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Chapter 1

Solving two equations
in two unknowns

In school, you would have encountered questions of the form: Solve

z+2y=0
20 +y = 3.

You might not have realised, but the question is a little ambiguous. It was implicit that you need
to find a tuple (z,y) that satisfies both equations. Not a tuple (x,y,z) or (z,y,z,w). If I had
instead asked you to solve

z+2y=0
20 +y=3
z+z=0

you would have assumed you need to find a triple (z,y, z). In other words, the context informs you
what you are looking for. However, this can be at times confusing. In this course, we would try to
avoid such ambiguities as much as possible. Don’t hesitate to point out if/when I turn sloppy. And,
I promise, I would hold high expectations from you. Thus, I would rephrase the earlier question
as: Find all (z,y) such that z,y € R and

rz+2y=0
2¢ +y = 3.

Definition 1.1. The collection of all tuples (z,y) where x and y are real numbers - {(z,y)|z,y € R}
- is called the Cartesian plane and is denoted as R?

Thus, the question is asking us to find the set {(z,y) € R?|x +2y = 0 and 2z +y = 3} or
equivalently the set {(z,y) € R?|z+2y = 0}N{(z,y) € R?|2z+y = 3}. You may recall from school
or you can check using GeoGebra that the set {(z,y) € R?|z+2y = 0} and {(z,y) € R?|2z+y = 3}
represent lines. In Appendix A we define lines to be sets of this form, but intuition would be
sufficient in the course. Thus, we were looking for the intersection of two lines!
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1.1. Solving equations amount to finding the intersection of lines

More generally, the set of all (x,y) € R? such that
(1.1) ar +by =e
cx+dy=f
represents the intersection of two lines. The act of finding all points in the set is called solving
the system of equations 1.1. Notice that an equation px + qy = r is really silly when both p and
q are 0. The set {(z,y) | 0 = r} is § when  # 0 and is R? when r = 0. Thus, in the discussion

that follows, we would assume that the linear equations in our system are not of this form. More
precisely,

Assumption

Given a system of linear equations 1.1, we assume

[(a #0) v (b#0)] Allc#0)V(d#0)

We will explore how to solve such a system of equations. Note that if (z,y) € R? satisfy the
system of equations 1.1, then it should also satisfy the system

(1.2) adz + bdy = de

bex 4+ bdy = bf
In other words, a tuple (z,y) € R? satisfies the system 1.1 only if 2 should satisfy the equation
(1.3) (ad —bc)r = de — bf

Case 1: ad — bc # 0 - If ad — be # 0, then a tuple (z,y) satisfies the system 1.1 only if = satisfies
Equation 1.3. But, x satisfies Equation 1.3 only if x = Zfl:lz]; . Substituting the value back in the

system of equations 1.1 we get

(1.4) [a<de—bf>+b _e]:[ _ade—bce—ade+abf_abf—bce_af—ce}
' ad—be) TV T YT abd — b2c = wbd— b2 ad—be

[C(de—bf> td f} _ { _adf —bef —cde+bef  adf —cde af—ce}
ad—be) YT T YT ad? — bed = ad? —bed  ad— be
Thus, the set of solutions of the system of equations 1.1 is
{(d@—bf af—ce)}
ad — be’ ad — be

Example 1.2. Find all (z,y) € R? such that

r+2y=0

2z +y = 3.

As ad —bc =1 —4 = —3 # 0, the set of solutions is {(Zfl:?;, Z{l:gi)} = {(%,%)} =

{(2,—1)}. Figure 1 shows the GeoGebra solution. Note that it agrees with what we have obtained.

Case 2: ad —bc =0 and de — bf # 0 - If the system 1.1 has a solution, then there should be
an x that satisfies Equation 1.3. But, when ad — bc = 0 and de — bf # 0, Equation 1.3 takes the
following form

0=de—bf
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Figure 1. GeoGebra image for the intersection of the two lines {(x,y) € R? | 2 + 2y = 0} and
{(z,y) € R? | 2z +y = 3}. Notice that ad — bc # 0 and there is a unique solution.

and clearly it has no solution. Thus, there are no solutions for the system 1.1. Geometrically, this
is a case when the two lines are parallel.

Example 1.3. Find all (z,y) € R? such that

rz+2y=0
x4+ 2y =3.

Asad —bc=2—-2=0and de —bf =0—6 = —6 # 0, there are no solutions. Figure 2 shows the
GeoGebra solution. Note that it agrees with what we have obtained.

Figure 2. GeoGebra image for the intersection of the two lines {(x,y) € R? | 2 + 2y = 0} and
{(z,y) € R? | 4 2y = 3}. Notice that ad — bc = 0 # de — bf and there is no solution.

Case 3: ad —bc =0, de—bf =0 -1f d # 0 and b = 0, then we have ad = bc = 0. As, d # 0,
this implies @ = 0. But, we assumed a and b are not simultaneously 0. Similarly, if b # 0 and
d = 0, then we have bc = ad = 0. As, b # 0, this implies ¢ = 0. BUt, we assumed ¢ and d are not
simultaneously 0. Thus, there are only two subcases:
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Case 3a: ad —bc =0, de—bf =0, d#0 and b # 0 - Then, a = %C. We may rewrite Equation
1.1 as

K?)x-q-by:e} = [bex + bdy = de = bf] = [cx + dy = f]

cx+dy=f

Thus, “in-effect” we have only one equation - cx + dy = f - in this case. We know that the set of
all (x,y) satisfying the equation forms a line. This is a case when the two lines coincide.

Example 1.4. Find all (z,y) € R? such that

r+2y=3
2z 4+ 4y = 6.

Note that ad —bc =4—4=0,de—bf =12—-12=0,d =4 # 0, and b = 2 # 0. Both equations in
the system represent the same line.

Case 3b: b =0 = d - We may rewrite Equation 1.1 as

axr =e
cr =
Note that
(@) e =e} = {() lver}.
Similarly,
{(z,y) | cx = f} = {(Jcc,y) ! yeR}.
Thus,

{@’y) !yeR} if c#£0,a#0,and £ =1
0 otherwise )

{(z,y) | ax =e} N{(z,y) | cx = f} = {

Example 1.5. Find all (z,y) € R? such that

2r =4

Asc#0,a#0,and ¢ # % this system does not have a solution. Figure 3 shows the GeoGebra
solution. Note that it agrees with what we have obtained.

Example 1.6. Find all (z,y) € R? such that
20 =14
Asc#0,a#0,and £ = % the set of solutions is {(2,y) | y € R}.

Remark 1.7. Notice that the solution exists and is unique only when ad — bc # 0. Thus, the
number ad — bc is important and we will encounter it and its relatives throughout the course.
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Figure 3. GeoGebra image for the intersection of the two lines {(z,y) € R? | 2¢ = 4} and
{(z,y) € R* | x = 3}. Notice that the two lines are parallel and there is no solution.

Exercise 1.8. Consider the system
r+ay=2>
20+ 10y =4

Give a value of a for which the system has a unique solution. Does the value of b matter? Explain
your answer. Give a value of (a,b) for which the system has no solution. Give a value of (a,b) for
which the system has infinitely many values.

1.2. Cartesian plane or R?

Let us now recall the various structures on R? you have encountered in school.
Definition 1.9. For two points (a,b) and (c,d) in R?, we say (a,b) = (c,d) if a = c and b = d.

Addition. Given two elements on R? say (a,b) and (c,d), we can add these elements to form
an element (a + ¢,b+ d). This defines a function + : R? x R? — R? defined as +((a,b), (¢c,d)) =
(a4 ¢, b+ d). We will typically write (a,b) + (¢,d) instead of +((a,b), (¢,d)) - as you have been
doing for addition of numbers. This is called infix notation.

Example 1.10. Let v = (1,2) and w = (3,4). Then v+w = (1,2)+(3,4) = (1+3,24+4) = (4,6).

Note on notation

Observe, I am using a single letter v to represent the element (1,2). Later in the book, I will
probably write w = (1,2,3). You need to keep track of the “type”! As v,w € R?, the + sign
denotes addition on R?. But, if = 1 and y = 2, then the + sign in = + y would denote
addition in R. Most importantly, the expression x + v makes no sense as z and v are objects
of different types. Your programming experience would come in handy as there too you had
to always keep track of the types.

Elements of R? are called vectors - and we will use the language often. This the reason we
use v and neighbouring letters of the alphabet for elements in R2.

Theorem 1.11 (Existence of additive identity). There exists an element (x,y) in R? such that
V(a,b) € R?, (a,b) + (z,y) = (a,b) = (2,y) + (a, ).
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Proof Strategy

In the proof below we will use two strategies that help us prove statements with quanti-
fiers. There are two quantifiers you would encounter, namely the existential quantifies (there
exists/J) and the universal quantifier (for all/ V).

A statement with an existential quantifier can be proved by giving one example. Note that
the statement of the above theorem is an existential statement. We prove the statement by
giving one example. That is, we show that (0,0) is the required element. In other words, we
show: V(a,b) € R2, (a,b) + (0,0) = (a,b) = (0,0) + (a,b).

The statement V(a,b) € R2, (a,b) + (0,0) = (a,b) = (0,0) + (a,b) is a statement with a
universal quantifier. To prove something is a true for all elements, we show it is true for an
arbitrary but fixed element. This is also why mathematicians often use the terms “for all”,
“for any”, “for each”, “given any” etc interchangeably. All of these terms are denoted by the
symbol V.

2 then we need to prove (a,b) + (0,0) = (a,b) =

Fix an arbitrary element (a,b) € R?,

b) + (0,0) = (a,b) = (0,0) + (a,b) is actually a compound
(0,0
0

(0,0) + (a,b). The statement (a,
sentence. It is a short hand for (a
to prove both the statements (a,
both easy to prove.

(a,b) + (0,0) = (a+0,b+0) (definition of addition on R?)
= (a,b) (0 is the additive identity in R)

S
_l’_
,b) +(0,0) = (a,b) and (a,b) = (0,0) + (a,b). Thus, we need
b) + (0,0) = (a,b) and (a,b) = (0,0) + (a,b). But, they are

Similarly,

(0,0) + (a,b) = (0 + a,0 + b) l l
= (a,b) l l

Theorem 1.12. Addition on R? is commutative. More precisely, ¥(a,b), (c,d) € R?, (a,b)+(c,d) =
(¢,d) + (a,b).

Proof. Fix an arbitrary pair (a,b) and (¢, d) in R2. We will show that (a, b) + (c,d) = (¢, d)+ (a, b).
As the elements were arbitrary, this would prove the universal statement.
(a,b) + (¢,d) = (a+ ¢, b+ d) l l
=(c+a,b+d) (from commutativity of addition on R)

O
Theorem 1.13. Addition on R? is associative. More precisely, ¥(a,b), (c,d), (e, f) € R?, (a,b) +
((e,d) + (e, f)) = ((a,b) + (¢, d)) + (e, f).

Proof. Fix arbitrary elements (a,b), (c,d), (e, f) € R2. We will show that (a,b) + ((c,d) + (e, f)) =
((a,b) 4+ (c,d)) + (e, f). As the elements were arbitrary, this would prove the universal statement.
(a,b) + ((e,d) + (e, f)) = (a,b) + (c+e,d+ f) l l

=(a+ (c+e),b+ (d+f)) l |
((a+c)+e (b+d)+f) (associativity of addition in R)
(
(

a+c,b+d)+ (e, f) l l
(a,b) + (c,d)) + (e, f) l |
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O

Exercise 1.14. Show that given any element (a,b), (a,b) + (—a,—b) = (0,0) = (—a, —b) + (a, b).
The element (—a, —b) is called the additive inverse of (a,b).

Exercise 1.15. Plot (1,2) and (—1,—2) in GeoGebra. Similarly plot (3,4) and (—3,—4) in Ge-
oGebra.

This allows us to define subtraction on R?. Given two elements (a,b) and (c,d) we define
(aa b) - (Cv d) = (av b) + (_C’ _d)
Example 1.16. Let v = (1,2) and w = (3,4). Then, v —w = (1,2) — (3,4) = (-2, —-2).
Exercise 1.17. Let v = (5,3) and w = (2,7). Then find v — w.

Definition 1.18 (Euclidean Distance). The Euclidean distance is a function d : R? x R? — R
defined as d((z1,22), (y1,92)) = V(21 — 11)* + (22 — 12)*.

Example 1.19. Let v = (1,2) and w = (3,4). Then d(v,w) = d((1,2),(3,4)) = /(1 = 3)2 + (2 — 4)2
V8 =2V2.

Theorem 1.20. Given any two points A = (ai,az) and B = (b1, bs), the points O = (0,0),
A= (a1,a2), B=(b1,b2), and C = (a1 + by, as + ba) form vertices of a parallelogram. This allows
us to geometrically understand addition on R?.

Proof. We would use the following lemma to complete our proof

Lemma 1.21. Given any quadrilateral, if its opposite sides are equal, then it is a paralellogram.

Proof. Let ABCD be an arbitrary quadrilateral such that |AB| = |CD| and |AD| = |BC|. Then,
ANABC = ACDA by SSS criterion. Therefore ZACD = ZCAB and ZCAD = ZACB. Hence, by
the converse of the alternate angle theorem, we get that DC' is parallel to AB and AD is parallel
to BC'. Hence, the quadrilateral ABCD is a parallelogram. ]

We will use the above Lemma to show that OACB is a paralellogram. Note that
0A] = d(0, A) = \Ja} + a3 = \/((a1 + b1) — b1)? — ((az + bz) — b2)? = d(C, B) = | BC.

Similarly,

|OB| =d(0,B) = \/b% +03 = \/((al +b1) —a1)? — ((a2 + b2) — a2)? = d(C, A) = |AC|.
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1.2.1. Scalar Multiplication. Given a real number o and an element (a,b) in R2, the point
(cva, ab) lies on the line joining (0,0) and (a,b). Thus, we view this “multiplication” as scaling.
This defines a function - : R x R? — R2.

Example 1.22. Let kK =3 and v = (1,2). Then kv = 3(1,2) = (3,6).

GeoGebra Exercise

I have created a GeoGebra file where I use the function Sequence(Expression, Variable, Start
Value, End Value, Increment) to plot a(1,2) as a varies from —5 to 5 with an increment of %
The value of N is determined by a slider.

Exercise 1.23. In this exercise, you will play with the shared GeoGebra code to build intuition
about scalar multiplication and learn GeoGebra.

(1) Modify the GeoGebra code to plot all scalar multiples of three other vectors of your
choice. What do you observe?

(2) Use the Sequence command to plot the graph of y = x2.

Exercise 1.24. Show that
(1) V(a,b) € R? 1-(a,b) = (a,b)

(2) ¥(a,b) € R? (a,b) + (~1) - (a,0) = (0,0)

(3) Vz,y € R and (a,b) € R?, (xy) - (a,b) =z - (y - (a,b))

(4) Vo € R and (a,b), (c,d) € R?, 2 -[(a,b) + (¢,d)] = = - (a,b) + - (¢, d)
(5) V o,y € Rand (a,b) € R% (z +vy) - (a,b) = (a,b)—l—y-(a,b)

1.2.2. Inner Product. You may have studied this as the dot product. This is a function (, ) :
R? x R? — R defined as ((a,b), (¢c,d)) = ac + bd.

Example 1.25. Let v = (1,2) and w = (3,4). Then (v, w) = ((1,2),(3,4)) = 1.3+2.4 = 34+8 = 11.
Exercise 1.26. Show that

(1) ¥(a,b), (c,d) € R?, ((a,b), (c,d)) = ((c,d), (a,]))

(2) ( ) (Cladl) (627d2) € R27 ((avb)7 (del) + (CQ’d2)> = <((l, b)v (Clvdl» + ((aab)7 (62>d2)>
(3) Vo € R and Y(a,b), (¢,d) € R2, (x(a,b), (c,d)) = z{(a,b), (c,d)) = {(a,b),z(c,d))

(4) V(a,b) € R2, {(a,b), (a,b)) > 0 and the equality holds if and only if (iff) (a,b) = (0,0)

Exercise 1.27. Find the following inner products:

(1) ((1,2),(3,4)) (4) ((1,0),(1,0))
(2) ((4,8),(=5,3)) (5) ((1,1),(1,=1))
(3) ((1,0),(0,1)) (6) (v2,7),(3.0))

1.2.3. Norm. is a function || || : R?> — R defined as ||(a,b)| = {(a,b), (a, b)>% =Vva?+ b

Exercise 1.28. Find the norm of (2,3). Give an example of another element of R? with the same
norm.

Exercise 1.29. Show that ||z(a,b)| = |z|||(a,b)].
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Theorem 1.30. For all pairs of points (a,b) and (c,d) in R?
d((a,), (e, d) = \/(a— ) + (b= d)? = [(a— ;b — d)|| = | (a,b) — (c, d)]|
Exercise 1.31. Find the norm of the following vectors
(1) (1,0) (4) (V2,V3)
(2) (0,1) (5) (m,0)
(3) (1,1) 6) (75 5)

z Y
\/12+y2 and \/x2+y2

1.2.4. Polar coordinates. Given any point (z,y) € R? note that are two

numbers such that

<12‘ Y

W || =12 [

@ (\/w§+y2>2 " (\/w2y+y2)2 -1

g . oy -
Thus, you can find a 6 such that cos(6) = T and sin(f) = T Moreover, it is easy to
see that 6 is the angle the line joining origin and (z, y) makes with the z-axis. So, if r = /2% 4 y?2,
then (x,y) = r(cos(),sin(f)). This representation is called the polar representation.

1.3. Linear combinations, span, and solutions to system of linear equations

We already had a through discussion on the solutions of a system of linear equations. In this section,
we would take a different perspective which would often come handy. Notice that (x,y) € R? satisfy
the system

ar+by=e
cx+dy=f
iff
z(a,c) +y(b,d) = (e, f).

Definition 1.32. Given two elements (vi,v2) and (wi,ws), in R? an expression of the form
a(v1,v2) + B(wi,ws) is called a linear combination of the (vi,v2) and (wi,w2). The collection of
all such linear combinations is called the span of (vy,vs) and (w1, w2).

Span((v1, v2), (w1, w2)) = {a(v1,v2) + B(w, we) |a, B € R}.
Theorem 1.33. The system 1.1 has a solution iff (e, f) € Span((a,c), (b,d)).

We saw in the previous section that if ad — be # 0, then V(e, f) € R?, the system 1.1 has a
solution. In other words,

Theorem 1.34. Let (a,c),(b,d) € R%. If ad — bc # 0, then Span((a,c), (b,d)) = R2.

GeoGebra Exercise

I have created a GeoGebra file that plots aA+bB. The possible values of a and b are determined
by the two sliders ¢ and V. Play with it and build an intuition on the span of the two vectors.

Exercise 1.35. In this exercise, you will play with the shared GeoGebra code to build intuition
about scalar multiplication and learn GeoGebra.
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(1) For a fixed value of ¢ and N, what values can a take? Describe it in terms of ¢ and
N. Let ¢ =2 and N =1, what are all the values that (a,b) can take?

(2) Modify the GeoGebra code try out the span of other pairs of vectors - try it out for
atleast two pairs of linearly dependent vectors and two pairs of linearly independent
vectors.

Exercise 1.36. Find the span of the following pairs of vectors:

(1) (2,3),(0,0) (3) (1,0),(0,1)
(2) (2,3),(4,6) (4) (1,1),(1,-1)

Theorem 1.37. For all (a,c), (b,d) € R?, ad —bc = 0 iff there exists (0,0) # (a, B) € R? such that
a(a,c) + B(b,d) = (0,0)).

Proof Strategy

A statement of the form “p if and only if (iff) ¢” is a compound statement. It is a short hand
for

(1) If p, then q.
(2) If g, then p.

Remember to prove both implications when you encounter an iff. To prove “If p, then ¢” we
assume p and prove q.

Proof. Assume ad—bc = 0. Then, d(a,c)+(—c)(b,d) = (ad—be,cd—cd) = (0,0). Thus, there exists
(o, B) = (d, —c) such that a(a,c)+ g(b,d) = 0. (d,—c) # (0,0) as we have assumed (¢, d) # (0,0).

Assume there exists (0,0) # (a, ) € R? such that a(a,c) + 8(b,d) = (0,0). If a # 0, then
(a,0) = L(b,d) = (L0, 72d). 1 (a,¢) = (Lb, Ld), then ad — be = (Lb)d = b(Ld) = 0.
On the other hand, if 3 # 0, then (b,d) = *(a,c) = (%a,%"c). If (a,c) = (%’Bb, %ﬁd), then
ad—bc = (%b) d—b (%’Bd) =0. If (b,d) = (—704&7 %"c), then ad—bc = a (%"c) - (_Taa) c=0. O
Definition 1.38. We say v,w € R? are linearly dependent if 3(r, 3) € R? such that (a, 3) # (0,0)
and av + fw = 0.

Theorem 1.39. Two vectors (a,c) and (b,d) are linearly dependent if and only if (iff) ad —bc =0
We say two vectors v, w are linearly independent if they are not linearly dependent. More
precisely,

Definition 1.40. We say v, w € R? are linearly independent if ¥(a, 8) € R%, av + Bw # 0 or
(o, B) = (0,0). Equivalently, we say two vectors v and w are linearly independent if ¥(c, ) € R?,
av+ pw=0 = (a,p) =(0,0).

Logic refresher

The equivalence of the two different definitions given above is due to the logical equivalence
of p = ¢ (which, by the way, is another way of saying “if p then ¢”) and (—p) V q. The
equivalence can be checked with the help of a truth table.
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plag|-p|p = q|(-p) Vg
T|T|F T T
T|F|F F F
F|T|T T T
F|F|T T T

Exercise 1.41. Check if the following pairs of vectors are linearly independent or linearly depen-
dent. Give rigorous arguments to justify your claims.

(1) (2,3),(0,0) (3) (1,0),(0,1)
(2) (273)7(476) (4) (171)’(17_1)

Theorem 1.42. Two vectors (a,c) and (b, d) are linearly independent if and only if (iff) ad—bc # 0.

Thus, we may rewrite Theorem 1.34 as

Theorem 1.43. For all v,w € R?, if v,w are linearly independent then Span(v,w) = R2.

It is now natural to ask, what happens when v, w are linearly dependent. We will answer the
question after giving a geometric characterisation of dependence.
Theorem 1.44. There exists (o, 3) € R? such that (o, 3) # (0,0) and av + Bw = (0,0)! iff (3
(there exists) v € R such that v =~yw or Iy € R such that w = yv).

Proof. Assume, there exists (o, 8) # (0,0) such that av + fw = (0,0). If a # 0, then v = gw.
On the other hand, if 5 # 0, w = $v. Thus, either v = —gw or w = —%U.

Proof Strategy

The backward implication is a statement of the form (pV¢q) = r. We often prove statements
of this form by using an equivalent form (p = r) A (¢ = 7). Their equivalence can be
seen through the following truth table.

I

(pVyq

L}

HEEAEAEAaAE A<
HE "3 H3—

eSSl Ml W W e S
e s I B B s I I [ S

el s B B B s B

LWe will often write (0,0) as 0. This makes sense as (0,0) is the additive identity
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plgqlr|ip=r|q=71|{p= 1r)AN(qg = 1)
T|T|T T T T
T|T|F F F F
T F|T T T T
T|F|F F T F
F|T|T T T T
F|T|F T F F
F|F|T T T T
F|F|F T T T
Similarly, we can prove that (pAq) = r is logically equivalent to (p = 7)V (¢ = r).

pla|r|pAg|(phg =T

T|T|T T T

T|T|F T F

T|F|T F T

T|F|F F T

F|T|T F T

F|T|F F T

F|IF|T F T

F|F|F F T
pla|rip=rlg=r1|{p=1)V(g=T)
T|T|T T T T
T|T|F F F F
T|IF|T T T T
T|F|F F T T
F|T|T T T T
F|T|F T F T
F|F|T T T T
F|F|F T T T

Now, assume 3 (there exists) 7 € R such that v = yw or 3y € R such that w = yv. If 3 (there
exists) v € R such that v = yw, then it we may write v + (—v)w = 0. Thus, there exists (o, ()
(namely (o, 8) = (1, —7)) such that («, 5) # (0,0) and av + fw = 0. Similarly, if 3y € R such that
w = v, then we have («, 5) = (v, —1). O

Theorem 1.45. For all v,w € R?, if 3 (there ewists) v € R such that v = yw, then Span(v,w) #
R2.

Russel’s generalised conditional

The above statement has the form: Vv,w € R?, if p(v,w) then g(v,w). In the context of
mathematics conditional sentences (a sentence like “if p(v,w) then g¢(v,w)”) are implicitly
assumed to be “universally quantified”. Thus, it is common practice in mathematical writings
to drop the “for all” at the beginning of the statement of the theorem.
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Proof.

Span(v,w) = {av + fw|a, B € R} l l
= {oyw + pw|a, € R} l l

= {(ay + Blwle, B € R} | |
= {kwlk € R}

The last equality is a bit trickier than the rest, so I would elaborate the argument involved. We
need to show that {(ay + f)w|a, € R} = {kw|k € R}

Proof Strategy

Given two sets A and B, we show A = B by showing A C B and B C A. We show A C B by
showing an arbitrary element of A belongs to B.

Take an arbitrary element in {(ay + f)w|a, 5 € R}, say (ay + flw. As a, 5,7 € R, ay + [
is also a real number, say k. Thus, (ay + f)w = kw € {kw|k € R}. Thus, {(ay + fw|a, 5 €
R} C {kw|k € R}. Take an arbitrary element in {kw|k € R} - say kw. Then, kw = (0y + k)w €
{(ary + B)w|a, B € R} as 0,k € R. Thus, {kw|k € R} C {(ay + f)w|a, f € R}. Hence,

Span(v,w) = {(ay + pw|e, B € R} = {kw|k € R}.

Let w = (wi,w2). If (w1,wa + 1) € {kwlk € R}, then (wi,ws + 1) = k(wi,wz). That is,
wy = kwy and we = kwy — 1. If w1 = kwyq, then w1 = 0 or k = 1. Note that Kk =1 — wy =
wy —1 = 1=0. Thus, k # 1. Thus, w; = 0, that is {kw|k € R} C {(0,y)|y € R}. Therefore
{kw|k € R} is a strict subset of R?. If (wy,ws +1) & {kw|k € R}, then again {kw|k € R} is a strict
subset of R2. O

Similarly, we can prove

Theorem 1.46. If 3y € R such that w = yv, then Span(v,w) # R?.

Thus, we can concisely express our findings as follows:

Theorem 1.47. For all v,w € R?, Span(v, w) = R? iff v,w are linearly independent.

We have proved that (a,c), (b, d) are linearly independent iff Span((a, c), (b,d)) = R? iff V(e, f)
the system 1.1 has a solution. However, the independence of (a,c),(b,d) (and thus the fact
Span((a, c), (b,d)) = R?) not just assure the existence of a solution, it assures us that the solu-
tion is unique.

Theorem 1.48. For all (a,c), (b,d) € R? if (a,c), (b,d) are linearly independent then the solution
to system 1.1 is unique.

Proof. Fix arbitrary elements (a,c) and (b,d). We need to prove “if (a,c),(b,d) are linearly
independent then the solution to system 1.1 is unique”. Let (z1,¥;) and (z2,y2) be two solutions
to system 1.1. We will prove uniqueness by showing (z1,y1) = (x2,y2) (any two arbitrary solutions
are forced to be equal). As (x1,y1) is a solution, we have x1(a,c) + y1(b,d) = (e, f). As (x2,y2) is
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a solution, we have xa(a,c) + y2(b,d) = (e, f). By the following computation (justify every step)

we get,
(xl - 332)(@7 C) + (yl - y2)(b’ d) = (070)

As (a,c) and (b,d) are linearly independent, this would mean that 1 — 29 = 0 and y; — y2 = 0.
That is, ¥1 = x9 and y1 = y2 or (z1,y1) = (T2,92)- O]

Recall from the first section that if ad — bc = 0, then 1.1 has a solution iff {(z,y) | az + by =
e} ={(x,y) | cx +dy = f}. Moreover, the set of solutions {(z,y) |ax+by =e and cx +dy = f} =
{(z,y) | ax + by =€} or {(x,y) |ax + by = e and cx + dy = f} = 0. Let us revisit this idea using
what we studied in this section.

