let f, : R — R be the function defined as
-1 ifz< =t
fa(z) =S na if [z < L.
1 ifz> %1

Then,

sup{|fn(z) — f(z)| : 2 € R} < sup {Ifn(w) —f@)]:ze [‘:L H }

SRV |

The convergence is non-uniform can also be concluded from a more general result on the con-
tinuity of the uniform limit of continuous functions.

THEOREM 3.83. Let A C C and let f,, : A — C be a sequence of continuous function that
converge uniformly to the function f : A — C. Then, f is also continuous.

Proof. Let a € A be arbitrary. We will prove f is continuous at «. In other words, we want to
prove, given any &, there exists a d such that |f(z) — f(«)| < € if |z — a] < §. Notice that

1f(2) = F(@)] <[f(2) = fm(2)] + | fm(2) = [fm (@) + [fm(e) = fla)].
Further, | f(2)— fm(z)| and | fi (o) — f (a)| are both less than or equal to sup{|f(z)— fm(z)| : z € A}.
As sup{|f(z) — fm(2)| : z € A} converges to 0, we can find an N such that sup{|f(z) — fi(2)| :
z € A} < § for all m > N. Thus, |f(2) — fm(2)| < § and [fm(a) — f(a)] < § for all m > N.
Finally, as fy, is continuous at «, we can find a ¢ such that |f,(2) — fm(a)| < §. Thus, if § and N
are chosen as above, then |f(z) — f(a)| < € as required. O

Combining the previous two results, we obtain,

THEOREM 3.84. Let Y anz"™ be a power series and r be its radius of convergence. Let f :
D(0,r) — C be the function f(z) = > anz™. Then f is continuous on D(0,r).
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Proof. We will prove that if zy is an arbitrary point in D(0,r) then f is continuous at zp. As
29 € D(0,7), |20| < r. Choose a p such that |z9| < p < r. Then, by Theorem 3.80, we know the
functions f,, : D(0, p) — C defined as f,,,(z) = > anz™ converge uniformly to f on D(0, p). As

n=1
each fy, is continuous on D(0, p), and f,, converge uniformly to f on D(0,p), f is continuous on
D(0, p) by Theorem 3.83. As zp € D(0, p), f is continuous on zg. As zg € D(0,r) was arbitrary, we
have proved that f is continuous on D(0,r). O

EXAMPLE 3.85. Let f, : R — R be the function defined as f,(z) = %X(O,n)' If z <0, the
sequence f,(x) is the constant sequence containing just 0. Notice that
1
sup{|fa(a) — f(a)| 1w € R} < -

Thus, the sequence f,, converge uniformly to f. However, as we saw earlier, [ f, does not converge
to [ f. Thus, even the uniform limit is not too nice!

DEFINITION 3.86 (Uniformly Cauchy). A sequence of functions f, : X — R is said to be
uniformly Cauchy if for every € > 0, there exists an N € N such that Vo € X and Vn,m > N,

[fn(@) = fm(2)] <e.

THEOREM 3.87. A sequence of functions f, : A — R is uniformly Cauchy iff f, : A — R is
uniformly convergent to some function f : A — R.

Proof. Suppose f, converges to f uniformly. Then given any ¢, we can find an N such that

sup{| () = fula)lz € A} < 2

for all n > N. Moreover, if z € A, then

[f(2) = fa(2)] < sup{[f(z) = ful(z)|z € A} <
Thus, if n,m > N, then by triangle inequality,

€
5

f(@) + f(@) = fm()]

< |fulz) = f(@)] + |f(2) = fm(2)]
< %4-%:5

for all x € A.

Suppose f,, is uniformly Cauchy. Thus, in particular, the sequence f,(z) is Cauchy for all z € A.
Thus, by completeness of R, f,,(z) converges to some real number. Define a function f: A — R
where

fa) = lm_fulz).

We will show that f, converges to f uniformly. Given any € > 0, let N be a number such that
|fn(®) = fim(z)| < § for all n,m > N. Given any x, let m be large enough that |f,,(x) — f(x)| < 5.
Then,

(@) = f2)] = | fa(2) = fn(2) + fm(2) — f(2)]
< c + - E.
-2 2

Thus, if n > N, then |f,(x) — f(z)| < € for all z € A. Thus, sup{|f(z) — fu(x)|z € A} < ¢ for all
n>N. g
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3.6.1. Devil’s staircase.

LEMMA 3.88.
sup{lfas1(a) — ful@)] : 2 € 0,11} < Ssupd{lfala) — fara ()] 2 € [0,1])

Proof. We will prove this using induction.
Base case - n = 1:  We will first observe that sup{|fi(z) — fo(z)|: 2 € [0,1]} = %, by
considering three cases.
1
rx € |0, -
<o}

sup{11i2) ~ fol s e 0.5 ] b =sun { |
—so{f3l o]} -

B

{101 o< ]} 2] e [2])
_1

=5

= sup B : 3’
1

Now, we will use a similar analysis to show that sup {|f2(z) — fi(z)| : © € [0,1]} = 5 which
would complete the proof of the base case.

s {Ifie) ~ fowl s e [5.5] b =sn {5 -

sup {1260 = o) [0, ] b= { [ D0 o e o 5
el
—n [ e o]} -

sup {I1ale) = Fio)] s € 55|} =5

\

{
sup{!fz(x)—fl(:r)\ ze [33}}:@{ i) 3l e

{

{

sup{!fz(x) — filz)| 1z € Bv;} } :SUp{‘; B ;‘ e B’ﬂ
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99

sup {Ifae) ~ ) o [, 7|} —sup {| HOZ DL RELDHL (R 1]
D020 11 31 6 7
= sup 5 I 1T € [979]

92 —6+4+2 —6x + 2

6

3r — 2

‘:xe[

4
6

‘:xe[

4 9’9

o [7 8] AGr—2)+1 Bz—2+1| 78
sup{\fg(x)—fl(xﬂ.xe[9,9}}—sup{ 5 5 ix € 99
(P [
P T2 T (90
= su b~ 6x cx € reil_ L
TP T T o) T 12
. 8 91 ABz—2)+1 3z-2+1] 8 9
sup{\fg(x) fl(ac)|.x6[9,9}}—sup{ 5 5 cx € 90
([ ] s
= sup 5 5 X 9,9
N (CIEE N I AR
B U VI e A (D
Induction hypothesis: If [a,b] = [0, 5] or [, 2] or [3, 1], then

sup{|fio+1(x) — fu(@)| : @ € [a,b]} <

Induction Step:

g
S

sup{!fk+1($) — ful@)] s w € [0’ fl’)] }

IN
N = N

LEMMA 3.89.

S

sup{|fx(z) — fr—1(x)| : « € [a, b]}.

N~ Wi

(3z)  fi1(37)|
2 2 |

{ el

0, =

d)

3

sup{!fk(?)fﬂ) RELSICOIEER [O’ ;] }

up{!fk1(393) — fe—2(32)]: 2 € [0’ ;H

sup{|fe(x) = fr—1(2)| : @ € [a, 0]}
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Proof. Again we use a proof by induction. The previous lemma gives us the base case. Assume
that the result is true for n, that is sup{|fn(z) — fo—1(z)| : 2 € [0,1]} < 5&. Combining the previous
lemma and the induction hypothesis, we have

supllfusa () = fal@)] 2 € 0,1]} < Zsuplfale) = faa(@)] 2 € 0,10} < s

LEMMA 3.90. The sequence fy is uniformly cauchy and hence uniformly convergent.