Given a system 1.1, we can consider the related system
(1.5) ax +by =0
cx+dy =0
A system of linear equations where all the constant terms are zero is called a homogeneous system of

linear equations. Notice that a homogeneous system of linear equations will always have a solution,
namely (0,0). If (a,c), (b,d) are linearly independent, then (0, 0) is the unique solution.

Theorem 1.49. If (a,c), (b,d) are linearly dependent, then there exists (ui,us) € R? such that the
set of solutions of system 1.5 is equal to {k(u1,u2) | k € R}.

Proof. If (a,c), (b,d) are linearly dependent, then Ja € R such that (a,c) = a(b,d) or Ja € R
such that (b,d) = a(a, ).

Proof Strategy

The proof of the two cases

(1) Ja € R such that (a,c) = a(b,d)

(2) Ja € R such that (b,d) = a(a,c)
would be analogous. If one understands the proof in one case, one should be able to prove the
other case on their own. In such cases, we may assume that we are in one of the choices - and

our choice would not have any impact. Thus, we would say, that “we may choose without loss
of generality (WLOG)".

Let us assume without loss of generality that 3o € R such that (a,c) = a(b,d). That is a = ab
and ¢ = ad. Thus, the system 1.5 takes the form

(1.6) abr +by =0
adr +dy =0
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Note that, b = 0 implies a = 0 - but we assumed a and b are not simultaneously 0. Thus, That is,
y = —azx. In other words, the set of solutions of system 1.5 is the set {k(1,—«) | kK € R}. In other
words, (u1,u2) = (1, —a).

Better safe than sorry

To convince yourself that the other case is analogous, start with the assumption Ja € R such
that (b,d) = a(a,c). Thus, the system 1.5 takes the form

In other words, the set of solutions of system 1.5 is the set {k(—c«,1) | & € R}. That is
(ur,u2) = (—a, 1).

0

Now, let (e, f) € R? be such that system 1.1 has a solution. As a solution for system 1.1 exists,
J(v1,v2) € R? such that vi(a,c) +va(b,d) = (e, f). Let (w1, ws2) be an arbitrary solution of system
1.1. Then, from the following computation

we have (w; —v1, wg —v2) is a solution of system 1.5. Thus, (w; — vy, we —v2) € {k(ui,us) | k € R}.
That is, 3k € R such that (w1, w2) = (v1,v2) + k(u1,u2). Therefore, the set of solutions of system
1.1 (in this case) is equal to {(vi,v2) + k(u1, u2) | k € R}.

Remark 1.50. The two different ways of finding the set of solutions correspond the the two
different definitions (Ly 4, and Agp . q) respectively discussed in Appendix A.

1.4. Functions and solving equations

Given a, b, c,d € R, we can define a function F : R? — R? defined as F((z,y)) = (ax + by, cx + dy).
Note that the system 1.1 has a solution iff (e, f) € Image(F). Thus,

Theorem 1.51. The function F : R? — R? defined as F((x,y ) (ax + by, cx + dy) is surjective
iff Ve, f) € R?, the system 1.1 has a solution iff Span(v,w) =

Abuse of notation

The input for a function F : R? — R? are elements of R%. Thus, the correct way to evaluate F
at a point (z,y) is to write F'((x,y)). However, you might have seen people write F'(z,y). This
is convenient and does not usually lead to confusion. Thus, we will also generally represent
F((z,y)) as F(z,y). Such practices are called abuse of notation - when you encounter more
examples you will get a better sense of what they are.

Theorem 1.52. The function F : R? — R? defined as F(x,y) = (ax + by, cx + dy) is injective iff
(a,c) and (b,d) are linearly independent.
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Proof. Assume F is injective. Note that F'(0,0) = (0,0). As F is injective, if F'(z,y) = (0,0) =
F(0,0), then (z,y) = (0,0). But, F(z,y) = (ax + by,cx + dy) = z(a,c) + y(b,d). That is if
z(a,c) +y(b,d) = 0, then (x,y) = (0,0). In other words, (a,c) and (b, d) are linearly independent.

Assume (a,c) and (b, d) are linearly independent. That is if z(a,c) + y(b,d) = 0, then (z,y) =
(0,0). But, F(z,y) = (ax + by, cx + dy) = xz(a,c) + y(b,d). Thus, if F(z,y) = (0,0) then (z,y) =
(0,0). Now let v = (v1,v2) and w = (w1, we) be arbitrary elements such that F(v1,v2) = F (w1, ws),
Then

0= F(’Ul,’Ug) — F(wl,wg)

= (av1 + bvg, cv1 + dvg) — (awy + bwa, cwy + dws)

= ((avy + bva) — (aw; + bws), (cv1 + dv) — (cwy + dws))
= (a(vy —w1) + b(v2 —wa), c(vy —wy) + d(ve — w3))

l |
l l
l l
l |

= F(v1 — w1, v — w2)

Thus, (v; — w1, ve — we) = (0,0). That is, v1 = w; and ve = wy. Therefore, (v1,v2) = (w1, ws).
But, as v and w were arbitrary, F' is an injection. O

Theorem 1.51 tells us that F is surjective iff Span((a,c), (b,d)) = R? and Theorem 1.52 tells
us that F is injective iff (a,c) and (b, d) are linearly independent. However, Theorem 1.47 tells us
that Span((a,c), (b,d)) = R? iff (a,c) and (b,d) are linearly independent. Therefore, we have

Theorem 1.53. For all a,b,c,d € R, the function F : R? — R? defined as F(x,y) = (azx + by, cx +
dy) is injective iff it is surjective. Moreover, F is injective, surjective, and bijective iff ad — be # 0.

Exercise 1.54. Show that F' is injective iff {(z,y) |F(z,y) = (0,0)} = {(0,0)}.

Definition 1.55. Given a function F : R? — R? of the form F(z,y) = (azx + by, cx + dy), the set
{(z,y) |F(z,y) = (0,0)} = {(0,0)} is called the kernel or null space of F'. Note that (0,0) € Ker(F)
and the function is injective iff (0,0) = Ker(F)

1.5. Matrices and solving equations

An array (generally of numbers) arranged into rows and columns is called a matrix. If the array

o . a b
has n rows and m columns, then we say that the matrix is an n x m matrix. For example, [c d}

is a 2 X 2 matrix, [ﬂ is a 2 x 1 matrix, and {x y} is a 1 x 2 matrix.
Definition 1.56. Let
a b
Ms(R) = {lc d ]a,b,c,dER}
Definition 1.57. Let

M; (R)

|
——
—
IQd & 1

!%yeR}

The set of solutions 1.1 is the set {(z,y) € R?|az+by = e and cz +dy = f}. There is a natural
bijection from f : R? — MJ(R), namely the function f(z,y) = z .

Exercise 1.58. Show that f is a bijection.
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Theorem 1.59. Let A = lccb 2] and vy = lﬂ Further, let
V ={(z,y) € R?|az + by = e and cx + dy = f}
and
W ={veM;R)| Av =}

Then, f(V)=W

Proof.

JV) = (/@) [ve V) | ‘
= {f(z,y) | (x,y) € R? and (ax + by = e and cx + dy = f)} | l
:{lﬂ \(x,y)€R2and(ax—i—by:eandcx—i-dy:f)} l l

x a b| |x e
Ao e 22 -]} ‘ ‘
= ’UGMQI(R)|A’U:U0} l l
=W.
]

This is the reason why the system 1.1 is often expressed as

- b -1

This representation gives a first clue on how to define multiplication of 2 matrices. We would want

a bl |z __ax+by
c d| |yl |ex+dy

Thus, you can think of the multiplication [CCL Z]

/ /
If there is yet another matrix CCL, e

ﬂ as the action of the function F' on (z,y).

then it corresponds to the function F’ : R? — R? de-

fined as F'(z,y) = (d’z + b'y,dz + d'y). The action of F’ on F(x,y) should thus correspond to
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a v a b| |z . : .. o
. But, if have a “sensible definition of multiplication, we should have
ol |- Busifh “sensible definition of multiplication, we should h

e Dk AR

a b
d d

ax + by
cr + dy

[/ (az + by) + V (cx + dy)
d(ax + by) + d'(cx + dy)

z(d'a+bc)+y(a'b+Vd)
z(da+dc)+y(db+ d'd)

aa+bc) (ab+1Vd) r]
ol

da+dc) (db+dd)
This allows us to arrive at the definition of matrix multiplication you would have encountered

in school.
ad V|la bl
cd d||e d|

Definition 1.60. We can define two operations on this set. Addition + : M(R) x Ma(R) — M2(R)
defined as

a b

c d

and multiplication x : Ms(R) — Ms(R) defined as

ad V|la bl
cd d||e d|l
Exercise 1.61. Show that

(1) for all A,B,C € M3(R), A+ (B+C) = (A+ B) + C (Addition is associative)
(2) for all A,B € Ms(R), A+ B = B+ A (Addition is commutative)

_ [«
(

(da+bc) (d'b+bd)
(da+dc) (db+dd)

+ cd d c+c d+d

a b’] B [a—HL’ b+t

(da+bc) (a'b+1bd)
(da+dc) (db+dd)

(3) there exists a matrix X (namely 0= [8 8]) such that VA € My(R), A+ X =A=X+A

(Existence of additive identity)

(4) for all A € My(R), there exits a B € M3(R) such that A+ B =0= B + A. (Existence of
additive inverse)

(5) for all A, B,C € M3(R), A(BC) = (AB)C (Multiplication is associative)

(6) there exists a matrix X [ namely I = L O]) such that VA € My(R), Al = A =1A

0 1
(Existence of multiplicative identity)

(7) forall A, B € M>(R), A(B+C) = AB+ AC. Similarly, for all A, B € M(R), (A+B)C =
AC + BC' (Multiplication distributes over addition)
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Example 1.62 (Matrix multiplication is not commutative). Let A = [1 21 and B = [_1 0].

3 4 0 1
Then,
1 2][-1 o] [1(-1)+20 1.0+21] [-1 2
3 4110 1| |3.(=1)+4.0 3.0+41| |-3 4
but,
-1 0|1 2| [(-1).1403 (-1).2404| |-1 -2
0 1|3 4/ | 01+1.3 02+14 | |3 4
Therefore,

1 2y|-1 0 -1 0] |1 2
ARl e
@ U If3B € My(R) such that AB = I = BA, thenvm y H

Lemma 1.63. Let A = e

Fable

Woa?

A statement “p” is logically equivalent to the statement “—p = F. Intuitively, if the
assumption that the statement is false leads to something absurd, then the statement has to
be true. This principle is called reductio ad absurdum (reduction to absurdity) in Latin
and proof by contradiction more commonly. Once again, the easiest way to prove the
equivalence is using a truth table.

0

Proof Strategy

F

J
iS

P

Sl = | CS
H 3o
HHHHH

Proof. Assume 3B € M;(R) such that AB = I = BA. We need to show that V B] #

a b
c d
0
0

0 )

d| |y

v 0. We would intead assume it is false. That is, 3 * 0 such that |¢ bl |@ =
Y Y 0 c

. Then,

Exercise 1.64. Justify each equality in the last line of the previous lemma.
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1
Example 1.65 (A matrix need not have a multiplicative inverse). The matrix 1 8 does not

e e 1 0] |z 0
have a multiplicative inverse as [1 0] [y} = [O]

1.6. Elementary matrices

0 17|11 1{’|1 0
special status due their role in finding the solution of system 1.1. To begin by showing that all
these three matrices are invertible. The following exercise descibe their inverses.

1 1] |1 1
The three 2 x 2 matrices [ ] , [ 0] 0 ] are called elementary matrices. They obtain a

Exercise 1.66. Show that

(1)
11| 1 -1 1ol 1 —1]f1r 1]
1 1| fo 1] "o 1]lo1

(2)
1ol [1 o] [1 o] [1 o]t o
11 [=1 1]~ |o 1]~ |-1 1| |1 1

(3)

o 1]fo 1] [1 0
1 0[|{1 o] |0 1
Definition 1.67. The set of all invertible 2 x 2 matrices is denoted as GLa(R)
GLy(R) = {A € My(R) | 3B € My(R) such that AB = I = BA}.

Theorem 1.68. For all A € M3(R), VB € GLy(R), and VYvy € M3 (R),

{veMj®) | Av=vo} = {ve MJ(R) | (BA)v = Buo}.

Proof. Fix an arbitrary A € M(R), B € GLy(R), and vy € Mj(R). We will show that
for this choice, {v € M3(R) | Av =19} = {v € MJ(R) | (BA)v = Buvy}. As the choice was ar-
bitrary, the more general result is proved. Further, we will prove {v e M}(R) | Av = v} =
{ve M}(R) | (BA)v = Buy} by showing {v € M3(R) | Av=v9} C {ve M3 (R) | (BA)v = Buy}
and {v € M3(R) | (BA)v = Bug} C {v e M} (R) | Av=p}.

Let v € {v € M3(R) | Av =1} be arbitrary. Then Av = vy. Multiplying on the left by B on
both sides, we get B(Av) = Buvg. But, B(Av) = (BA)v. Thereforev € {v € M3(R) | (BA)v = Buvp}.
Aswv e {ve M}(R) | Av = vy} was arbitrary, we have

{veMjR) | Av =1} € {ve M}(R) | (BA)o = Buo}.

Let v € {v € M3(R) | BAv = Buvg} be arbitrary. Then (BA)v = Bvg. But, B is invertible. So,
there exists C' € M3(R) such that CB = I = C. Multiplying both sides of the equation BAv = Buyg
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by C, we get C((BA)v) = C(Bwvy). But,
C((BA)v) = (C(BA))v l l

= ((CB)A))v l l

= (IA)v l ]

= Av l l

and

C(Buvg) = (CB)wy l |

:I’U() l l

~ | |

Thus, Av = vg or in other words v € {v € M} (R) | Av =1vp}. Asv € {v € M}(R) | BAv = By}
was arbitrary, we have

{veMj(R) | (BAw=Bu} C {veMj(R)| Av =}

Notice that

1 1| |a b| |a+c b+d
0 1||c d| | ¢ d
and
1 1f|el le+f
o 1{|f|l | f

As [é ﬂ is invertible, the previous theorem implies that

e 2] B =i} = {[3] < S

The effect of multiplication by [é ﬂ is that of “row addition”. Multiplication by H (1]] has a

a+c b+d
c d

e+ f
f

very similar impact. More precisely,

HIE

and

. 0] . . .
Once again, as l ] is invertible, we have

11

= [ =i} = bl e 2 s
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Multiplication by [(1) (1)] on the other hand has the effect of swapping the rows. More precisely,
0 1] [a o] _ ¢ d
1 Of||c d| |a b

i

Once again, as [(1) (1)] is invertible, we have

e e o )= )=o) = o 3] -2

Exercise 1.69. Use the fact that [1 1] is invertible to show that

and

0 1

e R | S (Y R s 1 )

Exercise 1.70. Use the fact that [_11 ﬂ is invertible to show that

(Rl o 1 | R S SO PR}

Exercise 1.71. For all A € R such that A\ # 0, show that [)\ 0

10 . .
0 1] and [0 )\] are invertible. Thus,

show that

2] 1 (@ o] [z] _ e ] _ 2] 1 Aa M| [z] _ e
(1.10) {y € M, (R) | e d = }—{ y € M5 (R) | e d|lyl Ty

and

2] @ bl [2] e ] 2] (a b [x] e |
(111) {yeﬂﬁmﬂ M f}:{yeA@@H_M M_y::Af}

1.7. Gaussian elimination and Matrix multiplication

The ideas in the last section is implicitly used in the method taught in school. Recall that if you
are asked to find a solution to
z+2y=0
20 +y =3
You use the fact that the set of solutions of this system is same as the set of solutions of the system
x+2y=0
1 3

Thoy=5
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In other words, you are saying (using Equation 1.11)

=2 s 1= Bl =)< 1 3]0

Now we say, that the set of solutions of this new system is same as the set of solutions of (we are
subtracting the first equation from the second)

r+2y=0
-3 3
0 —y ==
T + 2y 2

In other words, we are using Equation 1.8 to conclude

= [ B = B3 = Bl = b 31 [2)

Now, it is easy to find the value of y and that is then used to find the value of x (this process is
called back-substitution). There are two key ideas here

(1) A matrix whose entries below the diagonal are zero is called an upper triangular matrix.
If a system is described by an upper triangular matrix, then it is easy to solve the system.

1 2
] such that M [2 1] =

[en}

(2) We could find a matrix M, namely M = [ 11 ﬂ [(1) (1)1 = l 11 1
_ ! 1 1

[\

-3
0 3

can find a matrix M such that M A is upper triangular.

1 2
[ 1 [ﬂ an upper triangular matrix. This is a general idea - given any matrix A, you

This example is a special case of a technique called Gaussian elimination. The basic idea is that
if the matrix is upper (or lower) triangular, then it is easy to solve the corresponding system of linear
equations. Thus, it would be great if given any matrix A we can find an invertible (invertibility
is essential to ensure the set of solutions remain same) matrix B and an upper triangular matrix
U such that BA = U. Although that is too much to ask for, we have something close enough.

Definition 1.72. A matrix [CCL b] is called upper triangular if ¢ = 0 and is called lower triangular

d
if a =0.

Theorem 1.73. For all A € My(R), there erxists an invertible matriz B such that BA is upper
triangular or there exists an invertible matriz B such that BA is lower triangular.

Z = A € My(R). If a = 0, then A is a lower triangular
matrix to begin with. Thus, we can take B to be the identity matrix. If ¢ = 0, then A is an
upper triangular matrix to begin with. Thus, we can take B to be the identity matrix again. If
a # 0 # c, then [_16 (1)] is invertible and [ L ﬂ [a Z] = lg adlibc
a

C
a a ¢

Proof. Fix an arbitrary matrix

. Thus, we have found a

1

a b
ad—bc
0 a

such that BA = [ ] is upper triangular. ]

matrixB:[ ¢ (1)
a

Exercise 1.74. Explain why the above “proof” is a proof. Hint: Go through the proof
strategy in pages 11-12.
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Exercise 1.75. Prove that if a # 0 # ¢, then l

a b
0 ad—bc

a

1 0] . . . 1 0fla b| _
e 1] is invertible and [_Z 1] lc d] =

Exercise 1.76. For the following matrices A, find a matrix B such that BA is either upper

triangular or lower triangular.

1 2 10 1 2 1 2
3 @y ) @y o ol
Exercises
(1) Find all (z,y) € R? such that
(a)
(2) Let (a,b),(c,d) belong to R2. If ((a,b),(c,d)) = 0 and ||(c,d)|| = ||(a,b)|, then show that
(c,d) = (=b,a).
(3) Show that
(a) a bl |1 1| |a a+b
c dl |0 1| |ec c¢+d
o b1 o] fa+b b
(b) c d|l |1 1| |e+d d
() la o] [0 1] _ b
c d| |1 0 |d ¢

Thus, multiplication on the right by elementary matrices correspond to column operations.



Chapter 2

Solving m equations in
n unknowns

The previous chapter was a warm-up before we tackle the more general question of solving m
equations in n unknowns. If there are two unknowns, we may call them = and y. If there are 3
we may call them z, y, and z. But, if we need arbitrarily large number of unknowns, then it is
difficult to use the letters of the alphabet to represent them. Therfore, we would use subscripts to
denote these unknowns. The n unknowns would typically be written as x1, x2, ..., x,. In fact, we
already used this notation in the previous chapter in some places - mainly because I am so used to
it. Thus, the most general system of m equations in n unknowns would have the following form:

(2.1) a11T1 + a12x2 + -+ + ATy = by

a21T1 + a22%2 + - - + aopTn = by

Am1T1 + Am2T2 + - - + App®y = by,

Thus, the solutions to this system of equations is a tuple (z1,x2,. .., z,) where each x; is a real
number. We will start by first understanding the collection of all such tuples.

2.1. Cartesian products

The set R? (the Cartesian plane) was the set {(z,y) | #,y € R}. This is a an example of a more
general construction called the Cartesian product.

Definition 2.1 (Cartesian product). The Cartesian product of two sets A and B is the set Ax B :=
{(a,b) | a € Aand b€ B}

Given a number a, the quantity a x a is represented as a?. Following this convention, the set
R x R is represented as R2. Intuitively, we feel (1, ..., 2,) should similarly be in R™. But, even
when n = 3, there is some ambiguity in the meaning for R x R x R. Do I mean (R x R) x R or
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R x (R x R)? The associativity of real number multiplication implied that (a X a) X a = a X (a X a)
and thus there was no confusion. However, the Cartesian product is not associative! As sets,
(A x B) x C is not the same as A x (B x C) - an element of (A x B) x C has the form ((a,b),c)
while an element of A x (B x C) has the form (a, (b,c)). But, we feel they are the same in an
intuitive sense - both ((a,b),c) and (a, (b, c)) are just a triple of numbers (a, b, c). In other words,
there is a natural bijection f: (A x B) x C' — A x (B x () defined as f(((a,b),c)) = (a, (b,c)).

Exercise 2.2. Show that f: (A x B) x C — A x (B x C) defined as f(((a,b),c)) = (a, (b,c)) is a
bijection.

And thus, we would love to treat them as the same. However, if you would like to be really
pedantic, the way is to stick to some convention - I decide that whenever I write A x B x C, 1
mean (A x B) x C. Of course, someone else might choose the convention that A x B x C stands for
A x (B x C). The natural bijection we discussed earlier implies that the “mathematics” we both
develop would not be so different from each other.

That level of formalism is neither necessary not helpful unless you are working with the foun-
dations of mathematics. For instance, if we want to think R” as an n-fold product, it would be
better to define it recursively as R~ x R. However, then the elements would be of R? would be
of the form ((z,y), z). Keeping track of these notations can get unwieldy. Thus,

Definition 2.3. We define R" := {(x1,...,2,) | ; € R}

As in the case of R?, we can define addition, scalar multiplication, norm, distance, etc in R”.
We will mimic these constructions now.

Definition 2.4. For two points z = (x1,...,2,) and y = (y1,...,¥yn) iIn R, we say x = y if

2.1.1. Addition. Given two elements in R", say = = (z1,...,2,) and y = (y1,...,yn) in R, we
can add these elements to form an element x +y = (z1 + y1,...,2n + yn). This defines a function
+ : R"xR™ — R” defined as +((x1,...,2n), (Y1, -+ Yn)) = (x1+Y1,. .., Tn+yn). We will typically
write (z1,...,2n)+ (Y1,...,yn) instead of +((x1,...,2zn), (Y1,...,Yn)) - as you have been doing for
addition in R?. This is called infix notation.

Example 2.5. Let v = (1,2,3,4) and w = (5,6,7,8). Then v +w = (1,2,3,4) + (5,6,7,8) =
(14+5,246,3+7,4+8) = (6,8,10,12).

Theorem 2.6 (Existence of additive identity). There exists an element x = (x1...,2,) in R™ such
that Va = (a1, ...,a,) E R", a+x =a=x+a. Thus, from now on, we would write (0,...,0) as 0.

Proof. To prove an existential statement, it is enough to give an example. We would prove that
x = (0,...,0) has the property Va = (a1,...,a,) € R", a4+ x = a = x + a. To this end, fix an

arbitrary a = (ay,...,a,) € R". Then, we need to prove a + = = a and = + a = a. But, they are
both easy to prove.
(a1,...an)+(0,...,0) = (a1 +0,...,a, +0) (definition of addition on R™)
=(a1,...,ay) (0 is additive identity in R)
Similarly,
0,...,0) + (a1,...,an) = (0+a,...,0+ay) l l
=(ai,...,an) l l
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Note that the proof is almost identical to the proof we had written to prove the existence of
additive identity in R%2. Now mimic the proofs we had in Chapter 1, and

Exercise 2.7. Prove
(1) Addition on R™ is commutative. More precisely, Va = (a1, ...,ay),b = (b1, ...,b,) € R™,
a+b=0>b+a.
(2) Addition on R™ is associative. More precisely, Va = (ai,...,a,),b = (b1,...,by),c =
(c1y...,cn) ER™ (a+b)+c=a+ (b+c).
(3) For all a = (ay,...,a,) € R", there exists an x = (x1,...,2,) € R" such that a+xz =0 =
2 + a. Use this to define subtraction on R"

Exercise 2.8. Let v =(5,3,2,7) and w = (2,7,3,8). Then find v — w.

2.1.2. Scalar Multiplication. We define a function - : RxR"™ — R" defined as -(«, (a1, ...,a,)) =
(aay,...,aay,). Typically, we just write a(aq,...,ay) instead of -(a, (a1,...,ay)).

Example 2.9. Let k£ =3 and v = (1,2,3,4). Then kv = 3(1,2,3,4) = (3,6,9,12).
Exercise 2.10. Show that
() VveR"1-v=u
2) VweR" v+ (-1)-v=0
) Ve,ye Rand v € R”, (zy) v =z (y-v)
4)
5) Ve,yeRandv e R™, (z+y) - v=a-v+y-v

VeeRand v,w e R", z-[v+w]=x-v+z w

(
(
(
(

2.1.3. Inner Product. You may have studied this as the dot product. This is the function
(,):R"xR" — R defined as ((v1,...vn), (w1,...,wy)) = viws + vows + - + - + Vywy,.

Exercise 2.11. Show that
(1) Yo, w € R", (v,w) = (w, v)
(2) Yu,v,w € R", (u,v+w) = (u,v) + (u, w)
(3) Vo € R and Yv,w € R", (zu,w) = z(v,w) = (v, zw)
(4) Vv € R™, (v,v) > 0 and the equality holds if and only if (iff) v =0

N

2.1.4. Norm. is the function || || : R? — R defined as ||(v1, ..., vn)|| = ((v1,...,vn), (v, ..., 00))

v+ -+ 02

Exercise 2.12. Find the norm of (2,3,4). Give an example of another element of R with the
same norm.

Exercise 2.13. Show that ||z(a,b)| = |z||/(a, b)]|-

2.1.5. Euclidean distance. is the function d : R" x R"” — R defined as d(v,w) = |jv — w| =
Vo —wi)?+ -+ (v, —wp)?.

Exercise 2.14. Find the distance between (1,2,3) and (1,1, 1).
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2.2. Span of m vectors in R”

Definition 2.15. Given m vectors vy, ...,v, € R® and aq,...,a, € R an expression of the form
a1v1 + ... anvy, is called a linear combination of the vectors v;. Span of m vectors is the set of all
linear combinations - more precisely,

Span(vi,...,vm) ={a1v1 + ... apUm | 01,..., 0, € R}

GeoGebra Exercises

Exercise 2.16. Consider the element (1,2,3) € R3. The Span((1,2,3)) = {x(1,2,3) | = €
R} = {(z,22,3z) | + € R}. GeoGebra allows us to plot things in 3D. To demonstrate this,
I have created a GeoGebra file that plots Span((1,2,3)). Use GeoGebra to plot the span of
other vectors in a similar manner. Convince yourself that if v # 0, then Span(v) looks like a
line.

Exercise 2.17. In Exercise 1.35, we saw how we can use the Sequence function to construct the
span of two vectors. Use this idea in the GeoGebra 3D calculator (introduced in the previous
exercise) to plot the span of 2-vectors in R3. Repeat the exercise with two pairs of Linearly
dependent vectors and two pairs of linearly independent vectors. What do you observe? How
does the span look when the vectors are linearly independent?

Example 2.18. Let v; = (1,0,0), v = (0,1,0). Then,
Span(vy,v2) = {2(1,0,0) +y(0,1,0) | z,y € R} l l
= {(z,0,0) + (0,4,0) | z,y € R} l |
={(z,9.0) | z,y € R} | |

Thus, the Span(vi,vs) is what is called the zy plane. Similarly, Span((1,0,0),(0,0,1)) would be
the zz plane and Span((0, 1,0), (0,0, 1)) would be the yz plane.

Example 2.19. Let v; = (1,0,0), v = (0,1,0), v3 = (0,0,1). Then,
Span(vy,v2,v3) = {x(1,0,0) 4+ »(0,1,0) + 2(0,0,1) | z,y, 2 € R} | |
= {(£,0,0) + (0,4,0) + (0,0,2) | z,y,z € R} l l
={(z,y,2) | z,y,z € R} l |
=R?

Thus, three vectors can span R3. Can two vectors span R3? Can a single vector span R3? In
Chapter 1, we defined span only for two vectors. As part of one of the proofs in Chapter 1, we
argued that Vv € R?, Span(v) # R? - although we did not state it as explicitly. Which theorem am
I referring to? Use the arguments given there to

Exercise 2.20. Prove that Vv € R?, Span(v) # R2.

More generally, prove that
Exercise 2.21. Let n > 1. Prove that Vv € R", Span(v) # R".

So, a single vector cannot span R3. Can two vectors span R3? The intuition we built in Exercise
2.17 suggests two vectors cannot span R3.

Exercise 2.22. Prove that if w = av, then Span(v,w) = Span(v)


https://www.geogebra.org/3d/nwjk2dt4
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Thus, if there exists an a € R such that w = av or there exists an « such that v = aw, then
Span(v, w) # R2. Moreover,

Exercise 2.23. Show that there exists an o € R such that w = awv or there exists an « such that
v = aw iff (vows — v3we, V3w — Viws, V1w — vowr) = (0,0,0).

Theorem 2.24. Given any v,w € R3, Span(v,w) # R3.

Proof. Consider the vector v x w = (vaws — v3wa, vV3W; — ViwWs, viws — vowr)'. If v x w = 0,
then by the discussion earlier, Span(v,w) # R3. Thus, we may assume that v x w # 0. (Why?
Which proof strategy am I using?) As v x w # 0, we may assume without-loss-of-generality that
vijwg — vowy # 0. We will prove that if vjwse — vewy # 0, then v X w does not belong to Span(v, w)
using a proof by contradiction.
Assume v X w € Span(v,w). Then, there exists «, 5 € R such that (vows — vswa,v3wy —

viws, viwy — Vawq) = v + fw = (avy + fwi, avs + fws, avsz + Pfws). That is,

avy + fwr = vowz — v3ws

avg + fwy = v3w — viws

avs + fwsz = viwz — vawy

The first two equations can be rewritten as the following matrix equation
v w1l o] Vw3 — v3ws2
ve wa| |8 V3W] — VW3

v w1

] is invertible. Thus,
V2 W2

By our assumption viwy — vowy # 0, the matrix [

al 1 wy —wi| |v2w3 — v3W2
Bl  wviwy —wvowy |—v2 V1 | |v3wi — viws3
2 2
1 w3 (wava + wivy) — v3(ws + wy)

viwy — vowy | v3(vawz + viwt) — w(vf + v3)

Substituting this value of « and £ in avs + Bws = viws — vowy, we get
(viwg — v2w1)2 = vaws(wave + wiv1) — v%(w% + w%) + vaws(vawy + viwy) — w%(v% + v%)
= —[(v2w3 — 1}3U)2)2 + (’Ulwg - vgw1)2}

However, (vjwz —vowy)? > 0 and —[(vow3 — v3we)? + (viws —v3wi)?] < 0. So, the two can be equal
iff viwe — vowy = 0. But, we assumed viws — vowy # 0. Thus, we have arrived at a contradiction.
Therefore the assumption v x w € Span(v, w) must be wrong and Span(v,w) # R3. O

We could have proved that if v x w # 0, then v x w ¢ Span(v,w) in a slightly different way.
First,

Exercise 2.25. Prove that (v,v x w) =0 = (w,v X w).

Then, use the theorem,

Theorem 2.26. Let v # 0,w # 0 € R™. For all 0 # u € R™ if (v,u) = 0 = (w,u), then
u & Span(v,w).

1The vector (vaws — v3wz,v3wi — viws, viws — vawsi) is called the cross product of v and w. Some of you might have
studied the cross product in school.
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But, to prove the above theorem, we need a very famous and important result

Theorem 2.27 (Cauchy-Schwarz inequality). Let v,w € R™. Then, (v,w) < ||v||||w||. Moreover,
the equality holds iff da € R such that v = aw or da € R such that w = av.

Proof. Let us first assume that [|v| = 1 = ||w]|. Then,

0< o —wl?

= (v —w,v—w)

= (v,v) + (w, w) — 2{v, w)
=2—2(v,w)

l |
l l
= (v,v) + (w,w) — (v, w) — (w,v) l |
l |
l |

Thus, (v,w) < 1 = ||v]|||w]]. Moreover, the equality holds iff ||v — w| = 0, that is v —w = 0 or
v =w.
Now, let v, w be two arbitrary vectors in R™. Then consdider the vectors v/ = ﬁv and

w' = ”&}”w Then, by the previous observation, (v, w') < ||v/||?||w’||? = 1. But,

1 1

<U/7w/> = <7U7 7w>
ol [Jw]]
1 1
= oo, )
ol * ]
1
- <v,w>
[[v][||wl|
Thus,
1
(v,w) <1
[[v][[|wl|
and hence we have the result. O

Proof of Theorem 2.26. To prove the result, we first fix a non-zero vector u € R3. Then, assume
that (v,u) = 0 = (w,u). We will now prove that u € Span(v,w) using a proof by contradiction.
Assume, u € Span(v,w). Then, there exists a, 3 such that u = ow + Bw. But, 0 = (v,u) =
(v, av + fw) = a(v,v) + Bv, w) = a||v||2 + Blv,w). That is, @ = —B I ”2 . Similarly, 0 = (w,u) =
(w, av + Bw) = a{w,v) + Blw, w) = a{w,v) + Bl|lw|/*. That is, B = —a|<|w”2 = ( ﬁﬁf’vﬁ;)) ”7;;|‘|’2> =

ﬂHDHQHwHQ In a very similar fashion one can prove that a = ailllflquéqlll?vllm Asu #0, (o, 8) # (0,0).

Thus, (v,w)? = ||v||?||w||?>. The famous Cauchy-Schwarz inequality tells us that this is possible iff
3y € R such that v = yw or Iy € R such that w = yv. Without loss of generality, let us assume
that w = yv. Then, u = av + B(yv) = (a+ By)v. But 0 = (u,v) = ((a+ Bv)v,v) = (a + By)|v]>.
As v # 0, ||v|]| # 0. Therefore, a + Sy = 0 or equivalently, u = (& + fvy)v = Ov = 0. But, we
assumed u # 0, so we have a contradiction. Therefore, our assumption that u € Span(u,v) should
be wrong. O

OK, the span of two vectors v, w € R? is not equal to R3. Then, what is it?
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Example 2.28. If w = av, then

Span(v,w) = {zv+yw | z,y € R}
={zv+ylaw)) [ 2,y € R}
= {zv+ (ya)v | z,y € R}
={(z+ya)v | z,y € R}
= {zv | z € R}

The last equality is a bit more subtle than the rest. We will prove {(z+ya)v | z,y € R} ={2v ]| z €
R}, by showing {(z + ya)v | z,y € R} C {zv | z € R} and {zv | z € R} C {(z + ya)v | z,y € R}.
To see the first containment, note that as x, y, and « are real numbers, so is « + ya. Thus,
{(x + ya)v | z,y € R} C {zv | z € R}. On the other hand, given any z € R, choose (z,y,a) =
(2,0,a) and z = x+ya. So, zw € {(x+ya)v | z,y € R}. Thus, {zv |2z € R} C {(z+ya)v | z,y € R}.

Example 2.29. Let v; = (1,0,0), v = (1,1,0). Then,
Span(vi,v2) = {a(1,0,0) + 5(0,1,0) | o, 8 € R} l l
= {(a,0,0) + (0, 8,0) | o, 3 € R} | |
={(0,8,0) | o, p € R} | l
={(z,9,2) €eR® | z =0} l l
={(z,y,2) € R’ | ((2,9,2),(0,0,1)) = 0} | |
Example 2.30. Let v; = (2,1,0), v = (3,0,1). Then,
Span(vy, v2) = {a(2,1,0) + 5(3,0,1) | o, B € R} l l
={(2a+38,0,0) | a,p € R} l |
l l
l l

= {(z,y,2) €ER3 | x =2y + 32}
= {(z,y,2) € R? | ((2,9,2), (1, -2, -3)) = 0}
Example 2.31. Let v; = (7,2,1), v = (0,1,0). Then,
Span(vi,v2) = {a(7,2,1) + 5(0,1,0) | o, 5 € R}

={(7Ta,2a + B,0a) | a, p € R}

= {(z,y,2) € R | 2 = Tz}

= {(z,y,2) € R? | {(,.2),(~1,0,7)) = 0}
In the previous three examples, note that (1,0,0) x (0,1,0) = (0,0,1), (2,1,0) x (3,0,1) =

(1,-2,-3), and (7,2,1) x (0,1,0) = (—1,0,7). Thus, all the three examples illustrate the following
more general phenomenon.

l l
l |
l l
l |

GeoGebra Exercises

Exercise 2.32. Use GeoGebra to plot Span(vi,v2) and v; X ve for the following pairs for
vectors.
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Exercise 2.33. Find the Span(v,ve) where v; = (1,2,3), vo = (4,5,6). Express Span(vy,vs) as
{(z,y,2) | ax + by + cz = 0}. Give rigorous arguments to justify your claims.

More precisely, we have the following theorem. However, we will prove this theorem only later
in this chapter after introducing more abstraction. Try to prove the theorem using what you know
now - this would help you appreciate the need for the abstraction.

Theorem 2.34. Given two vectors v,w € R3 such that v x w # 0, Span(v,w) = {u € R? | (u,v x
w) = 0}.

Exercise 2.35. Let two vectors v, w € R3. Show that if u € Span(v, w), then (u,v x w) = 0.
Exercise 2.36. Let v, vy, v3 € R™ be such that vs = ajv; + agve. Show that Span(vi,ve,vs) =
Span(vy, va).

2.3. Subspace

Theorem 2.37. For all vectors vy, ..., vy, € R™, Span(vy, ..., vy) satisfies the following conditions.
(1) 0 € Span(vi, ..., vm)
(2) For all uy,ug € Span(vi, ..., vn), ur + ug € Span(vi, ..., vy)
(8) For all u € Span(vy,...,vn), au € Span(vy, ..., V)

Proof. Note that 0 = Ovy + - -+ + Ov,, € Span(vy,...,vn). Also, if uy € Span(vy,...,vy), then

there exits «;Vi € {1,...,m} such that u; = v +- - -+ @ s,. Similarly, if us € Span(vy,...,vn),
then there exists 5;Vi € {1,...,m} such that ug = f1v1 + ... Bpvm. Thus,

up +u2 = aqvy + -+ Uy + f1v1 . B,
= (o1 + Br)vi + -+ (m + Bm)vm
€ Span(vy, ..., Umn)

Similarly, one can prove that
Exercise 2.38. Consider the system of equations

(2.2) a1121 + ajox2 + - -+ + appxy, =0

a91x1 + agewe + + -+ + agnxy, =0

Am1T1 + AmaT2 + -+ AppTn =0

The set S = {x = (z1,...,2,) | (x1,...,2y) satisfy the system 2.2} satisfies the following three
conditions

(1)0esS
(2) For all uj,us € S, ug +uz € 8
(3) Forallue S, aue S

As subsets satisfing these three properties keep appearing, it is a good idea to name them.



2.3. Subspace 33

Definition 2.39. A subset V' of R" satisfying
(1)oeV
(2) For all vi,v0 € V,v1+v2 €V
(3) ForalveVandaeR, av eV

None of the three conditions above are redundant. More precisely, there exists subsets that
satisfy two of the above conditions, but not the third. The following three examples illustrate the
various possibilities.

Example 2.40. Let V = () ¢ R?. Then, for all v;,v2 € V, v1 +v9 € V. Also, for all v € V and
a € R, av € V. However, V is not a subspace as 0 ¢ V.

Example 2.41. Let V = Z x Z C R2. Then, (0,0) € Z x Z. Also, if v1,v9 € Z x 7Z, then
v] + vy € Z X Z, as sum of two integers is an integer. However, 7(1,1) ¢ Z x Z and thus, V is not
a subspace.

Example 2.42. Let V = {(z,y) | = 0} U{(x,y) | y = 0}. Then, (0,0) € V. Let (z,y) € V. Then
either x =0 or y = 0. If x = 0, then a(z,y) = (az,ay) = (0,ay) € V. If y = 0, then o(z,y) =
(azx,ay) = (ax,0) € V. However, although (1,0) € V and (0,1) € V, (1,1) = (1,0) + (0,1) does
not belong to V. Thus, V is not a subspace.

The notion of a subspace allows us to give an alternate characterisation for Span(vy,...,v,).
We already saw that Span(vy,...,v,). We will now argue that Span(vi,...,v,) is the “smallest”
subspace containing vi,...,v,. But, to talk about smallest, we should be able to compare two

subspaces - there should be an order. When we are talking about subsets, the most natural order
is given by the C relation. We say A is “smaller” (to be precise we mean smaller or equal) than B
if A C B. Thus, we may state our claim more precisely, as follows:

Theorem 2.43. Let vy,..., v, € R™. Let U be a subspace of R™ such that v; € U, Vi € {1,...,m}.
Then V := Span(vi,...,vym) CU.

Proof. We will prove V' C U by taking an arbitrary element in V and showing that it belongs

to U. Fix an arbitrary element of V' or more precisely fix (aq,...,a;,,) and consider the element
v = a1v1 + - + apv,. We would like to show that v € U. To begin, as v; € U and U is a
subspace, a;v; € U for all i € {1,...,m}. As ayv; and asve belong to U and U is a subspace,

a1v1 + aguy € U. Now suppose ajv; + -+ apvg € U. As ajvg + -+ + oo, € U, app1vp+1 € U
and U is a vector space, ajvi + -+ + agyr10x+1 € U. Thus, v € U. AS v € V was arbitrary, we
have V C U. O

Exercise 2.44. For each subset given below, describe the smallest subspace of R? that contains it.
(1) (17070)} (4) (1,1,0)(1,—1,0)}

{ {
(2) {(71-7070)} (5) {(17170)7(_17_170)}
{(1,0,0),(0,1,0)} (6) {(1,1,0),(1,—1,0),(0,1,1)}

Optional reading: Span(S) where S C R"”

Theorem 2.45. Let A be some set. Let V ={V\ | A € A} be a set such that V) is a subspace

of R™ for all A\. Then, the set V := [ V) is a subspace of R™.
AEA
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Proof. As V), is a subspace, 0 € VA for all A. Thus, 0 € V. Let v1,v9 € V. Then, v1,v9 € V)
for all A and V), is a subspace. Thus, v;1 + v+ 2 € V), for all A. Thus, v1 +v3 € V. Let v € V.
Then v € V), for all A and V) is a subspace. Thus, av € V) for all A\. Therefore av € V. O

Given S C R",let V ={V C R" | V is a subspace and S C V} and W = (| V. Then, W
Vey
is a subspace of R", by the previous theorem. Moreover, if V' is a subspace containing S, then

V C W. Thus, given any set S, we can find the smallest subspace containing it. This fact and
Theorem 2.43 motivates the following definition.

Definition 2.46. Let S C R”, then Span(S) is defined to be the subspace V' of R™ satisfying
the following two conditions.

(1) SCV
(2) If U is a subspace of R™ such that S C U, then V C U.
Thus, it is preferable to write Span({v1,...,v,}) instead of Span(vy, ..., vm).

Exercise 2.47. Show that if S C T', then Span(.S) C Span(T).

2.4. Functions and solving equations; associated matrices

Given system 2.1 or 2.2, we can associate to the system a function F': R” — R™ defined as

n n
F(:Ul, Ce ,xn) = (Z A1iTgy e vy Zamzmz>
=1 =1

The set of solutions of system 2.1 is the set F~'({(b1,...,b,)}) and the set of solutions of
system 2.2 is the set F~1({0}).

n n
Exercise 2.48. Let F' : R"™ — R™ be the function F(z1,...,x,) = (Z ATy ey amiasi).
i=1 i=1
Then, show that ' '
(1) Flv+w) = F(v) + F(w).
(2) F(av) = aF(v)

Exercise 2.49. Let F': R" — R™ be a function such that F(v+ w) = F(v) + F(w) and F(av) =
aF(v). Then, show that there exists a;; for all ¢ € {1,...,n} and j € {1,...,m} such that

n n
F(z1,...,2q) = ( A1iTgy ey O am,;aci) Hint: Recall that if F : R? — R2 then F(z,y) =
i=1 i=1

F(2(1,0) +y(1,0)) = 2F(1,0) + yF(0,1).
Definition 2.50. A function F': R®™ — R™ is said to be linear, if
(1) Flv+w) = F(v) + F(w).
(2) F(aw) = aF(v)
Definition 2.51. Given a linear function F' : R” — R we call the set {(z1,...,2zy) | F(z1,...,2,) =
0} the kernel of F' or the null space of F. Usually, we denote this set as Ker(F') or Null(F). Simi-

larly, the set {F'(z1,...,2n) | (x1,...,2,) € R} is the image of F (also called the range of F) and
is denoted as I'm(F').

Exercise 2.52. Given a linear function F' : R" — R™, show that Ker(F) and Im(F) are both
subspaces.
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Example 2.53. Let F: R? — R? be the function F(z,y) = (z + 3y, 22 + 2y, 3z + ). Then,
Ker(F) = {(z,y) € R* | F(z,y) = (0,0,0)}
= {(x,y) € R*| (z + 3y,22 + 2y, 3z +y) = (0,0,0)}

As 2z 4+ 2y = 0, we have y = —x. Substituting this value of y in x + 3y = 0, we get x — 3z =0
or x = 0. Substituting this value in 3z +y = 0, we get y = 0. Thus, (z,y) € {(z,y) € R? | (z +
3y,2z + 2y,3z +y) = (0,0,0)} implies that (x,y) = (0,0). That is,

Ker(F) = {(x,y) € R? | (z + 3y,2x + 2y,3z + ) = (0,0,0)} = {(0,0)}.
Now,
Im(F) = {F(z,y)|(z,y) € R*}
—{(x+3y,2m+2y,3:n+y)( y) € R?}

>}

Example 2.54. Let F : R? — R? be the function F(z,y, z) = (z+vy,2). Then,
Ker(F) = {(z,y,2) € R* | F(z,y,2) = (0,0)}

= {(z,y,2) € B’ | (z+y,2) = (0,0)}
{(z,—x,0) | z € R}

= {(a,b,c) eR®|b="2

And,
Im(F) = {F(x,y,2)|(z,y,2) € R®} = R?
To see that Im(F) = R?, we will show that an arbitrary element (a,b) € R? belongs to Im(F).
More precisely, note that F(a,0,b) = (a +0,b) = (a,b).
Example 2.55. Let I : R? — R* be the function F(z,y) = (ﬁx +y,3x + %y, %,43/). Then,

Ker(F) ={(z,y) € R? | F(z,y) = (0,0,0, O)}

= (z,y) eR? | \fm+y,3x+ Zy,Z 4y =(0,0,0,0)
373

Thus, (z,y) € Ker(F) iff (ﬁx +y, 3z + 2y, 2, 4y) =(0,0,0,0). But, if (\/isc +y,3z + 2y, 2, 4y) -
(0,0,0,0), then § = 0 and 4y = 0. Thus, x = 0 = y. Therefore, (z,y) € Ker(F) iff (z,y) = (0,0).
That is,

Ker(F) = {(0,0)}.
And,

Im(F) = {F(z,y)|(z,y) € R*}

{(\fa:+y,3x+3y,3 y) |(z,y) EIR{z}

Thus, if (a,b,c,d) € Im(F), there exists, (z,y) € R? such that a = v2z+y, b= 3z+ 3y, c = £,
and d = 4y. Therefore, ?)\fc—i—4 = 3fx+4y = 224y = a. Similarly, 90—1—% = 9%—}—%’ = 3:c—|—§y =
b. Thus, if (a,b,c,d) € Im(F'), then if (a,b,c,d) € {(a,b,c,d) | a =3v2c+ %,b: 9c + %}. That
is Im(F) C {(a,b,qd) | a=3v2c+4%,b=9c+ d}.

Now, let (a,b,c,d) € {(a b,c,d) | a=3V2c+ 4 d'b=9c+

6} Then, choose x = 3c and y =
Then, a = 3\/50—1—% = 3\[% y=3V2zx+yand b= 96+g =95+ fy = 3:L'+§y. Thus, (a, b, c, d)

|| »&\&.
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(ﬂm+y,3m+%y,%,4y) € Im(F). That is {(a b,e,d) | a=3v2c+%,b=9c+ ¢ } C Im(F).
Combining with the earlier observation I'm(F') C {(a, be,d) | a=3v2c+%,b=9c+ & } we have

d
Im(F) = (a,b,c,d) € {(a,b,c,d) | a—3\f0+ ,b=9c+ 6}
Example 2.56. Let F : R* — R? be the function F(a,b,c,d) = (2a + b+ ¢,b,3c). Then,
Ker(F) ={(a,b,c,d) € R* | F(a,b,c,d) = (0,0)}

= {(a,b,c,d) € R | (2a+ b+ ¢,b,3¢) = (0,0,0)}
{(0,0,0,d) | d € R}

And,
Im(F) = {F(a,b,c,d)|(a,b,c,d) € R"}
={(2a +b+c,b,3c)|(a,b,c,d) € RY}
=R3

To see that Im(F) = R3, we will show that an arbitrary element (z,y,2) € R? belongs to Im(F).
More precisely, note that

r Yy z =z r Yy =z z z
r(f_Y_2 Zo)=(2(2_Y_2 Z .32
<2 2 673 ) < (2 2 6)+y+3’y’ 3)

Exercise 2.57. Find the Ker(F') and Im(F) for the following functions:

(1) f:R? — R3 defined as f(z,y) = (x,y,7 —y).

(2) f:R3 — R3 defined as f(z,y,2) = (v + 4y + 132,22 + 5y + 14z, 3z + 6y + 152).

(3) f:R3 — R? defined as f(z,y, 2z) = (2z + 3y, 2).

(4) f:R3 — R* defined as f(z,y,2) = (x+vy,y +z, 2+ 2,2 +y+ 2).

(5) f:R% — R?3 defined as f(z,y) = (x + 3y, 2z + 5y, T + 9y).

(6) f:R*— RO defined as f(z,y,2,w) = (x+y,+ 2,2 +w,y + 2,y + w, 2 + w).
(a1 ai2... ain]
asy ... a,

Definition 2.58. Let M, (R) = ' ' ' cai; €RViel,...mandje{l,...,n}

lam1 - Qmn

be the set of m x n matrices.

Optional reading
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(1)

z1
Z2

F

LLn

and

then,

GoF

I
L2

Tn |

ail aig ... QA1n
asy asy ... aon
Lam1 Amn

Bl

Ql

Exercise 2.59. Show that ®,, : R® — M}!(R) defined as F(z1,...

z1
Z2

Tn |

(2) If F:R® — R™ and G : R™ — R¥ are such that

» Tn)

x1 aii aig. .. A1n x1

x2 a1 asg ... a2n x2

In Lam1 mn] [Tn

71 bi1 bia... bim]| [21

T2 ba1 bao... bop| |2

Tm | | bk1 bm] [Zm.
b11 b12 cee blm ajl aio ...
b21 b22 cee bgm a1 as ...
br1 bk:m_ LOm1

Aln
a2n

Amn,

Z1
is a bijection.

Tn

As there is a canonical bijection between R™ and M!(R), we may often treat them as the
same. Thus, for instance, we can talk about inner product on M!(R).
As before, this identification between R”™ and M, (R) (and similarly R™ and M}, (R)) allows
us to think of F as a function from M} (R) to M, (R). More precisely, given F : R — R™, we
can define F := ®,, 0 Fo® 1 : M!(R) - M} (R). As we saw before, matrix multiplication is
defined to ensure that

Z1
Z2

T |
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n n

To each function F : R™ — R™ of the form F(z1,...,x,) = (Z TR D amix,;>, we can
i=1 =il

associate an m X n matrix

—CL11 ag ... QA1n 1
az; az2... QAa2pn
Lam1 e Amn |

these two conditions would force the usual definition of matrix multiplication

[a11 a12... aipn] [b11 bi2... bim]|
asy asy ... aon bgl bzg e bgm
Definition 2.60. Let A = | ’ ' and B = | ° ' " |. Then, we define
| am1 o Amn | bk1 .. biem ]

n
the product BA as the matrix whose il-th entry is equal to ) b;jaj;. If By ... B, are the rows of
=1

(B, AY) ... (B, A"

B and A',..., A" are the columns of A, then BA = . . 2,

(By, AY) ... (By, A™)
Once again, let F' : R" — R™ be a linear function. Then, there exists a;; such that F'(z1,...,zy,) =
n n
(Z A15Tiy -y D amixi) Then,
i=1 i=1

Im(F)={F(x1,...,zy) | (x1,...,2,) € R"}
= {(Zauxi,...,Zamiwi> | (z1,...,2p) ER”}
i=1 i=1
= {sz (ali,...,ami) ’ (.%’1,...,13”) GRn}
i=1

= {ZxZAl | (x1,...,2,) € R”}
i=1

Thus, the image of F' is the span of the columns of the corresponding matrix! Therefore, the system
2.1 has a solution for a given (by,...,b,) iff (by,...,b,) € Span(Al,..., A"). Also, F is surjective
iff R™ = Span(A!, ..., A")

Theorem 2.61. Let F': R" — R™ be a linear function. Then, F' is injective iff Ker(F') = {0}.

Proof Strategy

2This notation is inspired from Introduction to Linear Algebra, Serge Lang
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A statement of the form “if p then ¢” is logically equivalent to the statement “if —¢, then —p”.
The latter is called the contrapositive of the former. Often it would be easier to prove the
contrapositive. Once again, the easiest way to prove the equivalence is using a truth table.

P = 4q|7q| 7P| 9 = q

SECEEREIES
S|
i
B
HH
SRR

Proof. Instead of proving “if F' is injective, then Ker(F') = 07, we will prove its contrapositive.
More precisely, we will prove that if Ker(F') # {0}, then F' is not injective. This however is really
easy. Assume Ker(F') # {0}, then there exists 0 # v € Ker(F). But, then F(v) =0 = F(0), but
v # 0. Thus, F is not injective.

Now we will prove “If Ker(F) = {0}, then F' is injective”. So, we will assume Ker(F) = {0}
and prove F is injective. In other words, we would assume F(z1,...,2,) = F(y1,...,yn) and prove
that (z1,...,2n) = (y1,...,yn). Notice that as F' is linear, there exists constants a;; such that

n n
F(:L‘l, PN ,$n) = (Z A1iLgy e ooy Z a,m:m> ThUS,
=1 i=1

0=F(x1,...,2n) — F(y1,---,yn)

n n n n
= (Z A1iLis - -+ Z amiﬂfi> - (Z ariYi;- - Z ami?/i)
i=1 i=1 i=1 i=1
n n
= (Z ari(zi — Yi), - - - 7Zami(xi - yi))
i=1 i=1

:F(xl—yl,...,xn—yn)
Thus, (z1 — y1,...,%n — yn) € Ker(F). Hence (1 — y1,...,Tn — yn) = 0 that is (x1,...,2,) =
(Y15, Yn)- O

Theorem 2.62. Let F : R™ — R™ be a linear function. Let A be the corresponding matriz and
Al ... A" be the columns of the matriz. Then, F is injective iff x141 + -+ + xpnAp, = 0 implies
that (x1,...,zn) = 0.