Proof. Let ¢. As the series > 2% converges, there exists an N such that if n,m > N (we may
assume without loss of generality that n > m), then Y ,_ 2% < e. Thus,

[fn(@) = fm(@)] < |fal2) = foaa(@)] + -+ [ frg1 (@) = fm(2)]

1 1
= 2n + -+ 27m < eE.
As x was arbitrary, we have our result. ]

3.7. Analytic functions

Earlier, we saw that a power series defines a continuous function on its disk of convergence. It is
natural to ask, if the functions corresponding to two power series agree on some neighbourhood of
0, are the two power series necessarily the same? First, we will state the question in a slightly more
precise manner. Let »_ a,2" and > b,z" be two convergent power series such that their radius of
convergence is greater than r and > a,2" = > b,2" for all z with |z| < r, then is a,, = b, for all
n € N? Subtracting one from the other, we get a power series »  ¢,2" = Y (an — by)z" = 0 for all
|z| < r. Thus, the earlier question is equivalent to the question. If > ¢,z" is a convergent series
with radius of convergence greater than r and let ) ¢,2" = 0 for all z such that |z| < r, then is
¢, = 0 for all n € N? The following theorem answers the question in the affirmative by telling us
that a lot more can be guaranteed - if the function is zero at the origin (that is ag = 0) but the
coefficients are not identically zero, you can find some neighbourhood of 0 with no additional zero
in it.

THEOREM 3.91. Let f(z) = > anz™ be a non-zero power series with a non-zero radius of
convergence. If f(0) =0, then there exists s > 0 such that f(z) # 0 if 0 < |z| < s.

Proof. As f(0) = 0, we can conclude that ap = 0. Let m be the smallest value for which a,,, # 0.
As a,, # 0, we have,

m—+k a
= lim E a2t = hm amz™ E —mAn n
k:—)oo o k—o0

For 0 < |z| <,

. Am+n . 1
| m z" d 1
Fyoo (amz Z ) M <amzm>

exist. Thus, by the property of limits, it Inust be that

o0

glz) = Y .

a
n=0 m

converges. Thus, the radius of convergence of g is greater than or equal to r and f(z) = a;,2™g(z)
when |z| < r. Further, for n > 1 define b, = a’;% and h(z) = > .07, byz". Then, f(z) =
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amz™g(z) = amz™(1 4+ h(z)) when |z| < r. It is clear that ) 7, b, has a radius of convergence
greater than or equal to r, just like g. Thus, h is continuous on B(0,r) and h(0) = 0. Thus, there
exists some s > 0 such that |h(z)| < & for all z € B(0,s). That is, [L+h(z)| > £ for all z € B(0, s).
Moreover, a,2™ # 0 if z # 0. Thus, f(z) # 0 for all 0 < |2| < s. O

This theorem will come in handy in several situations. To give one example, the theorem allows
us to prove

THEOREM 3.92. For every complex number z, cos?(z) + sin?(z) = 1.

Proof. Follows from the above theorem and the fact that cos?(zx) + sin?(z) = 1 for all real
numbers z. O

Let us now get back to the main theme of our course - the two recipes. Recall Recipe 1, used
the identification of C with R? to construct functions from C to C. And Recipe 2 used the structure
in C to construct functions. Initially, we used the algebraic structure on C to construct polynomials
(and rational functions). However, as this is a very restrictive class of functions, our idea was to
use the topological structure of C to take limits of polynomials and enlarge the class of functions.
This, led us to the study of formal power series and their convergence. We now know that distinct
power series give rise to distinct continuous functions on their disks of convergence. However, it is
still a bit unsatisfactory as their domains are somewhat restricted. Moreover, why should origin be
given any special treatment - all points are created equal! Thus, we define,

DEFINITION 3.93 (Analytic function). Let U be an open subset of C. We say a function
f: U — C is analytic at a point zg if there exists a power series »_ a,(z — zp)"™ with a non-zero
radius of convergence r and there exists some 0 < d < r such that f(z) = > a,(z — 29)" for all z
such that |z — 29| < d.

Moreover, by an analogue of Theorem 3.91 for power series at arbitrary points (which can be
proved similarly, but with a bit more effort), we can see that this representation is in some sense
unique.

We would now like to see some examples of analytic functions. Of course, the most obvious
example should be a power series in its disk of convergence. Thankfully, the following theorem tells
us that they are indeed analytic.