Proof. Assume F is injective. Notice that Then F(z1,...,z,) = 141 + -+ + 2, A;. Thus,
x1A1+- - -+xp Ay, implies that F(xq,...,z,) = 0. As, F is injective and F'(0) =0, (z1,...,z,) = 0.

Now, assume z1A; + -+ + z, A, = 0 implies that (z1,...,2,) = 0. Thus, if (z1,...,2,) €
Ker(F), then 0 = F(x1,...,z,) = x1A1 + - + 2, Apy. Thus, (z1,...,2,) = 0. So, Ker(F) = {0}
and hence F' is injective. g

The above theorem motivates the next concept central in linear algebra.

2.5. Linear Independence

Definition 2.63. Let vy, ...,v; € R". Wesay (v1,...,vg) is linearly independent if V(aq, g, . . ., ) €
R* aqv; + - +apvp =0 = (aq,...,a5) = (0,...,0).

Example 2.64. The vectors (1,0,0), (0,1,0), and (0,0,1) are linearly independent. To check
linear independence, fix 3 arbitrary real numbers a4, ag, and a3 and equate (0,0,0) = «;(1,0,0) +
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a2(0,1,0) + @3(0,0,1) = (a1, a9, a3). Thus, the only solution is (a1, a9, as) = (0,0,0) and hence
the vectors are linearly independent.

Example 2.65. The vectors (1,—1,0), (1,1,0), and (1,1,1) are linearly independent. To check
linear independence, fix 3 arbitrary real numbers aq, as, and a3 and equate (0,0,0) = a1(1,—1,0)+
a2(1,1,0) + a3(1,1,1) = (a1 + ag + as, —ag + a2 + a3, a3). Equating the z-coordinates, we get
a3 = 0. Substituting this value of a3, we get two equations a; + ao = 0 and —ag + a2 = 0. That is
a1 + aa = —aq + ag, that is @ = —a. Thus, a; = 0. Substituting this value of a; in either of the
equations, we get g = 0. Thus, the only solution is (a1, a2, a3) = (0,0,0) and hence the vectors
are linearly independent.

Example 2.66. The vectors (1,—1,1), (1,1,1), and (2,0,2) are not linearly independent. The
easiest way to prove the claim is to just observe that (1).(1,—1,1) + (1)(1,1,1) + (—1).(2,0,2) =
(1+1-2,(=1)+1+0,1+1-2) = (0,0,0). Thus, there exists a non-zero (a1, az, az) € R® (namely
(1,1,—-1)) such that ayv; + agvy + agvg = 0.

We can also solve it in a systematic way which would be more useful in general. Fix 3 arbitrary
real numbers a, ag, and ag and equate (0,0,0) = a1(1, —1,1)+ao(1,1,1)+@3(2,0,2) = (a1 +as+
2ai3, —aq + ag, a1 +ag +2a3). Thus, we have just two equations —a; +ag = 0 and ag + s +2a3 =
0. The first equation implies that a3 = ao. Substituting this in the second equation, we get
201 + 2a3 = 0 or a3 = —ay;. Thus, any triple of the form (z,x, —z) is a solution to the system of
equations. Of course this can be verified by checking (1, —1,1)4+=(1,1,1)+(—2)(2,0,2) = (0,0,0).
The earlier solution was the special case when z = 1.

Example 2.67. The vectors (1,2,3), (4,5,6), and (13,14,15) are not linearly independent. To
check linear independence, fix 3 arbitrary real numbers oy, ag, and a3 and equate (0,0,0) =
a1(1,2,3) + az(4,5,6) + as(13,14,15) = (a1 + 4dag + 13as, 201 + bag + 14as, 3aq + 6as + 15a3).
Thus, we have the system of linear equations.
a1 +4as + 13a3 =0
201 + bag + 143 =0
3aq + 6ag + 153 = 0

Notice that (aq, ag, ag) satisfies a1 + 4dag + 13ag = 0 iff it satisfies 2a; + 8ag + 263 = 0.

Definition 2.68. Let vq,...,v; € R™. We say (vy1,...,vx) is linearly dependent if they are not
linearly independent. In other words, we say (v1,...,vg) is linearly dependent if I(ay, ag, ..., ax) €
R such that (a1,...,az) # (0,...,0) but ajvy + --- + oy, = 0.

Exercise 2.69. Check (using the definition) if the following collection of vectors in R? are linearly
independent or dependent

(2) (171)7(13_1) (4) (172)a(374)7(5a6)
Theorem 2.70. Given any three vectors vi,ve,v3 € R?, (v1,v2,v3) is linearly dependent.

Proof. If (v1,v9) is linearly dependent, then there exists (a1, ) # (0,0) such that ajv;+agvy = 0.
Thus, ajv1 + agve + 0.v3 = 0 and (a1, ag,0) # (0,0,0). Therefore (vy,ve,vs) is linearly dependent.
If (v1,v2) is linearly independent, then by Theorem 1.47, Span(vi,vs) = R2. Thus, there exists
a1,y € R such that v3 = ajv1 + agve. Thus, ajv; + azve + (—1)vs = 0 and thus (vi,ve,vs) is
linearly dependent. 0
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Exercise 2.71. Check (using the definition) if the following collection of vectors in R? are linearly
independent or dependent

(1) (1,0,1),(1,1,0),(1,1,0) (4) (1,1,1),(1,2,1),(3,1,1)
2) (1,1,1),(1,1,-1),(~1,1,1) (5) (1,1,1),(1,2,1),(1,3,1)
(3) (1,0,0),(1,2,3),(5,6,9) (6) (1,2,3),(2,1,3)
Theorem 2.72. If (v1,ve,...,v;) is linearly independent, then any subcollection (v, Viy, ..., i, )

(where 1 < iy < iy < -+ <y, < k) is also linearly independent.

Proof (by contradiction). Assume (v;,,v;,, ..., ;, ) is linearly dependent, that is, 3(a;,, ..., a;,, ) #
0 such that a;,v;, + -+ + a;,,v;,, = 0. Define a; = 0 if j & {i1,42,...,im}. Then (ai,...,a,) #0
but,

ajv] + ... apVE = @, v, + -+ a,,vi, = 0.
Thus, (v1,...,vx) is linearly dependent. But, this is a contradiction. So, our assumption that
(Viy s Vig, -+ -, 05, ) is linearly dependent should be incorrect. O

Combining the above result with Theorem 2.70, we get

Corollary 2.73. Let v1,...,v, € R? and k > 2. Then, (v1,v2,...,vy) is linearly dependent.

Lemma 2.74. Ifv € Span(vy,...,v), then (v,v1,...,v) s linearly dependent.
Proof. As v € Span(vy,...,v;), there exists (a1, ...,a;) € RF such that v = ayv + -+ + vy,
Therefore, (—1)v 4+ ajv1 + - - - + agvr = 0 and therefore (v, vy, ..., vg) is linearly dependent. O

Theorem 2.75. Let V be a subspace of R". Let v; € V' for alli € {1,...,k} and let w; € V for
allj € {1,...,1}. If (v1,...,v) are linearly independent and Span(wy, ..., w;) =V, then k < 1.3

This proof is very involved. So, we would first give the key ideas of the proof without getting
into the details. Hopefully, keeping this idea in mind would help you appreciate the proof better.

Proof Sketch. We start with the list (wq,...,w;) and adjoin the vector v; to it to obtain the list
(v, w1, ..., w;). We show (v, w1, ...,w;) is linearly dependent and therefore we may without loss
of generality assume Span(wy, . .., w;) = Span(vg, we, ..., w;). Thus, we replace the list (wy, ..., w;)
with (vg,ws,...,w;). We repeat this process - at every stage, we add a v and drop a w. If we run
out of w’s before we run out of v’s then a subcollection of v’s will span V. This would contradict
the fact that (vi,...,vg) is linearly independent. Thus, there should be at least as many w’s as
there are v’s. ]

Proof. As Span(wi,...,w;) = V and vy € V, by Lemma 2.74 we know that (vg,wr,...,w;) is
linearly dependent. Thus, there exists (ag,b1,...,b) # 0 such that agvg + bywy + -+ + bw; = 0.
Notice if (by,...,b;) = 0, then ar # 0 but 0 = agvg + bywy + - -+ + byw; = agvg. Which implies
that vy is the 0 vector. But then Ovy + --- + Ovg_q1 4+ 1lvp = 0. This contradicts our assumption
that (v1,...,vg) is linearly independent. So, (by,...,b) # 0. If | = 1, then V = Span(w;)

and by # 0. Thus, w1 = —3*v,. Hence Span(vy) = Span(wi) = V. As (vi,...,vy) is linearly
independent, this would imply that & = 1. Else, v; € Span(vg), which means v; = agvg. Then,
(=1)v14+0ve+- - - +0vg—1 +axvr = 0 and (vy, ..., vx) is linearly dependent - a contradiction. Thus,

if | =1, then £ = 1 and we have k < [. So, we may assume [ > 1. If k = 1, then k < [. Thus, we

3The statement of this theorem and its proof is from [ ]. The proof is however significantly elaborated.
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may assume that & > 1. Without loss of generality (Notice that span does not depend on the order
of the vectors. Thus, if needed we can renumber wy, ..., w;) we may assume that b; # 0. Thus,

w —(—ak)v —|—<—l)2)w —|—<—b3>w + +<—bl>w
1= b ) Uk b ) "2 b ) "3 b )

Thus, V' = Span(wy,...,w;) C Span(vg,ws,...,w;). But as {vg,wa,...,w;} C V, we have
Span(vg, wa, ...,w;) C V. That is Span(vg, wa,...,w;) = V.

Now, As Span(vg,ws,...,w;) = V and vp_1 € V, by Lemma 2.74 (vp_1, vk, wa,...,w;) is
linearly dependent. Thus, there exists (ag_1, ag,ba,...,b) # 0 such that ap_1vp_1 + apvg + bows +
-+« + byw; = 0. Notice if (ba,...,b) = 0, then (ax_1,ax) # 0 but 0 = ag_1vk—1 + arvg + brwy +
<+ bw; = ap_1VE—1 + arpvi. But then Ovy + - -+ + 0vp—o + ap—1vp—1 + arvr = 0. This contradicts
our assumption that (vy,...,vx) is linearly independent. So, (ba,...,b) # 0. If [ = 2, then
V' = Span(vg,ws2) and by # 0. Thus, we = (—a’“‘l) Vgp—1 + (—Z—’;) vg. Thus, V = Span(vg,ws) C

b
Span(vg_1,v). But, as {vg_1, v} C V, Span(vk_1,v;) = V. As (v1,...,vx) is linearly independent,
this would imply that k& = 2. Else, v; € Span(vg_1,vg), which means v; = ag_1vg_1 + axvg. Then,
(=1)v1 + Ovg + -+ + Ovg—o + ap_1vp—1 + agvry = 0 and (vy,...,vx) is linearly dependent - a
contradiction. Thus, if [ = 2 and k£ > 1, then k = 2 and we have k < [. So, we may assume [ > 2.
If £ = 2, then k < [ and we are done. So, we may assume k > 2. Without loss of generality (by

renumbering ws, . .., w;) we may assume that by # 0. Thus,
ag—1 a bs by bz)
wy = | — Ve +|—F— |0+ |- Jws+|——Jwg+- -+ |-+ .
2(b2>k1<b2>k<b2>3(bz>4 <b2wl
Thus, V' = Span(vg, we, ..., w;) C Span(vg_1, Vg, ws, ..., w;). But as {vg_1, vk, ws,...,w;} CV, we
have Span(vg_1, vk, ws,...,w;) C V. That is Span(vg_1, vk, ws,...,w;) = V.
We can continue this process and assume ! > i and k > 3. As Span(Vg—it1,- .-, Vky Wit1,- .., W) =

V and vg_; € V, by Lemma 2.74 (vg_;, ..., Uk, Wit1,...,w;) is linearly dependent. Thus, there ex-
ists (@g—i,- .-, ak, bit1,...,01) # 0 such that ag_;vg—;+- - -+ apvg +bipr1wiy1 +- - -+ bw; = 0. Notice
if (bi—i—la .. ,bl) =0, then (ak_i, ... ,ak) Z0but 0=ar_jvp_;+ -+ apvg + bit1wir1 + -+ -+ byw; =
Qf—iVgp—; + - -+ + apvg. But then Ovy + - -+ + Qvg_;—1 + ap_;Vx—; + - - - + arvr = 0. This contradicts
our assumption that (vq,...,vg) is linearly independent. So, (bit1,...,0;) # 0. If [ =i+ 1, then
Span(vg—_;i1, ..., vk, w;) =V and by # 0. Thus,

e (s ()

That is V' = Span(vg_ijt1,-..,0k,w;) C Span(vg_g,...,vx). As {vg_i,...,vx} C V, we have
Span(vg_;,...,vg) = V. If k —i > 1, then v; € Span(vg_;,...,vr) = V and hence (vy,...,vg)
is linearly dependent. Therefore kK —¢ < 1, that is k < i+ 1 =[. Thus, we will not run out of
w’s before v’s.

Thus, the above process works for each . When ¢ = k— 1, the process terminates and the proof
becomes complete. Thus, we have the result. ]

Corollary 2.76. If (v1,...,vx) is a linearly independent list of vectors in R™, then k < n.

Proof. Note that Span(ey,...,e,) = R™ Thus, k < n. O

Corollary 2.77. If Span(vy,...,vx) = R"™, then k > n.

Proof. Note that (eq,...,e,) is linearly independent. Thus, k > n. O
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2.6. Basis and Dimension

Definition 2.78. Let V be a subspace of R™, then a list of vectors (vy,...,v) is called a basis if
(1) Span(vi,...,vx) =V
(2) (v1,...,vE) is linearly independent.

Example 2.79. The list ((1,0), (0,1)) is a basis of R%. The list ((1,1),(1,—1)) is also a basis of
R2. The list ((1,0),(0,1),(1,1)) is not a basis as it is not linearly independent.

Example 2.80. Let e; be the vector in R™ whose i-th entry is 1 and all other entries are 0. Then
(€1,...,ey) is a basis for R”. Notice that we will often denote (1,0) € R? and (1,0,0) € R? by e;.
In most situations this will not lead to any confusion instead it will aid in clarity.

Example 2.81. Let V = Span((1,2,3), (4,5,6), (13,14, 15)). We will start by checking if the list
((1,2,3),(4,5,6), (13,14, 15)) is linearly independent. Assume a(1,2,3)+3(4,5,6)+~(13,14,15) =
(0,0,0). That is,

a+48+13y=0

20 + 58 + 14y = 0

3a+68+ 15y =0
As a+46+ 13y =0, 2a+ 85 + 26y = 0. Thus, 0 = (2a+ 88 +267) — (2a+ 56 + 14v) = 35 + 127.
That is, 8 = —4v. Substituting this value of 8 in the equation 3a + 65 + 15y = 0, we get
0=3a+6((—4)y) + 15y = 3o — 9. That is, o = 3v. Taking v = 1, we can check that 3(1,2,3) +

(—4)(4,5,6) + (13,14,15) = (0,0,0). In other words, (13,14, 15) = (—3)(1,2,3) + 4(4, 5,6). Thus,
(13,14, 15) € Span((1,2,3),(4,5,6)). Therefore,

Span((1,2,3), (4,5,6)) = Span((1,2,3), (4,5,6), (13,14, 15)) = V.

Now, let us check if ((1,2,3),(4,5,6)) is linearly independent. Assume «(1,2,3) + 5(4,5,6) =
(0,0,0). That is

a+48=0
200456 =0
3a+65=0

As a+48 =0, 2a+ 83 = 0. Thus, 0 = (2a + 83) — 2a + 58 = 3. Therefore 5 = 0 and hence
a = 0. That is, ((1,2,3),(4,5,6)) is linearly independent. Thus, ((1,2,3),(4,5,6)) is a basis for V.

Example 2.82. Let V = Span((1,2,3),(4,5,6),(13,14,13)). We will start by checking if the list
((1,2,3),(4,5,6),(13,14,13)) is linearly independent. Assume a(1,2,3)+3(4,5,6)+~(13,14,13) =
(0,0,0). That is,
a+48+13y=0
20+ 58+ 14y =0
3a+68+13y=0
Thus, 0 = (3a+65+137) — (a+48+ 137) = 2a+ 2. That is, f = —a. Substituting this value of
Bin 2a+ 55 4 14y = 0, we get 0 = 2a — b + 14y = (—3)a + 14. That is v = 13—4(1. Substituting
these values of § and v in a4+ 48 + 13y =0, we get 0 = o — 4o + %a = —%a. Thus, a = 0 and
hence (o, 8,7) = (a, —aq, 13—404) = (0,0,0). Therefore, ((1,2,3),(4,5,6),(13,14,13)) is a basis of V.
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Example 2.83. Let V = {(z,y,2) € R? |22 + 3y = 0}. Then,

_ {(;Cx ) v, 2) GRQ}
{ ( >+Z(0 0,1)[(z, 2) €R2}
- o (( X O> 0, 1>)

It is easy to see that ((1, —%,O) , (0,0, 1)) is linearly independent as « (1, —%,0) + 3(0,0,1) =0
clearly implies (a, 8) = (0,0). Thus, ((1 —%,0) (0,0, 1)) is a basis for V.

Theorem 2.84. If (v1,...,v) and (wy,...,w;) are both basis of a subspace V of R™, then k = 1.

Proof. As (vi,...,v;) is a basis, (vi,...,v;) is linearly independent. And, as (wi,...,w;) is a
basis, Span(wi,...,w;) = V. Thus, by Theorem 2.75, k < [. However, as (vi,...,v;) is a basis,
Span(vy,...,v;) = V. And, as (wy,...,w;) is a basis, (wy,...,w;) is linearly independent. Thus,
by Theorem 2.75, 1 < k. Hence k = L. O

Thus, any two basis of a subspace V' C R" has the same cardinality. But, can we find a basis
for any subspace of R™?

Theorem 2.85. Given any subspace V- # {0} of R™, we can find a basis for V.

Proof. As V' # {0}, there exists at least one non-zero vector v; € V. If Span(vi) = V, then v;
is a basis for V. If not, let vo € V' \ Span(v;) be an arbitrary element. Then (v, v9) is linearly
independent. If Span(vy,v2) = V, then (v1,v2) is a basis for V' if not let vg3 € V' \ Span(vi,v2) be an
arbitrary element. Then (v1, ve, v3) is linearly independent. If Span(vy,va,v3) =V, then (v1, va, v3)
is a basis for V if not let vg € V' \ Span(vi,v2,v3) be an arbitrary element. Then (v1,va,v3,v4) is
linearly independent. We can keep repeating this process. If (vi,...,vx) is linearly independent
and Span(vy,...,v) # V, then we can take an arbitrary vector vy1 € V'\ Span(vy,...,v;). But,
thus process has to stop as otherwise we will obtain a list (v1, ..., v,+1) that is linearly independent
contradicting Corollary 2.76. O

Hidden in the above proof is the following useful fact

Theorem 2.86. Let V' be a subspace of R™ and let (vi,...,v;) be a linearly independent list of
vectors in V. Then, there exists additional vectors viyq,...,v such that (vi,...,vg) is a basis of
V.

Exercise 2.87. Prove the above theorem.

Similarly, we have

Theorem 2.88. Let V' be a subspace of R™ and let Span(vi,...,v;) = V. Then, there exists a

subcollection (v;,,...,v;,) where 1 <wv; < --- <w;, < such that (v, ..., v;.) is a basis of V.
Proof. Let m be the smallest natural number such that v, # 0. Then, Span(vy,,...,v;) =
Span(vy,...,v;) = V. Thus, we can throw away v1,...,v,—1 and renumber the vectors. In other

words, we may assume without loss of generality that v; # 0. Thus, start with the list B = (vy). If
vy & B, then add ve to B (by convention we add to the right, that is, B = (v1,v2)). Else, leave B
as it is. If vg & B, then add v3 to B. Else, leave B as it is. Repeat these steps n times and we have
the required list. O
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Definition 2.89. Let V be a subspace R". If V' = {0}, we say the dimension of V' is 0. If V' # {0},
then the dimension of V' is the cardinality of any of its basis.

Example 2.90. As (ey,...,e,) is a basis for R, the dimension of R" is n.

Example 2.91. Let V = Span((1,2,3), (4,5,6), (13,14, 15)). As ((1,2,3),(4,5,6)) is a basis for V,
dimension of V is 2.

Example 2.92. Let V = Span((1,2,3), (4,5,6),(13,14,13)). As, ((1,2,3),(4,5,6),(13,14,13)) is

a basis of V', dimension of V is 3.

Example 2.93. Let V = {(x,y,2) € R? |22 + 3y = 0}. As. ((1, —%, 0) , (0,0, 1)) is a basis for V,
dimension of V is 2

Exercise 2.94. In the following questions, find the dimension of the nullspace/kernel and range /image
(by explicitly finding a (v1,...,v;) and showing that (vq,...,v;) are linearly independent and

Span(vy,...,v;) = V.). Check that the sum of the dimensions of the nullspace and the range add
up to the dimension of the domain.

:R? — R3 defined as f(z,y) = (z,y, 2 — y).

:R3 — R3 defined as f(z,y,2) = (v + 4y + 132,22 + 5y + 142, 3z + 6y + 152).
: R? — R? defined as f(z,y,2) = (22 + 3y, 2).

:R? — R* defined as f(z,y,2) = (x +y,y + 2,2+ 2,2 +y + 2).

1
ii

iii

i) f
i)
i)
)

-

iv

We will now show that the observation in the above exercise was no coincidence.

Theorem 2.95. Let F: R" — R™ be a linear function. Then dim(Ker(F))+ dim(Im(F)) =n.

Proof. We know that Ker(F') is a subspace of R”. Thus, by Theorem 2.85. Ker(F') has some basis

(v1,...,vg). Thus, (v1,...,vg) is linearly independent. Therefore, by Theorem 2.86, we can extend
(v1,...,v) toalist (v1,...,v,) which form a basis of R”. Let F'(vg11) = wgt1, F(Vk12) = Wgta, ...
F(vy) = wy. As (v1,...,v,) is a basis of R™, given any vector v € R™ there exists (a1, ...,a,) € R"

such that v = ayv1 + - - - + a,v,. As F is linear,
F(U) = alF(Ul) +oF OénF(Un) =a0+...00 + Q1 Wht1 + QpWy = Qg1 Wil + QpWny.

As v was arbitrary, this implies that Im(F) = Span(wg1, ..., wy,). Moreover, if ag w1 + -+
apwy, = 0, then, F(ag10p41+- - +anvy) = apr1Wii1+aqw, = 0. That is agp1vp41+- -+ anv, €
Ker(F). As (vq,...,vy) is a basis of Ker(F), there exists (a1,...,a;) € RF such that ajvy +-- -+
ARV = Qp1Vk+1 + - -+ apvp. In other words, aqvy + -+ + apvg + (—g1) Vg1 + -+ (—an)v, =
0. As (v1,...,v,) is linearly independent, this would imply that o; = 0 for all ¢ € {1,...,n}.
Thus, in particular (og41,...,a,) = 0. Hence, (wg41,-..,wy) is linearly independent. Therefore,
(Wk41, ..., wy) is a basis for Im(F). Thus, dim(Ker(F)) + dim(Im(F)) =k + (n — k) = n.

]






Chapter &8

Abstract vector spaces

In the previous chapter, we saw the importance of linear functions. To define linearity, we need
addition and scalar multiplication on both domain and co-domain. Of course, we do not want these
operations to be defined extremely weirdly, so we expect them to satisfy certain properties. This
motivates the definition of vector spaces which are the natural domains and co-domains of linear
functions.

Definition 3.1. Given a set V and functions + : VxV — V and . : RxV — V| the triple (v, +,.)
where is called a vector space over R if it satisfies the following properties.

(1) Yoi,v9,v3 € V., v1 + (v2 + v3) = (v1 + v2) + v3 (Associativity of vector addition)

(2) Yui,v9 € V., v1 + v = v9 + v1 (Commutativity of vector addition)

(3) 30 € V such that v+ 0 = v = 0 4+ v (Existence of additive identity)

(4) Yv € V, F’' €V such that v +v' = 0 =" + v (Existence of additive inverse)

(5) Va, B,v € Rand Yv € V, (aff).v = a(B.v) (Associativity of scalar multiplication)

(6) Va € R and vi,v3 € V, a.(v] + v3) = a.v1 + anvg

(7) Yo, eRand v eV, (a+ f)v=av+ .

(8) YoeV, lu=nw.

Example 3.2. Let V ={0}, 0+ 0 =0 and Va € R,«.0 = 0. Then, (V,+,.) is a vector space over

R.

Example 3.3. For all vectors (vi,...,v,), (w1,...,w,) € R™ define (v1,...,v,) + (w1,...,wy) =
(v1 + w1,...,v, + wy). Similarly, for all « € R and (v1,...,v,) € R™ define a.(vy,...,v,) =
(avy,...,avy,). Then, (R, +,.) is a vector space over R.

Example 3.4. Let X be any set and let F(X,R) be the set of all functions from X to R. We can
define 4 as follows. Given two functions f: X — Rand g: X — R, we define f +¢g: X — R as
the function (f + g)(z) = f(z) + g(z). Similarly, if f : X — R is a function and a € R, then we
define af to be the function defined as (af)(x) = a.(f(x)) . Then, (F(X,R),+,.) is a vector space
over R.

Notice, that if you take X = N, then you get the set of all real sequences.

Example 3.5. Let P be the set of all polynomials with real coefficients. Given two polynomials
ag+ -+ apx™ and by + - - - + b we may assume without loss of generality that m > n. Recall

47
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from school that the sum of these two polynomials is the polynomial (ag + bo) + ... (an + by)z™ +
bui12z™t 4+ ... b"2". Given a polynomial ag + - - - + a,z™ and a € R, the scalar multiplication is
defined as a.(ap + - - - + ana™) = (aag) + ... (ay)z™. Then (P,+,.) is a vector space over R.

Example 3.6. Let P(n) be the set of polynomials (with real coefficients) whose degree is less than
or equal to n. Notice that any polynomial in P(n) is of the form ag+- - -+ a,z™. As in the previous
example, we can define (ag + --- + ana™) + (bg + -+ + bpa™) = (ag + bo) + ... (an + by)2™ and
a.(ag + -+ + apz™) = (aag) + . .. (aay)x™. Then (P(n),+,.) is a vector space over R.

Example 3.7. If V is a subspace of R", then it inherits addition and scalar multiplication from
R™ making (V,+,.) a vector space over R.

Exercise 3.8. Show that all the above examples are indeed examples of vector spaces over R.

More generally,
Definition 3.9. Let (V,+,.) is a vector space. A subset W of V is called a subspace if
(1) 0eWw
(2) Vo,we W, v+weW
(3) Vae RandVw e W, aw e W

Example 3.10. Let (V,+,.) is a vector space and W C V. Then (W, +,.) is a vector space iff W
is a subspace of V.

Example 3.11. We saw earlier that (F(X,R),+,.) is a vector space for all sets X. In particular,
(F(R,R),+,.) is a vector space. If C°(R,R) denotes the set of all continuous functions from R
to R then CO(R,R) is a subspace of (F(X,R),+,.). Similarly, if C!(R,R) denotes the set of all
continuously differentiable functions from R to R then C*(R, R) is a subspace of (F(X,R),+,.).

Example 3.12. The set P(n) is a subspace of (P, +,.).
Exercise 3.13. Show that the intersection of two vector subspaces is a vector subspace.

Exercise 3.14. Prove that the union of two subspaces of V is a subspace of V if and only if one
of the subspaces is contained in the other.

Exercise 3.15. Let p be a polynomial. What extra condition should p satisfy so that
{(111,1'2, s xn)| p(xlva, s 7‘TTL) = O} CR"

is a subspace? Prove your claim.

Redundancy of axioms

Mathematicians often like to have a minimal set of axioms. Famously, many mathematicians
thought that Euclid’s fifth postulate was redundant, that is, it was a consequence of the other
four postulates. It was proved much later that the fifth postulate is not a consequence of the
other four - we can come up with “geometries” where the first four axioms are satisfied, but
the fifth axiom is not satisfied. This was the birth of hyperbolic and spherical geometry.

Similarly, one may ask if axioms of vector spaces are essential. Here I reproduce the
proof in | | of the fact that Axiom 2 is redundant. If v,w € V, then notice that
(v4+w)+w4+w)=1+)v+w)=1+Dv+(1+1)w=(v+v)+ (w+w). Let v/ be the
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inverse of v and w’ be the inverse of w. Then,

W+ (v+w)+ @v+w))+w = (0 + (v+w))+ (v+w) +w
=((v"4+v)+w)+ (v+w)+u
=((0+w)+@w+w)+w =(w+ (v+w)) +w
=w+ (v+w)+vw)=w+ v+ (w+uw))=w+ (v+0)
=w+v

And,

W+ ((v+v) +(w+w))+w = (W + (v+v)) + (w+w)) +w

=((v'+v)+v)+ (w+w) +u

=v+ (w+w)+vw)=v+ (w+ (w+w)) =v+ (w+0)

=0+ w.

Exercise 3.16. Justify each equality in the above two computations.

But, (v'+((v+w)+(v+w)))+w' = (v'+((v+v)+(w+w)))+w' and therefore w+v = v+w.
Notice that we used only associativity, existence of additive identity and existence of additive
inverse. Thus, commutativity is redundant.

In | | the authors show that actually you need only 6 axioms. I believe,
according to their definition, the empty set would become a vector field. But, with a small
modification, we can solve this issue. Basically, we can replace Axiom 3 and Axiom 4 with
a single axiom: 3 a vector 0 € V such that Vv € V, 0.0 = 0. This vector is the additive
identity as v +0 = 1w+ 0.v = (1 4+ 0).v = 1l.v = v. Also, (—1)v is the additive inverse as
v+ (—1)v = (1 +(-1)).v = 0.v = 0. Also, we cannot just keep our current “Existence of
additive identity” as it is and delete “Existence of additive inverse”. Because, then although v
+ (-1)v = 0.v, we cannot conclude that is the zero vector.

It is still unclear to me if the other axioms are redundant or not. It is a very interesting

exercise to come up with examples that satisfy all but one axiom. Some interesting examples
for vector spaces over a field (not necessarily R) is provided in [ [

Exercise 3.17. Let V = {(z,0) | z € R} U{(0,y) | vy € R}. Define + as
(1) Va,2' € R, (x,0) + (2/,0) = (x + 2/,0)
(2) Yy, ¥ € R, (0,y) + (0,y) = (0,y +¥)
(3) Yo,y € R\ {0}, (,0) + (0,y) = (0,0)
Similarly, define . as Va € R and Vx € R, a.(z,0) = (ax,0) and «a.(0,z) = (0,ax). Which of the

axioms of a vector space is violated by (V,+,.)?

Exercise 3.18. Let V = (). Let + be the empty function - the function corresponding to the set
) =0 x 0. Let . be the empty function - the function corresponding to ) = R x (). Which of the
axioms of a vector space is violated by (V,+,.)?

Exercise 3.19. Take V = [0,00), + be multiplication and let . be defined as a.x = z® if  # 0
and «.0 = 0. Which of the axioms of a vector space is violated by (V,+,.)? This example is from

[ J
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Exercise 3.20. Let V = R and let + be the usual addition on R. Let . be defined as a.v = aw for
all @ € Q and a.v = 0 for all & € Q. Which of the axioms of a vector space is violated by (V,+,.)?

Exercise 3.21. Let V = {0,1}. Define + as0+0=0=1+1and 0+1=1=1+0. Define . as
.0 =0 for all a, @.1 =1 for Va # 0 and 0.1 = 0. Which of the axioms of a vector space is violated
by (V. +,.)?

Exercise 3.22. Let V = {0,1}. Define + as0+0=0=1+1and 0+1=1=1+0. Define . as
a.v =0 for all @ € R and v € V. Which of the axioms of a vector space is violated by (V,+,.)?

Exercise 3.23. Let V = R?| let + be the usual addition on R? and let . be defined as a.(z,y) =
(cx,0). Which of the axioms of a vector space is violated by (V,+,.)?!

3.1. Important properties of vector spaces
Throughout this section, (V,+,.) is an arbitrary vector space.

Theorem 3.24. Additive identity is unique. That is, there exists only one vector w € V' such that
YwveV,v+w=v=w+v.

Proof. Let 0 and 0/ be such that Vv € V. v+0=v=0+4+v and v+ 0" = v = 0/ +v. Taking v = 0,
the equality v+0" = v = 0’ +v gives us 0 = 0+0'. But, taking v = 0/, the equality v+0 =v =0+wv
gives us 0+ 0’ = 0. Thus, 0 = 0+ 0’ = 0. In other words, any two additive identities have to be
equal. So, the additive identity is unique. O

Theorem 3.25. Additive inverse is unique. That is, given any vector v, there exists a unique w
such that v+ w =0=w +v.

Proof. Assume the contrary. Assume there exists vector u,v,w such that u4+v =0 = v+ u and
u+w=0=w+u (vand w are both inverses of u). Then,

v=v4+0=v+(ut+w)=@w+u)+w=0+w=w
In other words, any two additive inverses have to be equal. So, additive inverse is unique. (|

Theorem 3.26. Let « € R andv € V. Then, av=01iff a =0 orv =0.

Proof. First note that 0.v = (0 + 0).v = 0.v 4+ 0.v. Let w be the additive inverse of 0.v. Then,
0=w+0v=w+ (0w+0v) = (w+0w) +0v =0+ 0.v = 0.v. Thus, 0.v = 0. Similarly,
a0 = a.(0 4+ 0) = a.0 + «.0. Let w be the additive inverse of «.0. Then, 0 = w + (a.0) =
w + (.0 + a.0) = (w + @.0) + .0 = 0+ .0 = @.0. Thus, @.0 = 0. Thus, if « = 0 or v = 0, then
av=0.

Now, let us prove the converse - if a.v = 0, then @ = 0 or v = 0. In other words, we will assume

a.v =0 and prove a = 0 or v = 0. We will do this by assuming « # 0 and proving v = 0. In other
words, we have a.v =0 and o # 0. As a # 0, é € R. Thus,

1 1 1
v=1wv= (a) v=—.(av)=—-0=0.
« a «

Theorem 3.27. Let (V,+,.) be a vector space. Then, V is singleton or uncountable.

L This example is taken from a comment of Jyrki Lahtonen for a question on mathstackexchange.


https://math.stackexchange.com/users/11619/jyrki-lahtonen
https://math.stackexchange.com/q/1412899
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Proof. We will assume V' # {0} and prove that V is uncountable. As V' # {0}, there exists a
non-zero vector v € V. Given any two real numbers « and 3, a.v = f.v implies that (a — ).v = 0.
As v # 0, the previous theorem tells us that (o« — ) = 0 or @ = 3. Thus, for each real number
a we get a distinct vector a.v. Thus, there are atleast as many vectors as there are real numbers.
Hence V is uncountable. O

Theorem 3.28. Given an vector v, the vector (—1).v is the additive inverse of v.

Proof.
v+ (-Dw=1v+(-1)w=(1+(-1)wv=0v=0

Remark 3.29. We use the article the to remind us that the additive inverse is unique.

Remark 3.30. Thus, we will denote the additive inverse of v by —wv!

3.2. Maximally linearly independent list of vectors

Definition 3.31. Let v1,...,v € V. We say (vy,...,vg) is linearly independent if V(ay, ..., ax) €
R* aqvy + -+ + agop = 0 implies that (aq,...,ax) = 0.

Definition 3.32. Let vy,...,v, € V. We say (v1,...,v;) is linearly dependent if it is not linearly
independent. More precisely, (v1,...,v;) is linearly dependent if 3(ay,..., o) € RF such that
a1v1 + -+ agvg = 0 but (aq,...,ax) #0.

Theorem 3.33. If (vi,ve,...,vx) is linearly independent, then any subcollection (viy, vy, ..., i)
(where 1 < iy <ig < --- <'iy, < k) is also linearly independent.

Proof (by contradiction). Assume v;,,v;,,...,v;, arelinearly dependent, that is, 3(a;,,...,a;,, ) #
0 such that a;,v;; + - + @i, v;,, = 0. Define aj = 0if j & {41,42,...,%m}. Then (a1,...,a,) #0
but,

ajv] + ... aEVE = @, v, + -+ aq,,vi, = 0.
Thus, vi,...,v; are linearly dependent. But, this is a contradiction. So, our assumption that
Uiy s Vig, - - -, U;,,, are linearly dependent should be incorrect. O

m

Remark 3.34. Notice that the theorem and proof is verbatim the same as the statement and proof
of Theorem 2.72. I would like you to observe and appreciate how similar the proofs are. It would
be best if you tried to generalise results you have studied in the previous chapter to abstract vector
spaces.

Definition 3.35. Let vq,...,vx € V. We say (v1,...,v;) is maximally linearly independent if
(v1,...,vg) is linearly independent, but (v1,..., v, v) is not linearly independent for any v € V.

Example 3.36. The vectors ((1,0),(0,1)) are maximally linearly independent in R2. Given any
(z,y) € R?, 2(1,0) + y(0,1) + (=1)(z,y) = (0,0). Thus, ((1,0),(0,1),(z,y)) is not linearly inde-
pendent for any (z,y) € R?.

Example 3.37. The vectors ((1,0,0), (0,1,0)) are linearly independent in R?, but not maximally
linearly independent as ((1,0,0),(0,1,0),(0,0,1)) are linearly independent.

Definition 3.38. Given vectors vy, ...,vr € V, Span(vy, ..., vg) is the smallest subspace containing
{’Ul, N ,vk}.

Exercise 3.39. Prove that Span(vy,...,v) = {aqv1 +--- + agvp | (oa,..., ) € RF}
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Exercise 3.40. Let V' be a vector space. Let (vi,...,v,) and (w1,...,wy) be two lists of vec-
tors in V. Show that if v; € span(ws,...,wy,) for all i € {1,...n}, then span(vy,...,v,) C
span(wi, ..., Wy).

Theorem 3.41. Let (V,+,.) be a vector space and let (vy, ..., vg) be maximally linearly independent

list of vectors in V.. Then, Span(vy,...,vp) =V.

Proof. Let v € V be arbitrary. As (vy,...,vx) is maximally linearly independent, (v1,...,vg,v) is
linearly dependent. That is there exits 0 # (a, . .., g, o) € R¥F! such that ajvy+. . . avp+av = 0.
Further, a # 0, as a = 0 implies (vy, ..., vx) is linearly dependent which is a contradiction. Thus,

a !

v = (—1) N i <—k) V.

Q@ a
That is v € Span(vy,...,vk). As v € V was arbitrary, we have the result. O
Theorem 3.42. The collection (v1,...,vx) is maximally linearly independent in R™ iff k = n and
(v1,v2,...,vy) is linearly independent.
Proof. If (vi,...,vx) is maximally linearly independent, then (vy,...,vt) is linearly independent.

Thus, by Corollary 2.76, k < n. As (vi,...,v,) is maximally linearly independent, by Theorem
3.41, Span(vy, . ..,v;) = R™. Thus, by Corollary 2.77, k > n. Thus, k = n. Of course, if (vy,...,v,)
is maximally linearly independent, then it is linearly independent. Thus, we have the result. O

Example 3.43. The list ((1,1,1),(0,1,0),(0,0,1)) is a maximally linearly independent list in R3.
Notice that by the previous theorem, it is enough to show that ((1,1,1), (0, 1,0),(0,0,1)) is linearly
independent. To show this consider (a,3,v) € R3 such that (0,0,0) = a(1,1,1) + 3(0,1,0) +
7(0,0,1) = (o, + B, + ). Thus, (a, 8,7) = (0,0,0).

Exercise 3.44. Show that the following are maximally linearly independent list of vectors in R3.

(1) ((1,1,0),(1,-1,0),(0,0,1))
(2) ((1,2,3),(4,5,6), (13,14, 13))

Example 3.45. Consider the list (1,2,2%) in P(2). Let al + 8.z + v.2%0 = 0 + 0.z + 0.22. Two
polynomials are equal iff the coefficients of z* is equal for all i. Thus, a =0, 8 = 0, and v = 0. Thus,
(1, z,2?%) is linearly independent. Moreover, given any polynomial p of degree less than or equal to 2,
there exists a, b, ¢ € R such that p = a+bx+cz?. Thus, (—a).1+(—b).x+(—c).z>+1.(a+bc+cx?) = 0.
Thus, (1,z,x2,p) is linearly dependent for every p € P(2). In other words, (1, z,2?) is a maximally
linearly independent list.

Example 3.46. Consider the list (1 + 2 + 22,2, 2%) in P(2). Let a(l + 2 + 2?) + f.x + v.2? =
0 = 04 0.z + 0.z2. Two polynomials are equal iff the coefficients of z° is equal for all i. But,
a(l+z+22)+B2x+v.2%=(a)+ (a+B)z+ (a+~v)2z? Thus,a=0,a+3=0,and a+v = 0.
Thus, (a, 3,7) = (0,0,0) and hence (1+ z + 22, z, 22) is linearly independent. Moreover, given any
polynomial p of degree less than or equal to 2, there exists a,b,c € R such that p = a + bz + cz?.
Thus, a.(1 +z +22) + (b—a).x + (c — a).2® + (—1).(a + be + cx?) = 0. Thus, (1 +z + 22, z,22%,p)
is linearly dependent for every p € P(2). In other words, (1 + z + 22, 2, 2?) is a maximally linearly
independent list.

Exercise 3.47. Show that the following are maximally linearly independent list of vectors in P(2).
(1) (1+2,1—x,2%
(2) (1422 + 3224 + 5z + 622,13 + 14z + 1322?)
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3.3. Minimal spanning list of vectors

Theorem 3.48. Let (V,+,.) is a vector space and let vi,...,vx be elements of V such that

Span(vy,...,vk) = V. Given any l — k vectors vgiq,...,v;, Span(vi,...,v;) = Span(vy, ..., v).

Proof. As {vi,...,vx} C {v1,...,v;}, the smallest subset containing {v1,...,vx} is contained in
the smallest subspace containing {vi,...,v;}. Thus, Span(vi,...,vx) € Span(vi,...,v;). But
as Span(vi,...,vx) = V, in particular {v1,...,v} C Span(vy,...,vx) and Span(vy,...,vg) is a
subspace. Thus, the smallest subspace containing {v1,...,v} is contained in Span(vi,...,vg).
Thus, Span(vy,...,v;) C Span(vy, ..., vk) O

Thus, we should be interested in the “smallest” spanning list.

Definition 3.49. Let (V,+,.) be a vector space over R and let vy, ..., v be vectors in V. We say
the list (v1,...,vx) is a minimal spanning set if

(1) Span(vi,...,vx) =V

(2) Span(ve,...,v;) # V, Span(vy,...,vp—1) # V and for any ¢ € {2,...,n — 1}, we have

Span(vi, ..., V-1, Vit1,-..,0k) # V.

Example 3.50. The list ((1,1,1),(0,1,0),(0,0,1)) is a minimal spanning list in R3. First no-
tice that given any (a,b,c) € R3, (a,b,¢) = a(1,1,1) + (b — a)(0,1,0) + (¢ — 1)(0,0,1). Thus,
R? = Span((1,1,1),(0,1,0),(0,0,1)). Further note that, Span((0,1,0),(0,0,1)) = {«(0,1,0) +
£(0,0,1) | (o, 8) € R?} = {(0,,8) | (o, 3) € R%}. Thus, the z-coordinate of every element
in Span((0,1,0),(0,0,1)) is 0. Thus, (1,1,1) ¢ Span((0,1,0),(0,0,1)). Similarly, we see that
Span((1,1,1),(0,1,0)) = {a(1,1,1) + 8(0,1,0) | (o, ) € R*} = {(a,a + B, 0) | (a, B) € R*}. I

(0,0,1) € Span((1,1,1),(0,1,0)), then there exists (o, 3) € R? such that (0,0,1) = (a, o + 3, ).
That is 0 = o = 1. But, this is not possible. So, (0,0,1) & Span((1,1,1),(0,1,0)). Finally, we see
that Span((1,1,1),(0,0,1)) = {a(1,1,1) + 8(0,0,1) | (a,8) € R*} = {(a,a,a + B) | (o, B) € R?}.

If (0,1,0) € Span((1,1,1),(0,0,1)), then there exists (a, 3) € R? such that (0,1,0) = (o, a, a + ).
That is 0 = « = 1. But, this is not possible. So, (0,1,0) ¢ Span((1,1,1),(0,0,1)). Thus,
((1,1,1),(0,1,0),(0,0,1)) is a minimal spanning list.

Exercise 3.51. Show that the following are minimal spanning list of vectors in R3.

(1) ((1,1,0),(1,-1,0),(0,0,1))
(2) ((1,2,3),(4,5,6),(13,14,13))

Example 3.52. Consider the list (1,2,22) in P(2). First notice that given any polynomial a +
br + cx? € P(2), a + bx + cx? = a.l + b.x + c.x®. Thus, P(2) = Span(1,z,22). Further note
that, Span(z,2?) = {a.x + 8.2 | (o, B) € R?}. Thus, the constant term of every polynomial in
Span(z, 22) is 0. Thus, 1 € Span(z, 22). Similarly, we see that Span(1,2?) = {a.1+ B.22 | (o, 8) €
R%} = {a.1+0.2+3.22 | (a, ) € R%}. Thus, the co-efficient of = of every polynomial in Span(1, 22)
is 0. Thus, ¢ Span(1,2%). Finally, we see that Span(l,z) = {a.1 + 8.z | (a,B) € R?} =
{a.1+ B.ox+0.2% | (a, ) € R?}. Thus, the co-efficient of 22 of every polynomial in Span(1, z) is 0.
Thus, 22 ¢ Span(1,x). Thus, (1, z,2?%) is a minimal spanning list.

Example 3.53. Consider the list (142422, 2, 2?) in P(2). First notice that given any polynomial
a+br+cr? €P2),a+br+cx?=a.(l+x+2%)+(b—a)x+ (c—a).x? Thus, P(2) = Span(l +
x + 2%, x,2?). Further note that, Span(z,z?) = {a.z + f.2% | (o, B) € R%}. Thus, the constant
term of every polynomial in Span(z, 22) is 0. Thus, 1+ 2z + 2? ¢ Span(z, z?). Similarly, we see that
Span(1+x+2% 22) = {a.(1+z+22)+ .22 | (o, B) € R?} = {a.1+a.xz+a+B.22 | (o, 8) € R?}. If
x € Span(1+z+22, 22), then there exists (o, 3) € R? such that 0.1+1.24+0.2% = a.1+a.z+a+5.22%.
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That is 0 = a = 1. As this is not possible, x ¢ Span(l + z + 22,22). Finally, we see that
Span(l1+z +22,7) = {a.(1+x+22) + .2 | (o, B) € R?} = {a.1+ (a+ ).z +a.x? | (o, 3) € R?}.
If 22 € Span(1 + x + 22, z), then there exists (o, 3) € R? such that 0.1 + 0.z + 1.22 = a.1 + (a +
B).x + a.x?®. That is 0 = a = 1. As this is not possible, x ¢ Span(1 + = + 22, 22). Thus, (1,z,2?)
is a minimal spanning list.

Exercise 3.54. Show that the following are minimal spanning list of vectors in P(2).

(1) (1 + T, 1- l‘,$2)
(2) (1422 + 3224 + 5z + 622,13 + 14z + 132?)

Theorem 3.55. Let (V,+,.) be a vector space over R and let (vy,...,vx) be a minimal spanning
list. Then, (v1,...,vg) @s linearly independent.

Proof. Assume (vq,...,v;) is linearly dependent. Then, there exists (v, ..., ;) € R* such that
(a1,...,ag) # 0 but ajvg + -+ + agvp = 0. As, (ai,...,ax) # 0, there exists an i € {1,...,k}
such a; # 0. Without loss of generality we may assume that a; # 0. Thus, v; = (—— vo +

<t (—g—’;) vg. Thus, vy € Span(vg, . ..,vg). Thus, Span(vs,...,vx) = Span(vy,...,v;) = V. That
is, (v1,...,vx) is not a minimal spanning list. Hence our assumption that (v1,...,vx) is linearly

dependent has to be wrong. O

Theorem 3.56. Let (V,+,.) be a vector space over R. Then (v1,...,v;) is a minimal spanning
list iff (v1,...,vg) is a maximally linearly independent list.

Proof. Assume (vi,...,v;) is a minimal spanning list. Then, by Theorem 3.55, (vi,...,v) is
linearly independent. Further, as Span(vi,...,vx) = V, given any vector v € V, there exists
(at,...,o1) € R¥ such that v = ajv; + ... agvg. Thus, aqvy + ... v + (=1)v = 0. As, —1 # 0,
we have (v1,...,v,v) is linearly dependent. As v € V' was arbitrary, we know that (vi,...,vg,v)
is linearly dependent for every v € V. Thus, (v1,...,vt) is a maximally linearly independent list.

Assume (vi,...,v) is a maximally linearly independent list. Then, by Theorem 3.41, we
have Span(vy,...,vx) = V. Further, if v; € Span(vy,...,v;—1,v;11,vg), then there exists a tuple
(Q1,... 0 1,041, ..,a,) € RF"1 such that v; = aqvy +- -+ _10;_1 + Qi1 1041 + . . . agvg. That
is, ajvr + - + @101 (= 1)v; + Q11041 + ... agvg. That is (v1,...,vx) is linearly dependent -
a contradiction. Thus, v; ¢ Span(vy,...,vi—1,vi+1,vx) for all . Thus, (vy,...,vx) is a minimal
spanning set. O

Theorem 3.57. Let (V,+,.) be a vector space over R. Let (v1,...,vx) be linearly independent and
Span(vy,...,v;) = V. Then,

(1) (v1,...,vx) is a minimal spanning list

(2) (v1,...,vk) is a mazimally linearly independent list.

Proof. As Span(vy,...,v;) =V, given any vector v € V there exists (ai,..., ;) € R¥ such that
v=ajv1 + -+ agvg. Thus, cyvg + -+« + o + (=1)v =0. As =1 #0, (v1,...,vk,v) is linearly
dependent. As v was arbitrary, for all v € V', (vy,..., v, v) is linearly dependent. But, (v1,...,vg)
is linearly independent. Thus, (vi,...,vx) is maximally linearly independent. And by Theorem
3.56, (v1,...,vg) is also a minimal spanning list. O
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3.4. Finite dimensional vector spaces

Inspired by what we had seen for R™, given any vector space (V,+,.) we would ideally like to
construct a linearly independent spanning list. However, as we can see from the following example,
it is not always possible.

Example 3.58. Let (P,+,.) be the vector space of polynomials. Given any k polynomials
(p1,---,pk), let n = max{deg(p1),...,deg(px)}. Then, note that {p1,...,pr} € P(n). Thus,
Span(p1,...,pr) € P(n) € P. Thus, we cannot find any finite list of vectors that span P. If we
cannot find a spanning set, we certainly cannot find a minimal spanning set.

Definition 3.59. A vector space (V,+,.) is called a finite dimensional vector space (f.d.v.s) if there
exits a list (v1,...,vx) of vectors in V' that span V, that is Span(vy,...,v;) = V.

Definition 3.60. A list of vectors (v1,...,vy) is called a basis of a vector space (V,+,.) if
(1) Span(vi,...,v,) =V.
(2) (v1,...,vy) is linearly independent.

Remark 3.61. Thus, by Theorem 3.57, (v1,...,v,) is a basis iff (v1,...,v,) is a minimal spanning
list and maximally linearly independent list.

Example 3.62. The vector space (R",+,.) is a finite dimensional vector space and (e, ..., e,) is
a basis.

Example 3.63. The list ((1,1,0), (1, —1,0),(0,0,1)) is a basis for R3. Another basis for R? is the
list ((1,2,3),(4,5,6), (13,14, 13)).

Example 3.64. The list (1,z, 2%, 23,24 2°) is a basis for P(€). First observe that 0 in P(2) is
the polynomial 0.1 4+ 0.z 4+ 0.z2. Thus, a.1 + ap.x + a3.2?> = 0.1 + 0z 4+ 0.22. As two polynomials
are equal iff their corresponding coefficients are equal, have (a1, a2,a3) = 0. Thus, (1,z,2?) is
linearly independent. Further, given any polynomial p of degree less than or equal to 2, we can
find a,b,c € R such that p = a + bx + cx?. Therefore, p = a.1 + b.x + c.z? € Span(1, z, 2?).

More generally,

Example 3.65. The vector space of polynomials of degree less than or equal to n, P(n) is a finite
dimensional vector space, with a basis (1,z,...,z").

Example 3.66. The list (1 +z,1 — z,2?) is a basis for P(2) and the list (1 + 2z + 32%,4 + 52 +
622,13 + 14z + 132?) is another basis for P(2).

Example 3.67. Let I, = {1,...,n}. Then, the vector space (F(I,R),+,.) is a finite dimensional
vector space. Moreover, if we define functions f; : I,, — R as

T

0 otherwise

then (f1,..., fn) form a basis for (F(I,,R),+,.). To see that given any function f : I,, — R, define
the linear combination f(1)f1 + ... f(n)f,. Then, notice that (f(1)f1 + -+ f(n)fn)()

= f()f1(@) + -+ fG@ = 1) fima(8) + f() fi(@) + f(E + 1) figr + -+ f(n) fu(4)
)04t fi— 1.0+ f() 1+ fG 41004+ f(n).0
= f(7)
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As i was arbitrary, f(1)f1 +...f(n)fn = f. As f was arbitrary, Span(f1,..., fn) = F(In,R).
Moreover, if a1 fi1 + -+ apfn =0, then a1 fi + - -+ + ap fr(i) = 0 for all i (as here the zero vector
is the constant function 0). But, ayfi + -+ + anfn(i) = «;. Therefore, (aq,...,a,) = 0, thus,
(f1,..., fn) is linearly independent.

Note that the trivial vector space (0,4, .) is finite dimensional as Span(0) = {0}. However, as
the only vector in the vector space is the 0 vector, we cannot find a linearly independent list of
vectors - unless we accept the empty list! There is some merit in accepting the empty list as that
would give us a better reason to say that the trivial vector space has dimension 0. Else, you can
just assume that vector space is non-trivial.

Theorem 3.68. FEvery non-trivial finite dimensional vector space has a basts.

Proof. Let (V,+,.) be an arbitrary non-trivial finite dimensional vector space. As V is finite
dimensional, there exists vectors (vi,...,vg) such that Span(vi,...,vx) = V. If (vq,...,v) is
not linearly independent, then there exists, (a1,...,a) € R¥ such that (aq,...,a;) # 0 and
aivy + -+ + agvy = 0. As the span does not depend on the ordering of the vectors, we might
assume without loss of generality that ay # 0. Thus, vy = — (g—;) v+ — (ak”) vg_1. Thus,

g

v € Span(vi,...,vx—1) and hence Span(vy,...,vx_1) = Span(vy,...,v;). Keep repeating the
process until you get a linearly independent list of vectors. It is a valid concern that we might end
up in the scenario where Span(v) = V, but (v) is not linearly independent. But, a single vector
is linearly dependent iff it is the 0 vector. Thus, this would imply that V' = {0}. But, we had
assumed that V' is a non-trivial finite dimensional vector space, so this cannot happen. ([l

Notice that in the above proof, we took a spanning list and threw away some vectors to form a
basis. We can do the opposite process, if we start with a linearly independent list. More precisely,

Theorem 3.69. Let (V,+,.) be a finite dimensional vector space. Then, given any linearly inde-
pendent list (v1,...,Vk), 3 Vgg1,-..,0n €V such that (vi,...,vy,) is a basis of V.