THEOREM 3.94. Suppose f(z) = > anz"™ be a power series whose radius of convergence is r.
Then f is analytic on D(0, 7).

Proof. To prove this theorem, we will pick an arbitrary point zy and show that there is a
power series expansion Y b,(z — 2z9)™ that converges in some neighbourhood of zy and »_ a,2" =
> bn(z — 29)™. Notice,

5 [i an <Z> zg—k] (2 — zo)*

k=0 Ln=k

The last equality follows because the series is absolutely convergent and in an absolutely con-
vergent series, rearrangement of terms do not affect the convergence of the series or its limit. From
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the above rearrangement, it is clear that

0o n ~
b, = Zan<k>zg k.
n=k

Moreover, S by(z—20)* converges wherever 3" a,, 2" converges. Notice that the B(zy,s = 7—|zg|) C
B(0,7) and so, the radius of convergence of > by(z — 20)* should be greater than or equal to s.

O

We can also prove the following theorems about analytic function, from their counterparts for
power series. We are not going to prove these theorems as their proofs are similar to the proofs we
have encountered earlier.

THEOREM 3.95. If f and g are analytic at zo, f + g is also analytic at zg.
THEOREM 3.96. If f and g are analytic at 2o, fg is also analytic at zg.

THEOREM 3.97. If f and g are analytic at zy and g(z9) # 0, then f/g is also analytic at z.

Going back to the two recipes, are the class of functions generated by the two recipes one and
the same now. Recall that we had restricted our attention to differentiable functions from R? to R?
in our Recipe 1. We have seen that functions defined by a power series are continuous functions.
Thus, the same would be true of analytic functions as continuity is a local property. We can also
show that analytic functions are differentiable.

THEOREM 3.98. Let f(z) =Y anz" be a power series with radius of convergence r > 0. Then,
the series Y nanz"~! has the same radius of convergence. And, the function f : B(0,r) — C
defined as f(z) =Y anz" is differentiable on B(0,r) and the derivative is given by the power series

S napz" L.

1

Proof. We know that the radius of convergence of the series > na,z""" is given by the formula

) 1
limsup ——.
n—0o0 |nan | n

Given two sequences T, ¥ if

lim x, >0,
n—oo

then we can show that

limsup ,y, = lim z, limsupy,.
n—00 n—oo n—00

As

1
limnn =1>0
n—0

we have

. 1 . . 1 : 1
lim sup - = | lim — ) ( limsup — | = limsup -.
n—00 ‘nan’H n—=00 nn n—00 ‘an‘ﬁ n—00 ‘anlﬁ
We can further use the binomial theorem to show that Y na,z""! is the derivative of Y a,z".
However, I leave that as an exercise. ]

Thus, all analytic functions are holomorphic. Are all holomorphic functions analytic? The
following example might suggest that the answer should be no.
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ExaAMPLE 3.99. The function

z"sin(L) if z
f<x>={ (@) o7 0

0 otherwise

is differentiable n — 1 times but not n times!

However, contrary to our expectation, every holomorphic function is analytic and understanding
that would occupy a major part of the rest of the course. For now, we will focus on analytic
functions, and prove various results about analytic functions.

THEOREM 3.100 (Inverse function theorem). Let f(z) = a1z + > ooy anz™ with ay # 0. Then,
there exists a unique power series g(z) = Y -1 bp2™ such that f(g(z)) = z = g(f(2)). Moreover, if
f is a convergent power series, then so is g.