To make the proof easier to understand, we introduce the operation of appending an element to a
list. More precisely, given a list (v1,. .., vy ) and a vector v, we say (v1,...,Un) BV = (V1...,Vm, V).

Proof. As V is a finite dimensional vector space, there exists vectors (wi,...,w;) such that
Span(wy,...,w;) = V. Let us say B = (v1,...,v;) to begin with. The idea is to successively
modify the list B, till we get a basis. First, if w; € Span(B) then keep B as it is, else assign the
name B to B @ wy. Keep repeating this process. At the ith state, if w; € Span(B) then keep B as
it is, else assign the name B to B @ w;. Notice that at each step, we are adding a vector that does
not belong to Span(B), thus the list continues to remain linearly independent. Moreover, after [
steps, we know that {w,...,w;} C Span(B). Thus, B forms a basis. O

Corollary 3.70. Let (V,+,.) be a finite dimensional vector space, let n = dim(V), and let
(v1,...,0y) be a linearly independent list of vectors. Then, (vi,...,vy,) is a basis of V.

Theorem 3.71. Let (V,+,.) be a vector space. A list (v1,...,v,) is a basis iff Vv € V', there exists

a unique (aq,...,an) € R™ such that v = vy + -+ + apvy,.
Proof. Let us assume that (vi,...,v,) is a basis. Then, Span(vy,...,v,) = V. Thus, given any
v € V, there exists (ai,...,a,) € R" such that v = ajv; + - -+ + @,v,. So, we just need to show

that this representation is unique. But, if (81,...,8,) € R™ and v = [1v; + -+ + Bpv,. Thus,
V1 + -+ anty = o1+ - + Bavy. That is (a1 — Br)vr +- -+ (an — Bn)vn = 0. As, (v1,...,vp)
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is linearly independent, this would imply that «; = §; for all . Thus, the representation is indeed
unique.

Now assume that Vo € V, there exists a unique (aq,...,a,) € R™ such that v = aqv; + -+ +
anv,. Then, clearly, Span(vy,...,v,) = V. Moreover, note that, 0 = 0.vy + --- + 0.v,,. Thus,
by uniqueness, if ajv; + ...a,v, = 0, then o; = 0 for all . Therefore, (v1,...,v,) is linearly
independent. Hence (v1,...,v,) is a basis. O
Lemma 3.72. Ifv € Span(vy,...,v), then (v,v1,...,v) is linearly dependent.

Proof. As v € Span(vy,...,v;), there exists (o, ...,a;) € RF such that v = ayv; + -+ + vy,

Therefore, (—1)v + ajv1 + - - - + agvr = 0 and therefore (v, vy, ..., vg) is linearly dependent. O

Theorem 3.73. Let (V,+,.) be a finite dimensional vector space. Let v; € V for alli € {1,...,k}
and letwj € V forallj € {1,...,1}. If (v1,...,v;) are linearly independent and Span(w., ..., w;) =
V, then k < 1.2

The proof verbatim the same as the proof of Theorem 2.75, the analogous result for subspaces
in R™. This proof is very involved. So, we would first give the key ideas of the proof without getting
into the details. Hopefully, keeping this idea in mind would help you appreciate the proof better.

Proof Sketch. We start with the list (wq,...,w;) and adjoin the vector v; to it to obtain the list
(v, w1, ..., w;). We show (v, wr,...,w;) is linearly dependent and therefore we may without loss
of generality assume Span(wy, ..., w;) = Span(vg, we, ..., w;). Thus, we replace the list (wy,...,w;)
with (v, ws,...,w;). We repeat this process - at every stage, we add a v and drop a w. If we run
out of w’s before we run out of v’s then a subcollection of v’s will span V. This would contradict
the fact that (v1,...,vg) is linearly independent. Thus, there should be at least as many w’s as
there are v’s. ]

Proof. As Span(wi,...,w;) = V and vx € V, by Lemma 3.72 we know that (vg,w1,...,w;) is
linearly dependent. Thus, there exists (ag,b1,...,b) # 0 such that agvy + bywy + -+ - 4+ byw; = 0.
Notice if (bl, .. .,bl) = 0, then ar # 0 but 0 = apvg + bywi + - - + byw; = apvg. Which implies
that v is the 0 vector. But then Ovy + --- 4+ Ovgp_1 + 1lvp = 0. This contradicts our assumption
that (v1,...,vg) is linearly independent. So, (b1,...,b;) # 0. If I = 1, then V = Span(w;)

and by # 0. Thus, w1 = —3*vy,. Hence Span(vg) = Span(wi) = V. As (vi,...,vg) is linearly
independent, this would imply that & = 1. Else, v; € Span(vg), which means v; = agvg. Then,
(=1)v14+0ve+- -+ 0vk_1 +arvr = 0 and (vy, ..., vx) is linearly dependent - a contradiction. Thus,

if ] =1, then £k = 1 and we have k < [. So, we may assume [ > 1. If k = 1, then k < [. Thus, we
may assume that k£ > 1. Without loss of generality (Notice that span does not depend on the order

of the vectors. Thus, if needed we can renumber wq, ..., w;) we may assume that by # 0. Thus,
_ aj bz bg bl )
= ( 51)Uk+( bl)w2+( b1)w3+ +< b1 o
Thus, V' = Span(wi,...,w;) C Span(vg,wa,...,w;). But as {vg,wa,...,w;} C V, we have

Span(vg, wa, ..., w;) C V. That is Span(vg, wa,...,w;) = V.

Now, As Span(vg,ws,...,w;) = V and vp_1 € V, by Lemma 2.74 (vgp_1, vk, wa,...,w;) is
linearly dependent. Thus, there exists (ag_1,ag,ba,...,b) # 0 such that ap_1vg_1 + apvg + bows +
-+« 4+ bw; = 0. Notice if (bg,...,b) = 0, then (ax_1,ar) # 0 but 0 = ap_1vp_1 + arvr + byw; +
<o+ bwp = ag_1vp—1 + apvg. But then Ovy + - -+ 4+ O0vg_9 4+ ap_1vx—1 + arvr = 0. This contradicts
our assumption that (vi,...,vg) is linearly independent. So, (be,...,b;) # 0. If [ = 2, then

2The statement of this theorem and its proof is from [ ]. The proof is however significantly elaborated.
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ba
Span(vg_1,vg). But, as {vg_1, v} C V, Span(vk_1,v;) = V. As (v1,...,vx) is linearly independent,
this would imply that k& = 2. Else, v; € Span(vg_1,vg), which means v; = ag_1vg_1 + axvg. Then,
(=1)v1 + Ovg + -+ + Ovg—o + ap_1vp—1 + agvry = 0 and (vy,...,vx) is linearly dependent - a
contradiction. Thus, if [ = 2 and k > 1, then k = 2 and we have k < [. So, we may assume [ > 2.
If £ = 2, then k < [ and we are done. So, we may assume k > 2. Without loss of generality (by

V' = Span(vg, ws) and by # 0. Thus, wy = (—a’“‘l) V1 + (—Z—’;) vg. Thus, V = Span(vg, ws) C

renumbering ws, . .., w;) we may assume that by # 0. Thus,
ag—1 ar bs by bz)
wy = | — Vg1 +|—F )+ |(—F7|ws+|(—F)wa+---+|——|w.
2<b2>k1(b2)k(b2>3(52>4 (bQZ
Thus, V' = Span(vg, we, ..., w;) C Span(vg_1, Vg, ws, ..., w;). But as {vg_1, vk, ws,...,w;} CV, we
have Span(vg_1, vk, ws,...,w;) C V. That is Span(vg_1, vk, ws,...,w;) = V.
We can continue this process and assume [ > i and k > i. As Span(Vg_ji1,- .-, Uk Wit1,- .., W) =
V and vi_; € V, by Lemma 2.74 (vg_;, ..., Uk, Wit1,-..,w;) is linearly dependent. Thus, there ex-

ists (ak—s, .-, Ay big1,- .., b;) # 0such that ag_;vk_; +- - -+ agvgp +bir1wit1+- - -+ bw; = 0. Notice
if (biy1,...,b;) =0, then (ag_;,...,ax) #0but 0 = ax_;vp_; + - + arvk + bir1wit1 + - - - + bw; =
Of—iVk—; + - - + apvg. But then Ovy + -+ + Ovg—;—1 + ap—iVk—; + - - - + arvr = 0. This contradicts
our assumption that (vi,...,vg) is linearly independent. So, (bjt1,...,b;) # 0. If [ =i+ 1, then
Span(vg—it1, ..., vk, wy) =V and by # 0. Thus,

e (s ()

That is V' = Span(vg_jt1,...,0%,w;) C Span(vg—_;,...,vx). As {vg_s...,vp} C V, we have
Span(vg—_;,...,vp) = V. If k —i > 1, then v; € Span(vg_;,...,vr) = V and hence (vy,...,vg)
is linearly dependent. Therefore k — ¢ < 1, that is k <7+ 1 = 1. Thus, we will not run out of
w’s before v’s.

Thus, the above process works for each . When i = k£ — 1, the process terminates and the proof
becomes complete. Thus, we have the result. [l

Theorem 3.74. Let (V,+,.) be a finite dimensional vector space. Let (v1,...,vp) and (w1, ..., wy)
both be a basis for V. Then, m = n.

Proof. As (v1,...,v,) is a basis, (v1,...,v,,) is linearly independent and Span(vy,...,vy,) = V.
And as (wiq,...,wy,) is a basis, (w1,...,w,) is linearly independent and Span(ws,...,w,) = V.
But, (v1,...,vy) is linearly independent and Span(wy,...,w,) = V would imply (using previous
theorem) that m < n. Also, (wi,...,w,) is linearly independent and Span(vi,...,v,) =V would
imply (by previous theorem) that n < m. Thus, m = n. O

Definition 3.75. Let (V,+,.) be a finite dimensional vector space. We say the dimension of V'
(denoted as dim(V')) is n if there exists a basis (v1...,v,) of V.

Example 3.76. Let M>(R) = { [Z

Z | a,b,c,d € R} and let 4+ and . be defined as follows:

ar+az by +by
c1+co di+da

a bl |aa ab
Yo dl T lac ad

_l’_

co  do

ap by
C1 d1

a9 b2‘| _
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Then, M>(R) is a vector space. Moreover, ([1 ] 8 (1) (1) O] , 8 ﬂ) is a basis for Ma(R).
1 0] |0 1 .

To show that Span <[O O] [O 0] [ ] [ 1) ), note that given any element

a b

€ MQ(R),
d

ab*a10+b01+c00+d00
c dl 7|0 0 00 10 0 1|°

As the zero in this vector space is the matrix [8 8] , it is also clear that

00 10 00 [a 8
00 00 01 |y ¢
10 0 1 0 0 0 0f). .. .
ff (o, 8,7,0) = 0. Thus, (lo 0] , [0 0] , [1 ol [O 11) is linearly independent. Thus, we can
conclude that dim(Mz(R)) = 4.

01
0 0

0 0

10-!-(5

+ 3 +

Example 3.77. Conside the vector space F({1,2,3},R). Note that any function f: {1,2,3} - R
is defined uniquely once we specify f(1), f(2), and f(3). Let f1 : {1,2,3} — R be the function
with f1(1) =1, f1(2) = 0, and f1(3) = 0. Let f : {1,2,3} — R be the function with f2(1) = 0,
f2(2) =1, and f2(3) = 0. Let f3: {1,2,3} — R be the function with f3(1) = 0, f3(2) = 0, and
f3(3) = 1. Then, (f1, fo, f3) is a basis for F({1,2,3},R). To show linear independence, note that
the zero vector is the function 0 : {1,2,3} — R such that 0(1) =0, 0(2) = 0, and 0(3) = 0. Thus,
a1 fi +asfo+azfs =0iff

o1 = (a1 fi + aafo+ asfs)(1) = 0(1) = 0
ay = (a1 fi +aofo +a3f3)(2) =0(2) =0
ag = (alfl + agfo + 043f3)(3) = 0(3) =0

Thus, (f1, f2, f3) is linearly independent. To show that (fi, fa, f3) span F({1,2,3},R), note that
given any f: {1,2,3} > R, f = f(1).fo + f(2)-fo + [(3) s as

fO) = f) 1+ F2)-0+ f(3).0 = (f(1)-fr + f(2)-fa + FB3) f3)(1)
@)= fW)0+F2) 1+ f3).0=(f(1)-fr + f(2)-fa + [(3)[3)(2)
fB)=FfM).0+F2)0+ FB3)1 = (F(1)-/r + [(2)-f2+ F(3)[3)(3)

Theorem 3.78. Let (V,+,.) be a finite dimensional vector space and let W be a subspace of V.
Then, W is also a finite dimensional vector space. Moreover, dim(W') < dim(V').

Proof. As V is finite dimensional, there exists a list (v1,...,v,) such that Span(vy,...,v,) = V.
If W = {0}, then W is a f.d.v.s by convention and dim(W) = 0. If W # {0}, let w; € W be a a
non-zero vector. If Span(w;y) = W, then W is not finite dimensional. If not, let we € W\ Span(w;)
- that is (w1, ws) is linearly independent. If Span(wi,ws2) = W, then W is finite dimensional. If
not, let wg € W\ Span(wi,wsy) - that is (wq, wy, ws) is linearly independent. Keep continuing this
process. After i steps, you would have a linearly independent list (w1, ..., w;). But, note that i <n
by Theorem 3.73. Thus, the process has to terminate.
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Further, let (vy,...,v,) is a basis of V and (wy,...,wy) be a basis of W. Then, (w1, ..., wg)
is a linearly independent list of vectors in V' and (vy,...,vy) is a spanning list. Thus, by Theorem
3.73, k < n. That is, dim(W) < dim(V). O

Exercise 3.79. Let £(R? R?) be the set of linear functions from R3 to R2. Given f, g € L(R3,R?),
define f +g: R* —» R? as (f + g)(v) = f(v) + g(v). Given f € L(R3 R?) and a € R, define
a.f : R = R? as (a.f)(v) = af(v). Then, show that (£(R3 R?),+,.) forms a vector space. Is
L(R3,R?) finite dimensional space? Prove your claim

Exercise 3.80. Let Ps be the set of all polynomials of degree less than or equal to 3. Prove or
disprove: there exists a basis (pg, p1, p2,p3) of P3 such that none of the polynomials pg, p1, p2, p3
has degree 2.

Exercise 3.81. Let V = R3. Consider the two subspaces U = span((1,0,0),(3,1,1),(-1,1,1))
and W = span((0,1,2),(0,0,1)). Find the dimension of U N W. Explain your answer!

Exercise 3.82. Let P(n) be set of all polynomials of degree less than or equal to n. Show that
A 1+z,14+o+221+z+22+23.. ., 142+ --+2") is a basis of P(n).

Exercise 3.83. Let L : R™ — R" be a linear map. Show that the set {v € R™ : L(v) = \v} is a
subspace for all A € R.

Exercise 3.84. Let U = {f € F(N,R) | f(n) = 0 Vn > 10}. Show that U is a subspace of
(F(N,R), +,.) and find the dimension of U.



Chapter 4

Linear maps

Vector spaces were introduced to serve as domains and codomains of “linear” functions. Thus, it
would be a waste to not study linear maps.

Definition 4.1. Given two vector spaces (V,+,.) and (W, ®,®), a function L : V' — W is called
linear if

(1) L(u+v) = L(u) @ L(v)
(2) L(aw) = a® L(v)

We have seen several examples of linear functions from R™ to R™. Let us now look at some
examples of linear maps between more abstract vector spaces.

Example 4.2. Let P be the vector space of polynomials. Then, the function D : P — P defined
as

D(ag + -+ apz™) = a1 + 2a2x + ... naza”
is a linear map. If you want to restrict your attention to finite dimensional vector space, you can
restrict the domain to P(n). Notice that, if a polynomial p has degree n, then degree of D(p) is
less than or equal to n — 1. Thus, D : P(n) — P(n — 1) is also a linear map.

Example 4.3. Let P be the vector space of polynomials. Then, the function I : P — P defined as
ai o G2 3 An  n41
I e ™ = — — o
(ap+ -+ + apx™) aox+2x+3x+ n+1x
is a linear map. If you want to restrict your attention to finite dimensional vector space, you can
restrict the domain to P(n). Notice that, if a polynomial p has degree n, then degree of I(p) is less

than or equal to n + 1. Thus, I : P(n) — P(n + 1) is also a linear map.

Theorem 4.4. Let (V,+,.) and (W, ®,®) be two vector spaces. Then, L(0) = 0.

Proof. By Theorem 3.26 0.v = 0 for all vector v. As L is linear, L(0) = L(0.v) = 0 ® L(v).
Applying Theorem 3.26 again, we get L(0) = 0. O

4.1. Null set and Range

Definition 4.5. Let (V,+,.) and (W, ®, ®) be two vector spaces and L : V' — W be a linear map.
Then, the range or image of L denoted as Im(L) is the subset {L(v) | v € V'}. Note that Im(L) is
a subspace because

61
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(1) 0= L(0) € Im(L)

(2) If wy,wy € Im(L), then there exits vi,v2 € V such that w; = L(vy) and wa = L(va).
Thus, w1 @ we = L(v1) ® L(ve) = L(vy + va) € Im(L).

(3) If w € Im(L), then there exists v € V such that L(v) = w. Thus, a @ w = a ® L(v) =
L(aw) € Im(L).

The following theorem is then obvious

Theorem 4.6. Let (V,+,.) and (W, ®,®) be two vector spaces and L : V- — W be a linear map.
Then, L is surjective iff Im(L) = W.

Definition 4.7. Let (V,+,.) and (W, ®, ®) be two vector spaces and L : V. — W be a linear map.
Then, the null space or kernel of L denoted as Ker(L) or Null(L) is the subset {v € V' | L(v) = 0}.
Note that Ker(L) is a subspace because
(1) L(0)=0
(2) If v1,v3 € Ker(L), then L(vy) = 0 = L(ve). Thus, L(v; +v2) = L(v1) ® L(va) = 060 = 0.
Hence vy + vo € Ker(L).
(3) If v € Ker(L), then L(a.v) =a® L(v) = a®0 = 0. Thus, a.v € Ker(L).

Theorem 4.8. Let (V,+,.) and (W,®,®) be two vector spaces and L : V. — W be a linear map.
Then, L is injective iff Ker(L) = {0}.

Proof. Assume L is injective. We already proved that L(0) = 0. Thus, if v € V and L(v) =0 =
L(0), then v = 0 by injectivity of L. Thus, Ker(L) = {0}.

Now assume Ker(L) = {0}. To show L is injective, we would assume L(v) = L(w) and
prove v = w. If L(v) = L(w), then L(v) & (—1) ® L(w) = 0. Thus, then L(v + (—1).w) =
L(v)® (-1) ® L(w) = 0. Thus, v+ (—1).w € Ker(L) = {0}. Thus, v = w. O

We saw that given a linear map L : V' — W, Ker(L) is a subspace of V. It is therefore natural
to ask if given a subspace U of a (finite dimensional vector space)’ (V+,.), does there exists a
vector space (W, @&, ®) and a linear map L : V' — W such that Ker(L) = U? Before answering the
general question, it might be useful to work with some examples.

Example 4.9. Let V = R? and let U = {(z,mz) | € R}. Then note that L : R? — R defined as
L(z,y) = y — mx does the trick - in other words, Ker(L) =U.

Example 4.10. Let V =R3 and let U = {(z,,2) | 3x + 2y + 42 = 0}. Then, L : R? — R defined
as L(x,y,z) = 3z + 2y + 4z does the trick.

Example 4.11. Let V = R3 and let U = {(z,y,2) | 3z + 2y + 42 = 0 and y + z = 0}. Then,
L :R3 — R? defined as L(z,y,2) = (3z + 2y + 42,y + z) does the trick.

In the above two examples, the subspace U was given in a comfortable form which enabled us
to find the function quickly.

Example 4.12. Let V = R? and let U = Span((1,2,3)). Of course, we could express this
subspace as the solution of two linear equations (or intersection of two planes), but we will
take a different approach. We note that the basis of U can be extended to form a basis of V,
namely, ((1,2,3),(0,1,0),(0,0,1)) forms a basis of V. Now, given any vector (z,y, z), note that
(z,y,2) =2(1,2,3) + (y — 22)(0,1,0) + (2 — 3x)(0,0,1). As (1,2,3) € Ker(L), we would certainly

1You can ask the question for more general vector spaces, but the answer is a lot harder
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want L(1,2,3) = 0. Moreover, we want (L(0,1,0), L(0,0,1)) to be linearly independent if we want
L to be injective. Thus, the codomain should be atleast two dimensional. Hence we may assume
WLOG that the codomain is R? and L(0,1,0) = (1,0) and L(0,0,1) = (0,1). Thus,
L(z,y,2) = L((1,2,3) + (y — 22)(0,1,0) + (= — 32)(0,0,1))
= 2L(1,2,3) + (y — 22)L(0,1,0) + (z — 32)L(0,0, 1)
=0+ (y —22)(1,0) + (2 — 32)(0,1)
=(y —2x,z — 3x)

The approach in the previous example, guides the proof of the more general result

Theorem 4.13. Let (V+,.) be a finite dimensional vector space and let U be a subspace. Then,
there exists a vector space (W, ®,®) and a linear map L : V — W such that Ker(L) =U.

Proof. As U is a subspace of V', by Theorem 3.78, U is finite dimensional and dim(U) < dim(V).
Let (v1,...,v;) be a basis for U. Using Theorem 3.69, we can extend this list to form a basis
(v1,...,vy). Therefore given any v € V|, there exists a1, ..., a, € Rsuch that v = ajv1+- - -+ anv,.
Define L : V — R" % as L(ajv1 4+ - -+ anvn) = (Qpi1, Qrga, .- ., o). Clearly, L(aqvi+ - 4anv,) =
0 iff (ags1, ky2,...,an) =0. That is,
v=o1v] + -+ apv, = aqvy + -+ - + agug € Span(vy, ..., vg) = U.
O

Theorem 4.14 (Rank nullity theorem). Let (V,+,.) and (W, ®, ®) be two finite dimensional vector
spaces and L : V. — W be a linear map. Then, dim(Ker(L)) + dim(Im(L)) = dim(V).

Proof. We know that Ker(L) is a subspace of V. Thus, by Theorem 3.78, Ker(L) has some basis

(v1,...,vg). Thus, (v1,...,vg) is linearly independent. Therefore, by Theorem 3.69, we can extend
(v1,...,v) to alist (vy,...,v,) which form a basis of V. Let L(vky1) = wrt1, L(vk12) = Wit ...
L(vy) = wy. As (vi,...,v,) is a basis of V, given any vector v € V' there exists (aq,...,a,) € R"

such that v = aqv; + -+ + a,v,. As L is linear,
L(v) = (a1 @ L(1) @ -+ & (a @ L(v))
= ®0)® & (pR0) B (pr1 @Wiy1) B+ B (a0 @ wy)
= (Qgt1 QWit1) D -+ D (, @ wy) .

As v was arbitrary, this implies that Im(L) = Span(wgi1, ..., w,). Moreover, if (agi1 @ wiy1) ®
@ (o ®wy) =0, then, L(ag410k4+1+ -+ anvy) = (g1 @ Wy1) D+ ® (, @ wy,) = 0. That is
Qs 1Vks1+- - anv, € Ker(L). As (v1,...,v;) is a basis of Ker(L), there exists (o, ..., az) € RF

such that ajv1+- - -+ apVk = Qg41Vk+1+ - -+ anvy. Inother words, ajvi+- - +agvp+(—ag+1)ve+1+
-+ (—ap)v, = 0. As (v1,...,v,) is linearly independent, this would imply that «; = 0 for

all i € {1,...,n}. Thus, in particular (agy1,...,a,) = 0. Hence, (wgy1,...,wy) is linearly
independent. Therefore, (wgy1,...,wy,) is a basis for Im(L). Thus, dim(Ker(L))+dim(Im(L)) =
kE+(n—k)=n=dm(V). O

Theorem 4.15. Let (V,+,.) and (W, ®,®) be two finite dimensional vector spaces and L : V. — W
be a linear map. If (vi,...,vg) is linearly independent in V' and L is injective, then (L(vi), ..., L(vg))
is linearly independent in W.

Proof. Assume a1L(vi) + -+ + axL(vy) = 0. Then,
L{arvy 4+ + ogop) = (a1 @ L(v1)) @ -+ @ (g @ L(vg)) =0
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Thus, ajv; + -+ + agvr € Ker(L) = {0} as L is injective. As (vy,...,vg) is linearly independent,
this would imply that (v, ...,ax) =0. Thus, (L(v1),..., L(vg)) is linearly independent. O

Theorem 4.16. Let (V,+,.) and (W, ®,®) be two finite dimensional vector spaces and L : V. — W
be a linear map. If Span(vi,...,v;) =V and and L is surjective, then Span(L(vy), ..., L(v)) = W.
Proof. As L is surjective, given any w € W, there exists a v € V such that L(v) = w. As
Span(vy,...,v;) = V, there exists (ay,dots, a;) € R¥ such that v = aqvy + - - - + agvg. Thus,

w= L) = Llcyvy + -+ agvg) = (aq @ L(v1)) & -+ & (g ® L(vg)) € Span(L(vy), ..., L(vg)).
As w € W was arbtitrary, Span(L(vi),..., L(vg)) = W. O

Theorem 4.17. Let (V,+,.) and (W, ®,®) be two finite dimensional vector spaces and L : V. — W
be a linear map. If dim(V') > dim(W), then L is not injective.

Proof. The rank nullity theorem tells us that dim(Ker(L)) = dim(V') — dim(Im(L)). But, by
Theorem 3.78, dim(Im(L)) < dim(W). Thus,

dim(Ker(L)) = dim(V) — dim(Im(L)) > dim(V) — dim(W) > 0.
Therefore, Ker(L) # {0} and thus by Theorem 4.8, L is not injective. O
Theorem 4.18. A system of n equations in m unknowns

a11x1 + aexs + - + a1y, =0

ao1x1 + a90xs + -+ + a9y, =0

Ap1T1 + Ap2T2 + <+ + ApmTm = 0

has a non-trivial solution if m > n.

Proof. Define L : R™ — R” as
L(z1,...,2p) = (1121 + @122 + -+ + Q1nZim, - - -, G121 + Q22 + -+ + ApmTm)-

Notice that the set of solutions of the system is equal to Ker(L). But, the previous theorem tells
us that L cannot be injective if m > n. Thus, Ker(L) # {0} and hence we have non-trivial
solutions. g

Theorem 4.19. Let (V,+,.) and (W, ®,®) be two finite dimensional vector spaces and L : V. — W
be a linear map. If dim(V') < dim(W), then L is not surjective.

Proof. The rank nullity theorem tells us that dim(Im(L)) = dim(V) —dim(Ker(L)) < dim(V) <
dim(W). Thus, Im(L) # W and hence L is not surjective. O
4.2. Isomorphisms

Theorem 4.20. Let (V,+,.) and (W,®,®) be two vector spaces and L : V. — W be a bijective
linear map. Then, L™ is a linear map.
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Proof. Let wi,wy € W. Let L™ (w;) = vy and L™ (ws) = vo. That is, L(v1) = wy and L(vs) = wo.
Thus,
L™ (w1 +wy) = LN (L(v1) + L(vg)) = L™ (L(v1 + v2))
=+ vy =L Hwy) + L (ws)
Let w € W and let v = L™ (w). That is L(v) = w. Thus,
LY aow)=LYa® L) =L Y L(aw) = av=alL(w)
g
Definition 4.21. Let (V,+,.) and (W, ®,®) be two vector spaces. A bijective linear map L :

V — W is called an isomorphism. We say V and W are isomorphic if there exists an isomorphism
L:V->W.

Example 4.22. Let £(R? R?) be the vector space of linear functions from R? to R2. Then,
L(R3,R?) is isomorphic to M3(R).

Given a linear map L : R3 — R2 let L(e;) = (a1;,az;) for i equal to 1,2,3. Define ® :
L(R3,R?) — MJ(R) as

(I)(L) _ ail a2 a3
a1 a2 az3 ‘
(ali,agi) for ¢

We will first show that @ is a linear map. Let L,L' € L(R3R?). Let L(e;) =
= L(ei) + L'(e;) =

equal to 1,2,3 and L'(e;) = (a);,dl;) for i equal to 1,2,3. Then, (L + L')(e;)
(a1 + @y, azi + agy;)

ail + a’n aio + a’12 a3 + a’13
agl + ahy  ax + ahy azs + abs

! ! !

a1 a2 ais aypp G aiz| _ !

= + 1 T e =9(L) + (L)
a1 Qg2 a3 Q1 Qg Gg3

DL+ L) =

Similarly, (aL)(e;) = aL(e;) = a(ay;, az;) = (aay;, aag;). Thus,
d(al) = [aau Qa2 aa13] — [Gn a2 am] — ad(L).
Qag Qa3 a1 azz 23
Moreover, ®(L) is the zero matrix iff L(e;) = (0,0,0) for ¢« = 1,2,3. That is, L(x,y,z) =
xL(1,0,0) + yL(0,1,0) + 2L(0,0,1) = x(0,0,0) + y(0,0,0) + 2(0,0,0) = (0,0,0). Thus, ¢ is

injective. Finally, given any matrix ZH 212 213 , Define L : R? — R? is defined as L(x,y,2) =
21 @22 @23

a1l a2 ais

(a117 + a1oy + a132, a1 + agey + aszz). Then, ®(L) = [
a1 G2 a3

] . Hence & is surjective. As

® is linear and bijective, it is an isomorphism.

From Theorem 4.19 and Theorem 4.17, we have the following result
Theorem 4.23. Let (V,+,.) and (W,®,®) be two finite dimensional vector spaces. If V- and W
are isomorphic, then dim(V') = dim(W).

Interestingly, its converse is also true

Theorem 4.24. Let (V,+,.) and (W, ®,®) be two finite dimensional vector spaces. If dim(V') =
dim(W), then V. and W are isomorphic.
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Proof. Let (vi,...,v,) and (w1,...,w,) be a basis for V' and W respectively. Define
L(aivy + -+ apvy) = (@1 @w1) @ - @ (o @ wy) -
Clearly L is linear. Injectivity of L follows from the linear indepdendence of (wi,...,w,) and

surjectivity of L follows from the fact that Span(wy,...,w,) = W. O

Exercise 4.25. Find an isomorphism from span({(1,2,3), (4,5, 6), (13,14, 15)}) to R? (and prove
it is an isomorphism).

Exercise 4.26. Find an isomorphism from span({(1,2,3), (4,5, 6), (13,14, 13)}) to R? (and prove
it is an isomorphism).

Exercise 4.27. A function f : R? — R is called a Lakhan functions if f is linear and f(1,2) = 4
and f(4,2) = 1. Show that there is a unique Lakhan function and find it.

Exercise 4.28. Let P(3) be the vector space of all polynomials of degree less than or equal to 3.
Show that P(3) is isomorphic to R* by explicitly constructing an isomorphism L : P(3) — R*.

Exercise 4.29. Let U = {f € F(N,R) | f(n) = 0 ¥n > 10}. Show that U is isomorphic to R? by
explicitly constructing an isomorphism L : U — RY.

Exercise 4.30. Suppose V is a finite dimensional vector space and U its subspace. Let f : U — W
be a linear map. Show that you can find a linear map F : V. — W such that F|y = f. Is the
function £’ unique?

Exercise 4.31. Let (V,+,.) be a vector space and U a subspace of V. Does there exist a vector
space (W, ®,®) and a linear map L : W — V such that Im(L) = U?

4.3. Matrix associated to a linear map

Definition 4.32. Let V and W be finite dimensional vector spaces and let By = (v, ..., v, ) and
By = (wy,...,wy,) be basis of V and W respectively. Further, let L : V' — W, be a linear map.
Notice that as L(v;) € W, we can find constants a;; for ¢ € 1,...,n such that L(v;) = >/ ajjw;.
The matrix

ail] ai2 ... Qaim
a1 agy ... Qa9m
Apl Qng ... Qpm

is called the matrix of the linear transformation L with respect to the basis B; on V and By on W
and is denoted by [L]gf.

ail a2 ... Aim
a21 (I22 o e a2m

To avoid the cumbersome notation, | . . ... . |, we would often represent an n x m
apl Qpy .- dpm

matrix whose ij-th entry is a;; as (aij)nxm. This allows us to express the product of two matrices
also in a convenient form. Let A be an m xn matrix (a;;) and B be an n x p matrix, then AB = C'is
a m X p matrix whose ik-th entry is ¢;;, = Z;L:1 a;jbjr. As we saw earlier, the matrix multiplication
is so defined to ensure the following theorem is true.
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Example 4.33. Consider the basis By = (1, 2,22, 23) of P(3) and basis By = (1,z,22) of P(2).

Consider the function D : P(3) — P(2) defined as D(ag + a1z + asz? + azx®) = ay + 2asx + 3azr?.
Then, D(1) = 0, D(x) = 1, D(2?) = 2z, and D(2?®) = 322. Therefore,

010

(DI, = |0 0 2

0 00

Example 4.34. Consider the basis By = (1,1 + 2,1 + z + 22,1 + = + 2%) of P(3) and basis
By = (1 +z,1 —x,22%) of P(2). Consider the function D : P(3) — P(2) defined as D(ag + a1x +
azx? +azr3) = ay +2azx+3azz?. Then, D(1) = 0, D(14+2) = 0.5(1+2)+0.5(1—2), D(14+2+22) =
1+22 =151+2)—0.5(1—xz),and D(1+z+2%+23) = 1+22+32% = 1.5(1 +z) —0.5(1 — z) + 322.
Therefore,
0 05 15 15
[DIE =10 05 05 05
0 0 0 3

Theorem 4.35. Let U, V, and W be finite-dimensional vector spaces and let By = (u1,...,Un),
By = (vi,...,vn), and By = (wi,...,wp) be basis of U, V, and W respectively. Further, let
S:U—-VandT :V — W be two linear maps. Then,

[T 0 S5 = [T13[S]5-

Proof. Let [T]gg = (a;j) and let [S]gf = (bjr). Thus,

J
= (Z aijbjk> Wy
i=1 \k=1
Therefore if [T o S]gf = (cij), then c;j = Y73 a;jbyj, which is also the ij-th entry of [T]g;’ [S]gf.
Hence, [T o S5 = [T]52[S] 2. O

Example 4.36. Let U = P(3), V = M3(R), and W = R2. Let 4;; be the matrix whose ij-th entry
is 1 and all other entries are 0. Let B; = (1, 1+z,1+x+ .%'2), By = (AH, Alg, Al’g, A21, AQQ, A23),
and Bs = ((1,0),(0,1)). Finally, let S: U — V be defined as

ag ap + ay ai + az
0 ap+ar+as 3ag

S(ap + ar1x + a2m2) =

and let T : V — W be defined as

a1 a2 a3
T = (a11 + a12 + a13, a1 + age + as3).
a1 a2 a3

Note that T(All) = (1,0), T'(A12) = (1,0), T(A13) = (1,0), T(Agl) = (0,1), T(AQQ) = (0,1), and

T(Az3) = (0,1). Therefore,
s 111000
B3 _
[T]BQ_[O 0 011 1]
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1 10

Note that S(1) = 0 1 3

‘| = Ay1 + Ao + 0A13 + 0491 + Ao + 3As3. Similarly, S(l + a:) =

1 2 1 . 1 2 2
0 9 3| = Aqp + 2419 + Ajz + 04y + 2499 + 3Ao3. Finally, S(1 + x + 22) = [ ] =

A1+ 2A19 +2A13 + 0451 + 3A9s + 3A93. Thus,

1 1 1
1 2 2
B, |0 1 2
Sl =10 0 o
1 2 3
3 3 3
Then
sERERY
12 2
111000012 [245
B3 B _
[T]B2[S]Bl_l0 0011 1] 00 0 _Ll 5 6]
12 3
3 3 3
On the other hand, T(S(l))zT(é . g>:(2,4). Similarly, T(S(H—x)):T([(l) . ;)D:
(4,5) and T(S(1 + 2 +22)) = T ([(1) g § ) — (5,6). Thus,
2 4 5

4.4. Change of coordinates - an example

Let R be the reflection about the line passing through (0,0) and (a,b). Thus, R(a,b) = (a,b) and
R(-b,a) = (b,—a) = —(—=b,a). We feel intuitively that if we align our head along the vectors
(a,b),(—b,a), then the linear transformation would look like the map L(x,y) = (z,—y). In this
section, we make this idea precise. Consider two basis of R? namely

By = ((170)7 (07 1)) and By = ((avb)7 (*b’ a))

Then, (1,0) = z(a,b) + y(—b,a) = (za — yb,xb+ ya). That is, za —yb =1 and xb = —ya. That is
xab — yb?> = b or —ya? — yb> = b. Thus,

a —b

(1,0) = m(av b) + m(—l% a).

Similarly, (0,1) = (za — yb,xa + yb) implies that za = yb and xb + ya = 1. Substituting, we get

0,1) = b) + —b,a).

a
2 @0 F
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_a _ _b
Thus, it is easy to see that [I]gf = [agjbl’Q “Qj;bQ] and Ig; = l
TR 2

a

—b
b ] and they are inverses to

each other. Further,

R(1,0) = R (a2“+b2(a, b) + aQ;bb?(—b, a)) _R (aQim(a, b)) 4R (aQ:_be(—b, a))

a —b a _
= mR ((I, b) + mR(—b, a) = m (a, b) + m (b7 —a)
a —b
a? —b? 2ab
=i h O+ O
Similarly,
b a b a
= —_— —— (= = ——(a,b —(=b
RO =R (e + 55 (ha)) = R (7 p ) + B 5T (-ha)
b a b a
= 5l + s R(=ba) = =5 (a,b) + =5 (b,—a)
b a
_ L‘b( )+ v —a?
a4 a?+ b’
Thus,
R(z,y) = R(z(1,0) +y(0,1)) = 2R(1,0) 4+ yR(0,1)
a’® — b? 2ab 2ab b2 —a?
= 1 ——= (0,1 [ i
T O D+ G O D+ G

a? — b2 +( 2ab ) ( 2ab ) N b2 — o2
= — | T , x —

aZ 1 b2 212) P\ 2r,e a2+2)?
a2—b? 2ab
a2+b2 a2+b2
2ab b2 —q?
a2+b2 a2+b2

little bit more specific and say that this is the matrix of R with respect to the basis B; and denote
it as [R]p,. Further notice that

e b1 0] [ et

_—6_ _a _
a2 +b2 a2 +b2

Hence, the matrix of this linear transformation is l ] From now on, we would be a

Take any point (z,y) € R?, that is,
(z,y) = 2(0,1) + y(1,0)

a —-b b a
= -5 ——=(— ——(a,b —(=b
o (Fipad + orpha) +u (i@ + 5 ipha)

~|G) o G en () o+ () o) o

za+yb
As [_a;jqf’;a] represents the coefficients when you express (x,y) as a linear combination of (a,b)
2+b2
¢ za+yb
and (—b,a), we say it is the coordinates of (x,y) in basis By. And we write [(z,y)]B, = [_“;ﬂ’;a].
a2+b2
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We further notice that

za+yb a b
[ a2+b2 ‘| B [a2+b2 a2+b2‘| [x‘|
—xb+ya | — —b a :
2152 2102 2+52] Y
Thus, the matrix [/ ]gQ allows us to convert the coordinates of (z,y) in terms of B; (written as

[(x,y)]B,) to coordinates of (x,y) in terms of By (written as [(z,y)]|p,). Thus, the matrix is called
a change of coordinate matrix. Further notice that

b b
i B N e A i e I D
a3 o) (0] |0 o ] L@ 1

Hence, the matrix [I ]gf sends Bs to B; while the matrix [I ]g§ sends Bj to Bs.

4.5. Change of coordinates

Definition 4.37. Let V' be a finite-dimensional vector space and let B = (vy,...,vy) be a basis of
V. Given any vector v € V. there exists (a1, ..., q,) such that v = ajv; + - -+ + apv,. Then, we
aq
say that the coordinates of v with respect to the basis B, denoted as [v]|p is (a1,...,qy,) or
On

Example 4.38. Let V = R?, By = ((1,1),(1,—1)), and By = ((1,2),(3,4)). Given any element
T4y

(z,y) € R? note that (z,y) = (Z¥)(1,1) + (32)(1,-1). Thus, [(z,y)]p, = [x?y] To find

[(z,y)]B,, we solve (z,y) = a(1,2) + B(3, (o +36,2a+4p5). That is 25 = 2x—y20r f=x—1%.

4) =
Thus, o + 3z — 34 = x. Hence, (o, 3) = (%y 2z, — §). Hence,

[@wa{gj?-
2

To check your answer is indeed correct, note that

Example 4.39. Let V = R3, B = ((0,1,0),(0,0,1),(1,0,0)). Then given any vector (x,y, z) € R?,
(z,y,2) = x(1,0,0) +y(0,1,0) + 2(0,0,1) = y(0,1,0) + 2(0,0,1) + x(1,0,0). Thus,
Yy
[(z,y,2)]B, = |2
x
Let By = ((1,1,-1),(1,-1,1),(0,1,0)). Given any element (z,y,2) € R3, note that (z,y,2) =
a(1,1,-1) + A(1,-1,1) + 4(0,1,0) = (e + B, — B+ 7,8 — ). Thus, § = £ and a = ;2.
Therefore, 252 — Z32 + 4 = y. That is, v = y + z. Hence
r—=z
e
[(xaya Z)]BZ = 5132

Y+ z
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To check your answer is indeed correct, note that

i (1)—2(—1) 7 1]
[(1,1,-1)]p, = | WEED | =
()+(-1] |0
r(D)—(1) 7 - -
( )2( ) 0
[(1,-1,1)]B, = (1)-5(1) — |1
(-D+ 1)) 0]
0)—(0 B
% 0
[(07 1’ 0)]32 = w =10
(1) + (0) 1]
Theorem 4.40. Let V' be a finite-dimensional vector space and let By and By be two bases. Then

[v], = (L5 [v]5,-

Proof. Let B; = (v1,...,v,) and By = (wy,...,w,). Then,
e, =(al,...,an) <= v=av1 + - + Q.
Let v; = aj;wy + - - - + anjw,. Thus,

V=11 + -+ apvn
=aq(anwy + -+ apwy) + ..., ap(apwr + - -+ appwy)

= (1a11 + a1z + . .. apary)wy + - - + (Q1ap1 + @2ap2 + . . . Qpapg )Wy

That is,

a1011 + Qea12 + ... Qpain ail a2 ... Qip| |01

Q1021 + Qieag2 + ... QpA2y as1 G2 ... Q2p| |02

[U]B2 = : =
a1an1 + aap2 + ... pann anl Ap2 ... Qpn Qo
O
Example 4.41. Let V = R2?, By = ((1,1),(1,-1)), and By = ((1,2),(3,4)). Then, (1,1) =
—3(1,2) + 4(3,4) and (1,-1) = —5(1,2) + 3(3,4). Thus, [/]3? = 3 [_11 _37] And,
1 (-1 —7]| %t Ty Tz+Ty U _ 9
B
[I]Bf[($7y)]31 - § l 1 3 ] [%’J‘| = [ x+y+§x—3y = ?’B—% = [(xay)]BQ'

Example 4.42. Let V = R3, B; = ((0,1,0),(0,0,1),(1,0,0)) and By = ((1,1,-1),(1,-1,1),
(0,1,0)). Then,

(0,1,0) = 0(1,1,—1) 4 0.(0,0,1) + 1(0, 1,0)

—1 1
(O>O> 1) = 7(1’ 1a _1) + 5(17 _17 1) + 1(07 1a 0)

1 1
(1,0,0) = 5(1, 1,-1)+ 5(1, —1,1) +0(0,1,0)
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Thus,
0 3 4]
Ng=10 2 3
1 1 0_
And,
-1 1 roo—
5, SO 1B LT e
[I]Bl[(x7yvz)]31: 0 b b 2 = 2 :[(Jf,y,Z)]BQ-
1 1 0f |z |y + 2

Definition 4.43. Let V and W be finite-dimensional vector spaces and let B; = (v1,...,vy) and
By = (wy, ..., wy) be basis of V and W respectively. Finally, let L : V' — W be a linear map. As
L(v;) € W, there exist constants (ayj, . .., an;) such that L(v;) = ajjwy + - - - + apjwy,. Then, we say
that the matrix associated to the linear map L with respect to B; and Bs,

aijp; aig ... Qin
5 az1 a2 ... a2n
(L]} =
Gnl1 Anp2 ... QAnpn
Remark 4.44. Let V be a finite-dimensional vector space and B = (v1,...,vy) be a basis of V.

Given a linear map L : V — W, we will often write [L]p instead of [L]5.

Theorem 4.45. Let V be finite-dimensional vector spaces and let By = (v1,...,v,) and By =
(wi,...,wy) be two basis of V. Finally, let L :V — V be a linear map. Then,

Barr1Bi[ B
[L]Bz = [I]BT[L]Bi [I]B;-
Proof. Using Theorem 4.35, [L][I]7} = [Lo I3} = [L]5L. Thus, (1132 (L1515 = (1152 (L5
Once again, using Theorem 4.35, we can see that [I] gf [L]g; =[ITol] g; = [L] gz. U

Example 4.46. Let L : R?2 — R? be the function L(z,y) = (4 + 3y,5z + 7y). Further, let
By = ((1,1),(1,-1)) and By = ((1,2),(3,4)). We will find [L]5', [L]}}?, [L]}}, and [L]32.
Notice

L) = (443,547) = (7,12) = 2(1,1) + —

2 _7(1’_1)
L(1,—1) = (4—3,5—7) = (1,-2) = _71(1, 1)+ g(l, 1)

Thus,

Similarly, as

L(1,1) = (4+3,547) = (7,12) = 4(1,2) + 1(3,4)
L(1,—=1)=(4-3,5-7) = (1,-2) = —5(1,2) + 2(3,4)

g =|t 3

we have
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Similarly, as

29 -9
L(1,2) = (4+6,5+14) = (10,19) = (1, 1) + (1, 1)
67 ~19

L(3,4) = (12 + 12,15+ 28) = (24,43) = T-(1,1) + —~(1,~1)

we have

Similarly, as

L(1,2) = (44 6,5+ 14) = (10,19) = gu, 2) + 1(3,4)

2
33 5
L(3,4) = (12 +12,15+ 28) = (24,43) = T°(1,2) + 5(3.4)

117 1
By _ ©
5, = l33 5] '
Exercise 4.47. Let By = ((1,0),(0,1)) and By = ((1,1),(1,2)). Let L : R? — R? be the linear
map L(z,y) = (6z + 2y, 3y — z).
(1) Find [(z,3)]5, and [1]22.

(2) Check that [(z,y)]5, = [I]5[(z,)]5,

)

)

we have

(3) Find the matrix [L] gz
(4) Verify that [L]52 = [I]22 (L) (117,
Exercise 4.48. Let B; = ((1,0,0),(0,1,0),(0,0,1)) and By = ((1,1,0),(1,0,1),(0,1,1)). Let
L :R?® — R3 be the linear map L(z,y, z) = (3z + 2,3y — x, 2).
(1) Find [(‘Tvyv )]32 and |1 [ ] Bi*
(2) Check that [(‘r7y72)]32 = [I]gf[(x7yaz)]31
(3) Find the matrix [L]}}?
(4) Verify that [L]52 = (1132 (L] 1]

Exercise 4.49. Find the change of coordinates matrix [I]§ for the ordered basis B and C of the
vector space V.

(1) V="P(1), B=(7—4xz,5z), and C = (1 — 2z,2 + z)
(2) V=P(2),B=(5-3z,1,1+22%),and C = (1 —x + 2%,1 — x,4)
1 0 [3 5 [0 -1 -2 —4
(3) V. = M3(R) (2 x 2 matrices), B = _12,00,l3 0],[0 O]),andC—

(31 o] b o)

Exercise 4.50. Let (v1,v92,v3) be a basis of R3 and L : R? — R3 be the linear map such that

t (v
12 3

[L) (o005 = |4 5 6|. Find
789
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1) [Z]
(2) [L]

(
(
(
(

v1,V2,03)

v2,01,v3)"

v2,V1,V3)

v1,v2,03)"

(3) [1]
(4) [L]

(
(
(
(

v2,V1,V3)
v2,01,v3)"
v1,02,03)
v1-+v2,02,03)

(
(
(
(

v1+v2,v2,V3)
v1,V2,03)

v1+v2,v2,V3)
v1+v2,v2,V3)



Chapter 5

Eigenvalues and
Eigenvectors

5.1. Diagonalisation

Earlier we observed that for the linear map R : R? — R? defined as

Riz.y) a® — b? :H( 2ab > ( 2ab ):H b? —a?

=\ a2+62) P\ a2+ 2 a2+2)?

we could choose a basis (namely By = ((a,b), (—b,a))) such that [L]p, is diagonal. It would be
awesome if we could as diagonal matrices are easy to work with - all computations are easy.

Let V be a finite-dimensional vector space and L : V — V a linear map. Assume there exists

a basis B = (v1,...,v,) with respect to which the matrix of the linear transformation is diagonal,
say
A 00 0 0
0 X O 0 0
[Lls =
0 0 0 ... 0 M\

Then by the definition of a matrix associated to a linear map, we have L(v;) = \;v;.

Definition 5.1. Let V be a finite-dimensional vector space and L : V — V be a linear map. A
non-zero vector v € V is said to be an eigenvector iff there exists a A € R such that L(v) = Av.
The value A is called an eigenvalue of L.

Example 5.2. For the linear map R : R? — R? defined as

B a? — b? 2ab 2ab b —a?
R(z,y) = 2t ere) v \ere)*t \ere )Y
(a,b) is an eigenvector corresponding to the eigenvalue 1 and (—b, a) is an eigenvector corresponding
to the eigenvalue —1.

Theorem 5.3. Let V' be a finite-dimensional vector space and L : V — V be a linear map. Let
v1,...,V, be monzero vectors such that L(v;) = M\v; with N\; # X\j if i # j. Then (vi,...,vg)

75



76 5. FEigenvalues and Figenvectors

are linearly independent. This is often informally stated as: eigenvalues corresponding to distinct
etgenvalues are linearly independent.

Proof. We will prove this statement using induction. Notice that P(1) is obvious as any nonzero
vector is linearly independent. Assume that P(k) is true. Now we will prove P(k+1). Let
U1,...,Vk+1 be nonzero vectors such that L(v;) = Ajv; with A; # A; if i # j. Assume oqvq +--- +
a11Vk+1 = 0. Thus, Agr10qv1+- -+ \er1@p10pr1 = 0and 0 = L(0) = Lo+ -+ apr10p11) =
Aaqvr + - - 4 Agr10k+1VE11. Subtracting the two equations, we have

a1 (A1 — Agr1)vr + -+ ap( Ay — Akt1)vr = 0.

But, by the induction hypothesis, (v1, ..., vy) is linearly independent. Thus, a;(A;—Ax+1) = 0 for all
ie{l,...,k}. But, \;i—Ag41 #0so, s =0foralli € {1,...,k}. Thus, 0 = ajv1+- - -+ag 1041 =
Ak 41Vk+1- As, vky1 # 0, agy1 = 0. Thus, (aq,...,ax+1) = 0 and hence (vq,...,vx41) is linearly
independent. O

Corollary 5.4. Let V be a finite-dimensional vector space of dimension n and L :' V — V be a
linear map. Then L has at most n distinct eigenvalues.

Thus, the problem of diagonalisation is closely tied with the problem of finding eigenvalues and
eigenvectors. Notice that L(v) = Av iff (L — AI)(v) = 0 (where [ is the transformation I(v) = v).
Thus, A is an eigenvalue iff Ker(L — AI) # {0}. Thus, we need a quick method to find if L — AT
is injective. Recall that if L : R? — R? is the linear map L(z,y) = (axz + by, cx + dy), then L

is injective iff ad — be # 0. If B = (e1,e2) is the standard basis [L]|p = [CCL Z and the quantity
. . a b
ad — bc is called the determinant of lc d] .
Let B = (e1,e2,e3) is the standard basis on R® We can similarly show that a linear map
a b c a b c
L:R3 — R® with [L]gp = |d e f| is injective iff determinant of |d e f| defined as a(ei —
g h i g h 1

fh) —b(di — fg) + c¢(dh — eg) # 0.
—- Geometrically determinant captures the factor by which area or volume gets
scaled: no time to complete this right now! Sorry!—

The determinant allows us to easily compute eigenvalues and hence eigenvectors. Let us look
at some examples.

Example 5.5. Let L : R> — R? be the linear map L(x,y) = (z + 2y,3z + 4y) and B = (e, e3).

?1) i] . To find the eigenvalues, we look at

wll oy (5 2o

Thus, the determinant is 0 iff
5+v25+8 5+v33
2 2

Then, [L|p = [

A=

Let us now find the corresponding eigenvectors

%x_l2x_l‘+2y
@y_?,zl y| |3z +4y
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Thus, we get 2y = 5+‘ﬁ 3+‘ﬁ:1: Thus, (4,3 4 1/33) is an eigenvector. Let us confirm our
answer.
10+v33]  5++/33 4
3+f 24+33] 2 [3+V33]

Similarly, we can check that (4,3 — 1/33) is an eigenvector corresponding to 5 — /33. It is easy to
5+/33
see that, B’ = ((4,3 + v/33), (4,3 — v/33)) is a basis of R? and [L]p = [ (2) 5_(\)/@1
2

Example 5.6. Not all matrices have eigenvalues. To see an example, look at L(z,y) = (y, —x).

Then, [L]p = [_01 (1]] and

(5 o o[ e

Thus, the determinant is not zero for any real number .

Example 5.7. Let B = (eq,es,e3) be the standard basis of R3. Let L : R — R3 be the linear

7 8 9-2)
= (1= A)(\2 =14\ —3) —2(—6 — 4\) +3(=3+ 7))
= X3+ 15)% + 18\
= (=\)(\? — 15\ — 18)
\/ﬁ

Thus, the eigenvalues are 0, 13£ Solving
1 2 3| |z 0
45 6| |yl =10
7 8 9| |z 0
we get y = —2x and z = x. Thus, (1, -2, 1) is an eigenvector corresponding to 0. The computations

for the other eigenvectors is really tedious, so let us not do it.
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Appendiz A

Geometry and Linear
Algebra

Study of numbers, shapes and space are the most natural areas in mathematics as human beings
interact with these. These field in turn give rise to most fields within mathematics. Modern
mathematics gives emphasis to the the formalistic viewpoint and proof through deductive reasoning
takes a central position. Euclidean geometry is historically one of the first instance of a rigorous
deductive system of mathemaitcs and is thus historically very important. Probably, due to this
importance, Euclidean geometry also forms a large part of the school curriculum at least till the
tenth standard.

Euclid leaves several notions like the point and plane undefined and is taken to be self ev-
ident. But, there is no appeal to intuition as every result is a consequence of one of the ax-
ioms/postulates. In other words, these undefined words are assumed to be defined by their
properties. In the formalistic viewpoint, sets are taken to be fundamental objects - defined by
its properties - and everything else is defined via sets. Let us define the Cartesian plane as
R? = {(z,y) : = and y are real numbers}. The Cartesian plane forms (in a sense) the model
of Euclidean geometry. The proof of the correspondence between the Euclidean (or the modern
Hilbert style) view of geometry and the Cartesian view of geometry is deep and beyond the scope of
this book. The interested reader can look at | | for a detailed exposition. We would just
look at the Cartesian definitions of some of the most important notions and prove a few theorems.