Proof. We can find this formal power series by assuming it has the form »">°  b,2" and com-
paring the coefficients of 2" on the two sides of f(g(z)) = z. For example, by comparing the
coefficients of z we immediately see that a;by =1 or by = a—ll Similarly, comparing the coefficients

2
of 22, we see aiby — azb? = 0. Thus, by = %. Similarly, comparing the cubic terms of f(g(z)), we
see that a1b3 — 2a9b1bg + agbi’ = 0. Thus,
2@25152 — agb:{'
by = ———.
a1
Similarly, find b4, and b5 and convince yourself that you can similarly find all b,. Or more
precisely, you can use induction to prove that

1
bn = an(aQ, ey Qp, bl, ey bnfl)
a

where P, is a polynomial with positive integer coefficients. Moreover, as a1b; = 1, b; is not equal
to 0. Thus, there exists a power series h such that g(h(z)) = z. Thus,

9(f(2)) = 9(f(g(h(2)))) = g(f © g(h(2))) = g(h(2)) = 2.
Thus, g(f(z)) = z = f(g(2)). That is a formal inverse exists and is unique.

Now, we will prove that the radius of convergence of g is non-zero. To simplify notation, we

first prove that we may assume a; = 1. As a; # 0, you can consider the function F(z) = %f) If
h(z) = Z, then F(z) = ho f(z). Thus, the inverse of F' denoted by G is the function G(z) = g(a12).
Thus, G(2) = Y bp(a12)" = > bp(a1)™z". Thus, if r¢ is the radius of convergence of G and 7y is

the radius of convergence of g, then

1 1
e =~ I I
limsup,,_, [aby|n  limsup,,_,. |a1]|by|=
1 1 Ty
la1] lim sup,, ., ]bn|% |a1]

Thus, G is convergent in some disk iff g is convergent in some disk. Hence, it is enough to prove
the case when a1 = 1.

Let
F(z)=2z-— ZAnz"
n=2

be a power series such that A, € R, A4, > 0, |a,| < A, for all n. Let G(z) = > 2| B, be the
formal inverse of F'. Then By = 1 and
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B, = P,(As,... Ay, B1,...Bp_1)
where P, is the same polynomial as before (note that a; is assumed to be 1). Thus, we can
recursively prove that |b,| < B,. Thus, it suffices to find a nice F' such that its formal inverse G
has a positive radius of convergence.

As f is a convergent power series, limsup,,_, |an|% = 1 # co. Thus, if K > % then there
exists N such that |an|% < K for all n > N. In other words, |a,| < K™ for all n > N. Now choose
A > maxay, |a2\%, Cee \aNﬁ,K. Then, |a,|A™ for all n. Finally, define

0 2,2
F(z) :z—ZA"z":z— 114712.
n=2

As F(G(2)) = z, we get

A%G(2)?
G(z) — - 4G = z.
That is,
(A2 + A)G(2)* — (1 4+ A2)G(2) + 2 = 0.
Thus,
4z(A24+A
G(z) = 1+ Az — /(1 + A2)2 — 42(A2 + 4) b \/(1+AZ)2 [1_ W
2(A%2+ A) 2(A%2+ A)

We can now use Exercise 12 to find \/ (14 Az)? [1 — Zl(zl(fii—;)’;‘)] which is a convergent power series.

Moreover is also a convergent power series. Thus, by algebra of power series, we know

1
» 2(A2+A)
that G is a convergent power series. O

Remark 3.101. Notice that a; = f/(z). Thus, the theorem is analogous to the inverse function
theorem you learnt in Real analysis.

DEFINITION 3.102 (Open map). A function f : U — C is called an open map, if given any open
subset V' of U, its image f(U) is also open.

THEOREM 3.103 (Open mapping theorem). Let f be analytic on an open set U and assume that
given z € U, there exists a neighbourhood B(z,e) such that f is not constant on B(z,e). Then, f
1S an open map.

Proof. Let f(z) = > anz™ be a power series and let m be the smallest natural number such
that a,, # 0. Then just as in Theorem 3.91, we can prove that f(z) = a;,2™ (14 h(z)). In Exercise
12, you will prove that you can take the m-th root of 1+ h(z) to get an analytic function 1+ hq(2).
Thus, if fi(z) = az(1 4 hi(z)) then f(z) = fi(2)™. Notice that the function z — 2™ takes a disk
around 0 to a disk around 0. Thus, if we can show that given an open set U containing 0, f1(U)
contains a disk around 0, then f(U) will also contain a disk around 0. However, as f; satisfies the
hypothesis of Theorem 3.100, we have the result. Applying this trick to the power series expansion
of f at all points gives the more general result. O

The open mapping theorem also helps us prove another important theorem called the local
maximum modulus principle.

THEOREM 3.104. Let f be analytic on a open set U. Let zg € U be such that | f(z0)| > |f(2)]
for all z € U. Then, there exists some open subset D of U such that f is constant on D.
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Proof. Let the power series expansion of f at zg be > a,(z — 29)". We will prove this theorem
using a proof by contradiction. Assume f is not the constant ag = f(z0), then by the open mapping
theorem, there exists a neighbourhood B(zp, €) such that f(B(zo,¢)) is an open set. And therefore,
there exists some ¢ such that the ball B(f(z9),0) C f(U). But, the ball B(f(2),0) has elements
whose modulus is greater than f(zp). This contradicts the assumption that |f(zo)| > |f(z)| for all
zeU. O

And the local maximum modulus principle allows us to prove the fundamental theorem of
algebra.

THEOREM 3.105. If f(z) =ap+ a1z + -+ + anz™ be a polynomial with n > 0 and a,, # 0, then
there exists some complex number zo such that f(zy) = 0.

Recall from high-school algebra that if zg is a zero of a polynomial, then z — zg divides the
polynomial. By recursively applying the result on the quotient, we have the famous fundamental
theorem of algebra.

Proof. Once again we will use a proof by contradiction. Assume the polynomial has no zeroes.
Then the function 1/f is analytic on C. Notice,

anz"

im
|z| =00 ag + a12 4+ -+ -+ apz™
That is the polynomial f(z) behaves like a,z" for large values of |z|. And it is clear that as |z|
goes to 0o, 1/(anz") converge to 0. Therefore. 1/f(z) should also converge to 0. Let zp be some
complex number such that f(zp) # 0. Choose a positive real number R such that |zp| < R and if
|z| > R, then
1 1

7] " 17 Gl

As 1/f is a continuous function (as it is analytic) on the B(0, R) (the ball with its boundary points),
it has a maximum at some point in B(0, R), say z;. As le)‘ < m for all |z] > R, the point

z1 cannot lie on the boundary. By, the local maximum modulus principle, we conclude there is a
neighbourhood B(z1, ) where 1/ f is constant. This would imply that f is also constant in B(z1,d),

which is impossible.

O

Exercises

(1) Find the first 3 terms in the power series expansion of %

(2) Use the power series for sin(z) and the power series for @ above to find the first 3 terms in

the power series of tan(z).
(3) Show that if > z, converge, then z, converge to 0.

(4) Given two series of complex numbers A = > a, and B = )b, that converge, show that the
sum A + B also converge.

(5) Given two series of complex numbers A = > a, and B = ) _ b, that converge, show that the

product AB defined as .
AB = Z ( akbik>
k=0

1=0 =
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also converge.

(6) Find the terms of order less than or equal to 3 in the following:

(a) 1+1z1+z2 (c) (S;E;(z))
b) =@ d) Z2

IS

(7) Give an example of

(a) a power series whose radius of convergence is equal to 2.

(b) a power series whose radius of convergence is equal to o where « is a real number.

(c) a power series whose radius of convergence is 1 and such that the corresponding function
is continuous on the closed unit disc. [This question is from Complex Analysis by Serge
Lang]
Hint: Use Y 2" /nP for a suitable p. If you struggle for a choice of p, check Lang’s book ;)

(d) two power series Y a,z" and ) b,2" such that the product has a radius of convergence
greater than the radius of convergence of one of the two power series.

(8) Determine the radius of convergence of the following power series:

(a) D amz" () X m2"
(b) > nmz" ) 3 (n!)?

3n!

(9) Show that the sequence f,, from Example 3.68, Example 3.70, Example 3.71, and Example 3.72
do not converge uniformly.

(10) Let B be the set of bounded function. Then, show that the function dyax : B x B — R defined
as dmax(f,9) = sup{|f(z) — g(x)| : * € R} is a metric on B.

(11) Define X to be the collection of all functions f : R — R such that [*_|f(z)|dz < oo and ~ to
be the relation f ~ g if [|f —g|=0.

(a) Show that ~ is an equivalence relation.
(b) Let £! be X/ ~. Show that dawy(f,9) = [~ |f(z) — g(z)|dx is a metric on L1

—0o0
(12) Finding the ¢'* root using binomial series:

(a) Show that the radius of convergence of the binomial series is equal to 1 if « is not equal
to an integer greater than or equal to 0.

(b) By multiplying the two power series, deduce the relation By, (2) B (2) = Y o Cr(n, m)z"
where Cy(n,m) =377_, (’;) (T,Tj).

(c) Recall B,(z) = (14 2)" if n is a natural number. Use it to prove By, (2) B, (2) = Bniym(2).

(d) Deduce that C,(n,m) = ("I™) when m and n are positive integers. But, C,(n,m) and
("jnm) are polynomials in n and m and they agree on infinitely many values of m and n

implies they have to be equal for all complex values of n and m.
q
(e) Deduce that (B 1 (z)) = (1 + z) for all integers ¢. In other words, you should think of
q

Bi(z) as (1+ z)%
q
(13) Show that the sequence of function f,,(z) = /22 4+ 1 converge uniformly to f(z) = |z|. Further
show that f, is differentiable on R but f is not differentiable at 0. Thus, uniform limit of
differentiable functions need not be differentiable.

Remark 3.106. Recall that we proved the continuity of a power series on its disk of conver-
gence(and thus of analytic functions) using the observation that uniform limits of continuous
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functions are continuous. The above example suggests we cannot use a similar argument for
the proof of differentiability of a power series in its disk of convergence.






Chapter 4

Line Integrals and
Cauchy’s theorem

Let U be an open set in C and f : U — C be a (continuous) function. We define the integral of f
along a differentiable curve v : [a,b] — C to be

A f = / P (Bt

If we assume f is “reasonably nice” then the integral on the right hand side in the above equation
is well defined. In analysis, you might have studied that the continuity of f is a sufficient condition.

EXAMPLE 4.1. Let f : C — C be the function f(z) = z and let v : [0,1] — C be the function
v(t) =t +it. Then, 7/(t) =1+ and

/va/Ol(t—i—it)(l—i—z'):/Olodt—i—i/othdt:%.

DEFINITION 4.2. We say a curve v : [a,b] — C is a reparametrisation of a curve f : [¢,d] — C
if there exists a differentiable function ¢ : [a,b] — [e, d] such that v(t) = B(¢(t)).

EXAMPLE 4.3. The curve v : [0,1] — C defined as (t) = ¢ + it is a reparametrisation of
the curve 8 : [0,2] — C defined as B(t) = & + . Define ¢ : [0,1] — [0,2] as ¢(t) = 2t and
V() = Ble()).

THEOREM 4.4. The integral of a function is independent of the parametrisation. More precisely,
if v : [a,b] — C is a reparametrisation of B : [c,d] — C and f : U — C is a function, then

[=]

Proof. Using Chain Rule, we see that

b b d
= "(t)dt = o/ (t)dt = 5))B (s)ds =
/7 s / SO (1)t / F(Bo()B o & (B)dt / F(B(s)8 () /ﬁ s

O
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We can easily generalise the definition to piece-wise differentiable curves. Let U be an open
set in C and f : U — C be a continuous function. Let 7 : [a,b] — C be a piece-wise differentiable
curve. That is there exists a = a9 < a; < --- < a, = b be such that v; = 7|[4, q,41] is differentiable.

Then . -
[1=X(]1)-X(

=0

[ ran o).

aq

DEFINITION 4.5. A function g : U — C is a called a primitive or anti-derivative of the function
f:U—=Cifg(z) = f(z) forall z € U.

THEOREM 4.6. Let f : U — C be a continuous function such that f h
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