A.1. Euclidean notions in the Cartesian plane
Definition A.1 (Point). Any element of the Cartesian plane R? is called a point on the plane.
Definition A.2 (Line). Given real numbers a # 0,b # 0, ¢, d, a set of the form
Aapea = {ala,b) + (e D)l € R)
is called a line.
Exercise A.3. What is Agg .47

Definition A.4 (Parallel). Two lines are called parallel if either they are the same or are disjoint.

81
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Some may prefer to define lines using the equation of a line. That is, a line is described by a set
Lyqgr={(z,y) : pr+qy = r} where (p,q) # (0,0). This gives us two equivalent ways of describing
lines.

Lemma A.5.

{Lpgr:pg,re R? and (p,q) # (0,0))} = {Agped:abede R? and (a,b) # (0,0)}

Proof. Assuming a # 0,

b b
Amb’c’d:{(aa—l—c,ab—i-d):aER}z{(aa+c,(aa+c) C+d> :aGR}
a

a

—{(w 2o+ (a-2)) o eR) = () e Ry = ot (4= X))
a a a P
= {(z,y) €ER?:ay = bx + (ad — be)} = {(2,y) € R* : bx — ay = bc — ad}
= Lb,fa,bcfad~
Similarly, if b # 0,

a

Aaped = {(aa+c,ab+d): a € R} = {(b

(Gt (o~ %) ) ver) =twp e o=ty (e~ 40

= {(l',y) €R?: bx — ay = bc — a’d} = Lb,—a,bc—ad~

d
(ab—l—d)—i)—l—c,ab—l—d) :aER}

Thus, we have proved that Aypcq = Ly —cpe—ad- Hence, we have showed that the first set in the
statement of the lemma is a subset of the second. Now, let us show the other way. Assuming ¢ # 0,

— T
Lp,q,rZ{(a:,y):px+qy=r}:{(x,qp:c-|—q> :xeR}

- {x(l,_p> n (0,7") :xE]R} — A p g
q q b q b 7q
On the other hand,

LP70,T’ = {(xuy) L= ;} = {a(07 1) + (r,0> S R} = AO,l r Q.
g

Theorem A.6. Given any two points on the Cartesian, there exists a line passing through the two
points.

Proof. Let (p,q) and (r,s) be two arbitrary points on the Cartesian plane. Then, the line
L((p,q),(r,s)) := {(z,y) : (s =@z + (p—r)y+ (gr — ps) = 0} is the required line. To check
this, we just need to verify that (p,q) and (r,s) satisfy the equation, which can be verified as
follows:

(s—a)p+(p—r)g+qr—ps=ps—pg+pg—qr+qr—ps=0
and

(s—q)r+(p—r)s+qr—ps=rs—qr+ps—rs+qr—ps=0.

]

Theorem A.7. Given a line {(x,y) : ax+by+c = 0} and a point (p, q), there exists a line passing
through (p,q) and parallel to {(z,y) : ax + by + ¢ = 0}.
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Proof. Consider the line {(z,y) : axz + by + (—ap — bqg) = 0}. Clearly, the line passes through
(p,q). Moreover, a point (z,y) belongs to both {(x,y) : ax + by + (—ap — bq) = 0} and {(z,vy) :
ax + by + ¢ =0} iff ax 4+ by + (—ap — bq) = 0 = ax + by + ¢. That is, —ap — bq = ¢. Thus, the two
lines are either same or disjoint. O

Definition A.8 (Circle). Any set of the form {(x,y) : (x — a)? + (y — b)? = r?} is called a circle.

Theorem A.9. Given any point (a,b) and any radius r, there exists a circle with centre (a,b) and
radius T.

Proof. This is obvious as the required circle is {(z,y) : (x — a)? + (y — b)? = r?} O
A.1.1. Linear maps.

Definition A.10. A function f : R? — R? is called a linear map if f(v +w) = f(v) + f(w) and
flav) = af(v).
Lemma A.11. If f is linear, then f(0,0) = (0,0).

Proof. f(0,0) = f((0,0)) = f(0(z,y)) = 0f(z,y) = (0,0). .

Let us now fix some notation, say e; = (1,0) and e3 = (0,1). Notice that given any (z,y) € R?,
we can write (z,y) = xej; + yes. An expression of the form ze; + yes is called a linear combination
of e1 and es. Thus, we can describe our observation as

Lemma A.12. Every element v € R? can be expressed as a linear combination of e; and e.
Lemma A.13. If f is linear, then there exists a,b,c,d € R such that f(z,y) = (azx + by, cx + dy).
Proof. Let (a,c) = f(1,0) and (b,d) = £(0,1). Given any point (x,y) € R?
flz,y) = f(2(1,0) +y(0,1)) = f(2(1,0)) + f(y(0,1))
=xf(1,0) +yf(0,1) = z(a,c) + y(b,d)
= (az,cx) + (by,dy) = (azx + by, cx + dy)

Conversely,

Lemma A.14. The function f : R? — R? defined as f(x,y) = (axz + by, cx + dy) is linear for any
a,b,c,d € R?.

Thus, there is a one-one corresponding between linear functions and arrays/matrices of the

a; b;

e di| Then

form [Z Z] Suppose and f; corresponds to [

fao fi(z,y) = folarx + b1y, c1x + d1y)

= (a2a12 + azbry + bac1x + bad1y, coa1x + c2bry + dac1x + dadiy)

= ((a2a1 + bQCl)ZL‘ + (a2b1 + bgdl)y, (C2a1 + dQCl)ZL‘ + (62b1 + dgdl)y)
asaq + bacy  asby + bady
c2a1 +dgey coby + dady

aga1 + bacr  agby + bady
coa1 + dact  caby 4 dody

Thus, fso fi corresponds to the matrix . This allows us to define an

: : b b . .
operation on matrices, namely, l@ 2] [al ! . Notice that this

c2 da| |1 dy
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matches with the familiar matrix multiplication you might have encountered in school. Thankfully,
the mystery of why matrix multiplication was defined in this strange manner is now resolved!

Definition A.15 (Line-preserving functions). We say a function f : R? — R? is a line preserving
function if for every a,b, c,d with (a,b) # (0,0), f(Agp.cd) = Mgy e @ for some o', ', d such that
(a,¥') # (0,0).

Lemma A.16. Let f be a linear map. Then given a,b,c,d € R, there exists a’,V/,c,d € R such
that f(Aa,b,c,d) = Aa’,b’,c’,d"

Proof. Let f(a,b) = (a/,b') and let f(c,d) = (¢/,d'). Then

f(haped) = f ({ala,b) + (¢, d) : o € R})
={f (a(a,) + (¢, d)) : v € R}

={f (ala,0)) + f ((¢,d)) : a € R}

{a f((a b)) f((e,d)): a € R}

(d,d):aeR}

_{a

= Aa/7b/7cl7dl

However, Ay p o 4 is a line iff (a’,b") # 0. Thus,
Lemma A.17. A linear map f is line-preserving <= (a,b) # (0,0) implies f(a,b) # (0,0) <
f(a,b) = (0,0) implies (a,b) = (0,0).
Lemma A.18. A linear map f is injective <= f(a,b) = (0,0) implies (a,b) = (0,0).
Proof. Assume f is injective and f(a,b) = (0,0). Notice that earlier we had shown that f(0,0) =
(0,0) as well. Thus, by injectivity of f, (a,b) = (0,0).

Now assume f(a,b) = (0,0) implies (a,b) = (0,0). Let (x1,y1) and (z2,y2) be any two points

such that f(x1,y1) = f(z2,92). Thus, f(r2 — 1,92 — y1) = f(z2,92) — f(w1,91) = (0,0) Thus, by
our assumption, (ze —z1,y2 —y1) = (0,0), that is, (z1,y1) = (x2,y2). As, (z;,y;) were arbitrary, f
is injective. O

Lemma A.19. A linear map f : R?2 — R? is injective iff it is bijective.

We have proved that every bijective linear map is a bijective line-preserving map. Is the converse
true? Unfortunately, the following exercise shows that the converse is not true.

Exercise A.20. Show that f : R? — R? defined as f(z,y) = (x + a,y + b) is line-preserving but
is not linear.

Thus, the obstruction is the existence of translations. Or more precisely, the obstruction is the
existence of functions such that f(0,0) # (0,0).

A.2. A line-preserving bijection that preserves origin is a linear map

The proof is a mixture of ideas from | ] and Chapter 6 of | |. From now on, when
there is no ambiguity, we will denote (0,0) as just 0.

Lemma A.21. Given two vectors v,w € R?, the line containing v, w is given by {w + a(v — w) :
a € R}.
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Proof. Let v = (v1,v2) and w = (w1, ws). Then,
{fw+av—w):aeR}={(w,ws) +a(vi —wi,v2 —w2) : @ € R} = Ay, —wi vo—wo,w1,ws-

Thus, the set describes a line. Moreover, when a = 0 we have w + a(v — w) = w and when a =1
we have w + a(v — w) = v. Thus, the line contains v and w. O

Now, w + a(v —w) = av + (1 — @)w. Thus, {w+a(v—w):a € R} ={av+bw:a+b=1}.
In particular, we have,

Lemma A.22. Let a,b € R are such that a+b = 1. Given any two v,w € R?, av + bw lies on the
line passing through v and w.

Lemma A.23. Let f be line-preserving bijection such that f(0) = 0, then f(e2) # c.f(e1) for any
ceR.

Proof. Assume the contrary. Let f(e;) = v;, our assumptions imply ve = cvy. Let v = (a,b) be an
arbitrary point in R%2. Then, we can write v as ae; + bea. Assume a + b # 0. Then,

b
v =ae; + bea = (a + b) (aj—b€1+a+be2>

a b
=(1- b))0 b
(1= @+0)0+ D) (e + )

Let us use the notation w = a%rbel + aiereg. Then w lies on the line containing e; and es. Therefore,
if f(w) lies on the line joining vy and ve = cv;. Therefore, w = dvy for some d € R. Now, v lies
on the line joining 0 and w. Thus, f(v) lies on the line joining f(0) = 0 and f(w) = dv;. Thus,
f(w) = Ay for some A € R.

Thus, the image of R?\ {a(1,—1) : @ € R} is a line. Moreover, the set {a(1,—1) : a € R} is also
a line. Thus, the image of R? can atmost be the union of two distinct lines and therefore cannot
be R2. Thus, f is not surjective, which is a contradiction. Therefore, our assumption that ve = cv;
has to be wrong. O

Exercise A.24. Two points (z1,y1) and (x2,y2) lie on the same line passing through origin iff
z1y2 — x2y1 = 0.

As vy # cv; for any ¢ € R they don’t lie on the same line passing through origin. Thus,
if v; = (zi,vs), then z1ys — xoy1 # 0. Thus, define T from R2 — R2 to be the function that
Y2

o
ix | T1W2—T2y1  T1y2—w2y1 ) = e - N — e
corresponds to the matrix 2 - . Then T(v;) = e;. That is, T o f(e;) = e; and
T1Y2—T2Y1 T1Y2—T2Y1

T o f(0) = 0. Let us denote T' o f by h. As T and f maps lines to lines, h also maps lines to lines.
Moreover,

Lemma A.25. Ifl and m are distinct parallel lines, then h(l) and h(m) are also parallel.

Proof. If h(l) and h(m) are not parallel, they intersect at some point p. As p € h(l), there exists
some point v in [ such that h(v) = p. As p € h(m), there exists some point w € m such that
h(w) = p. But, h is a bijection, so v = w. But, this means [ and m intersect. A contradition to
the assumption that they are distinct parallel lines. ]

On the other hand, if [ and m were the same line, then clearly, h(l) and h(m) are the same and
thus parallel. Therefore,

Lemma A.26. Ifl and m are parallel, then h(l) and h(m) are parallel.
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Further,

1. The line passing through 0 and e; (that is the x-axis), is mapped to a line by h. But, this line
contains 0 and e; so it has to be the z-axis.

2. The line passing through 0 and e (that is the y-axis), is mapped to a line by h. But, this line
contains 0 and ey so it has to be the y-axis.

3. Thus, by previous lemma, h sends horizontal lines to horizontal lines and vertical lines to vertical
lines.

4. But h(1,0) = (1,0), so h({(z,y) : « = 1}) = {(x,y) : @ = 1}. Similarly, h({(z,y) : y = 1}) =
{(z,y) 1y =1}
Our aim is to now prove that h(z,0) = (z,0) and h(0,y) = (0,y) for all z,y € R. We prove

this by showing that if f a line preserving bijection such that f(0) = 0 fixes a line and two points
on it, then it fixes each point on the line.

Given a line [ and a point O on I. We can define a construction that takes two points A and
B on [ and gives a point C on [ such that |OA| 4+ |OB| = |OC|. Take an arbitrary point P not on
. Draw lines OP, BP and the line [’ parallel to [ passing through P. Then draw a line passing
through A and parallel to OP, let this hit I’ at Q. Now, draw a line parallel to PB passing through
PB. Then, |OA| = |PQ| = |BC|. Thus, |OA| +|OB| = |BC|+ |OB| = |0C|.

P/ ~/a v

70 A/ B. ot

Note that this construction depends on O but does not depend on P. We denote C = A & B.

Lemma A.27. Let g be a line preserving bijection such that g(0) = 0. If g(1) =1 and g(O) = O,
then g(A® B) = g(A) ® g(B).

Proof. As distinct parallel lines are sent to distinct parallel lines by g, the figure used to construct
C = A® B gets transformed to the figure used to construct g(C) = g(A) x g(B). O

Given a line [ and two points O and I on L we now construct an operation that takes two
points A and B and returns a point C such that |OC||OI| = |OA||OB|. Choose an arbitrary point
P not on [. Then draw lines OP, IP, and AP. Now draw a line parallel to I P passing through
B, let this line intersect OP at (). And draw a line parallel to AP passing through @, let this line
intersect [ at C'. Note that AOAP is similar to AOC(Q. Thus, loCl _ 19Q] * Aynq AOTP is similar

[OA] — |OP|"
0Q| _ 0B |oC] _ |0B[1
to AOBQ. Thus, ol = or- Thus, 51 = 571
Q
P
0
I / A‘ /B C\ 1

This construction depends on both O and I but does not depend on P. We denote C' = A® B.
Then, as before, we have

INote to self: The two images in this section are copied from the book.
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Lemma A.28. Let g be a line preserving bijection such that g(0) = 0. If g(I) =1, g(O) = O and
g(I) = I, then g(A & B) = g(A) @ g(B).

Let [ be the z-axis, O = (0,0) and I = (1,0). Then, as |OI| =1, (z,0) & (y,0) = (z + y,0)
and (z,0) ® (y,0) = (vy,0). Further, note that h|{(; 0).ccr} is also a bijection. Thus, h induces a
function g : R — R, given by the relation h(z,0) = (g(x),0).

(9(z +9),0) = h(z +y,0) = h((z,0) & (y,0)) = h(z,0) & h(y,0)
= (9(x),0) & (9(»),0)) = (9(z) + 9(v),0)
Thus, g(x +y) = g(x) + ¢g(y). Similarly,
(9(zy),0) = h(zy,0) = h((z,0) ® (y,0)) = h(z,0) ® h(y,0)
= (9(2),0) ® (9(»),0)) = (9(x)g(y),0)

Thus, g(zy) = g(z)g(y). We will now prove that the only function that satisfies these properties is
the identity function.

Lemma A.29. If g: R — R is a bijection such that g(z +y) = g(x) + g(y) and g(zy) = g(x)g(y),
then glg is the identity.

Proof. First observe that ¢g(0) = ¢g(0 4+ 0) = g(0) + ¢(0). Thus, ¢g(0) = 0. And ¢(1) = g(1.1
g(1)g(1). As 1 # 0 and g is bijection, g(1) # ¢g(0) = 0. Thus, g(1) = 1. Now, ¢g(2) = g(1 +1
1+1 = 2. Using induction, you can now prove that g(n) = n. Also, 0 = g(0) = g(n+(—n)) =g¢
g(—n) = n+ g(—n). Thus, g(—n) = —n. Finally, m = g(m) =g (%n) =g (%) g(n)=g (%) n.
Thus, g (2) = 2. O

n

Lemma A.30. If g : R — R is a bijection such that g(x +y) = g(x) + g(y) and g(zy) = g(x)g(y),
then z <y < g(x) < g(y).

Proof.
0<z < x=1y*forsomeyecR
= g(x) = 9(y°) = 9(v)9(y) = 9(y)*
— 0<g(x)
Now,

<y <= 0<y—z <= 0<g(y—2) =gy —g(z) <= g(z) <g(y)
0

Theorem A.31. If g : R — R is a bijection such that g(x+y) = g(z)+g(y) and g(xy) = g(x)g(y),
then g is the identity.

Proof. Define L, = {y € Q:y < z}. Then,

Loy ={y € Q:y < g(x)}
={y€Q:9(y) <g(x)} (note g is identity on Q)
={yeQ:y <z} (by Lemma A.30)
=1L,
But given any two distint real numbers = and y, there exists a rational number z such that x < y < z.

Therefore L, = Ly iff # = y. Thus, g(x) = x. As x was arbitrary, we have proved that g is the
identity. O
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Thus, h(z,0) = (g(z),0) = (z,0) for all z € R. A very similar argument will show that
h(0,y) = (0,y) for all y € R. Now, we already saw that h({(x,y) : y = b}) is a horizontal line. But,
as h(0,b) = (0,b), the image contains the point (0,b). Thus, h({(z,y) : y = b}) = {(z,y) : y = b}.
Similarly, h({(z,y) : * = a}) = {(z,y) : x = a}. Then,h(a,b) € h({(z,y) : z = a}) = {(z,y) : x =
a} and h(a,b) € h({(z,y) : y = b}) = {(z,y) : y = b}. Thus, h(a,b) € {(z,y) : 2 = a} N {(x,y) :
y = b} ={(a,b)}. Thus, h(a,b) = (a,b). Therefore, by the uniqueness of inverse (of T'), f is the
1

function corresponding to y
1

ZQ . And thus, f is linear. Hence, we have finally proved,
2

Theorem A.32. Let f be a line-preserving bijection such that f(0,0) = (0,0), then f is linear.

Let us summarise what we have seen so far. First, we showed that given a linear map f, there

exists real numbers a, b, ¢, d such that f(z,y) = (ax + by, cx + dy). We associated a matrix d

to this function. The collection of all 2 x 2 matrices is often denoted as M (2). Later, to ensure
lines go to lines, we decided to focus only on bijections. These functions therefore correspond to
invertible matrices.

Definition A.33. The collection of 2 x 2 invertible matrices is denoted by GL(2). It is often called
the general linear group.

The structure of linear maps allowed us to prove that they map lines to lines. We then observed
that the converse is not true as linear maps fix the origin, but line-preserving maps do not necessarily
fix the origin. With immense effort, we managed to prove that all line-preserving bijections that that
preserve the origin are linear. This discovery allows us to understand all line-preserving bijections.

Theorem A.34. If f is a line-preserving bijection, then there exists real numbers a,b, c,d, e, f such

that [CCL Zl is invertible and f(z,y) = (ax + by + e,cx + dy + f).

Proof. Given a line-preserving bijection, consider the function g : R? — R? defined as g(z,y) =
f(z,y) — £(0,0). Then, ¢g(0,0) = (0,0). Thus, g is a linear bijection and hence g(z,y) = (ax +

by, cx + dy) for some a,b,c,d such that [Z Z] is invertible. Define (e, f) := f(0,0). Then,

f(z,y) =g(x,y) + f(0,0) = az + by, cx + dy) + (e, f) = (ax + by + e, cx + dy + f). O

A.3. Rotations, Reflections and Translations

We already encountered translations as examples of functions that are line-preserving but not linear.
Translation is an important example of transformation of the plane and the other two classes of
functions are reflections and rotations.

Definition A.35 (Translation). A function 7 : R? — R? of the form T(z,y) = (z + a,y + b) is
called a translation.

/

Definition A.36. Two lines Ly, 4, and Ly 4, are perpendicular iff pp’ = —qq’.
Definition A.37 (Reflection). A function R : R? — R? is a reflection about a line [ if given any
point (z,y),

(1) the line [ is perpendicular to the line passing through R(z,y) and (z,y).

(2) The mid-point of R(z,y) and (z,y), that is 3 (R(z,y) + (z,y)), lies on L.
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Remark A.38. The two conditions in the above definition together mean that [ is the perpendicular
bisector of the line segment joining R(z,y) and (z,y).

Theorem A.39. The reflection R, o, about the line Lyq, is given by the map
2r
Rp70,r(x7y) = (—1' - p:y) .

Proof. Note that, then p # 0 and the line is parallel to the y-axis. Let (a,b) be an arbitrary point
and let Ry, (a,b) = (c,d). Then, from Theorem A.6, the line passing through (a,b) and (c,d) is
Lia—v),(a=c),(be—ad)- AS Lpor is perpendicular to Lig_p) (a—c),(be—ad)s

(A.1) p(d—b)=0(a—c) <= d=0.

Moreover, the point (% b—) lies on Lj o . That is,

2
(A.2) (a+c)+0(b+d)+2r—0<:>c——a—%
That is, Ry 0r(a,b) = (a,—b— ) As, (a,b) was arbitrary, we have the result. O

Theorem A.40. The reflection about a line parallel to y-axis can be decomposed into a translation
that takes the line to the y-axis, reflection about the y-axis, and the translation back to the original
line. More precisely,

RBpor=T-rooRpo00Tr o

Proof.
r
T,£70 © RP,O,O © TE’O(J"? y) = T*£70 © Rp7070 (l‘ + ) y>
P P b »

(e )
(-2

- Rp,O,r (.CL‘, y) .
]

Theorem A.41. Given a line Ly, 4, where ¢ # 0, define m = _Tp. Then, the reflection Ry, 4, about
the line Ly 4. is given by the map

l-m?  2m 71
Rpgr(z,y) = [13&1 intmll ly] :
1+m2  1+m?2
Proof. Let (a,b) be an arbitrary point and let R(a,b) = (¢,d). Then, from Theorem A.6, the

line passing through (a,b) and (c,d) is L(g—p),(a—c),(bc—ad)- AS Lpqr is perpendicular to the line
L(d—b),(a—c),(bc—ad)v

(A.3) p(d—b) = —q(a —¢).
Moreover, the point (‘”C, b;d) lies on L, 4. That is,
(A.4) pla+c)+qb+d)+r=0.

From Equation A.3, we get
(A.5) c=a—md+mb
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and from Equation A.4, we get
(A.6) d=ma+me—b——
q

Substituting this value of d back in Equation A.5, we get

c:a—mza—mZC—i-mb—i-@—i-mb.
q

That is,

1 —m? 2m mr
A7 =|—7F — )b+ —5—.
(A7) ¢ <1+m2>a+(1—|—m2> +(1—1—7712)q
Substituting this value of ¢ back in Equation A.5, we get

2m m?—1 r

A8 d= — b= —.
(A-8) (1+m2)a+<1+m2> (1+m?2)q

As (a,b) € R? was arbitrary, we can say

2 2m mr
Ryqr(w,y) = [1;?:2 };;ﬁ] ﬂ + [OWM]
(1+m?)q

In particular, when r = 0, we have

Corollary A.42. Given a line L, 40 where p # 0, define m = _7"". Then, the reflection Ry, 40 about
the line Ly 40 is given by the map

1—m? 2m T
_ | 1+m2 14+m?2
Rp»q70($’y) - 2m m2—1 Yy '
1+m2  1+m?2

Theorem A.43. The reflection about an arbitrary line (not parallel to the y-axis) can be written
as a composition of a Translation that takes it to a line passing through the origin, reflection about
this line, and translation that takes the line back to original line. More precisely,

szqu = T07_£ © Rp? q? O o TO,%

Proof.

= Rp,O,T(xa y)'
U

Theorem A.44. Letl be a line passing through the origin making an angle 0 # 5 with the x-axis.
Then, I = L_ sin(#),cos(6),0-

Proof. Notice that (cos(6),sin(#)) and (0, 0) satisfy the equation —sin(f)z + cos(f)y +0=10. O
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Theorem A.45. If 0 # 0, then reflection about L_ gy (9) cos(0),0 S given by

cos(260)  sin(26)
sin(20) —cos(260)| "

Proof. Here m = EE;((Z)) Thus,

1—m?  cos?(9) — sin?(6)

= = 20).
1+m?  sin?(6) + cos2(6) cos(20)
and )
m . .
T 2sin(f) cos(0) = sin(26).

Theorem A.46. The rotation R, about the origin by an angle a is given by the map

Ru(z,y) = lcos(a) —sin(a)] [x] .

sin(a)  cos(a) | |y

Proof. The easiest way to prove this result is by using the polar coordinates. Recall that a point
(z,y) = r(cos(0),sin(f)) = (rcos(f), rsin(f)). When rotated by an angle «, you get the point
(rcos(6 4+ «),rsin(0 + «)) = (rcos(f) cos(a) — rsin(f) sin(«), rsin(0) cos(a) + r cos(f) sin(«))
= (z cos(a) — ysin(a), y cos(a) + x sin(«))

= (z cos(a) — ysin(a), zsin(a)) + y cos()

_ |cos(@) —sin(a)| |z
sin(a)  cos(a) | |y|°

A.4. Klein’s approach to geometry

In school, the notion of congruence is not usually defined precisely. It is first expressed intuitively
as “two triangles are congruent if you can pick one and place it on the other in such a way that
they match perfectly”. Later, we talk about conditions/criteria for checking congruence, but the
equivalence of the definition and these conditions are not discussed. The equivalence of the various
conditions are generally discussed on the other hand.

To make the intuitive notion precise, we need to define a collection of functions that do the
job of “picking a triangle and placing it on another”. For example, we are allowed to translate,
rotate, reflect etc. And each of these “moves” correspond to some functions from f : R? — R2.
The similarity of triangles can also be defined in a similar manner. Thus, Felix Klein observed that
Euclidean geometry is the study of properties that are preserved a collection (let us call it E for
Euclidean) of functions f : R? — R2. He further observed that this collection satisfies some nice
propertieszz

(1) The collection contains the identity function.
(2) If f belongs to the collection, then f is invertible and f~! also belongs to the collection.
(3) If f and g belong to the collection, then so does f o g.

2We first encountered this presentation in [ ]
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He further realised that these properties were no accident. This collection of functions defines a
notion of “sameness” on triangles. And any sensible notion of “sameness” should be an equivalence
relation. And these properties help establish the reflexivity, symmetry and transitivity of the
relationship.

Our goal is to understand Euclidean geometry from this Kleinean perspective. We may call
functions that can be expressed as composition of rotations, reflections, and translations as rigid
maps. We may call functions that preserve distances as isometries. Interestingly every rigid map is
an isometry and every isometry is a rigid map. This fact can be proved using high school geometry
or can be proved using concepts from linear algebra - needless to say that linear algebra makes our
life a lot easier. This can be a motivation to study linear algebra.

Definition A.47 (Isometry). We say a function f : R? — R? is an isometry if for all v,w € R?
d(v,y) = d(f(v), f(w)).
Lemma A.48. If f is an isometry and f(0) = 0, then || f(v)|| = ||v|| for all v € R2.

Proof. [|lv]| = d(v,0) = d(f(v), f(0)) = d(f(v),0) = [lf(v)[]. -

Exercise A.49. Show that if L : R? — R? is an isometry, then the map T(10,0)) © L is an isometry
that preserves origin, that is T ) o L(0,0) = (0,0).

Exercise A.50. Show that if f : R? — R? is an isometry that preserves origin that is f(0,0) =
(0,0), then f preserves dot product, that is, f(v) - f(w) =v - w.

Hint:  Use (f(v) = f(w)) - (f(v) = f(w)) = [[f(v) = fw)]| = [[v = w]| = (v = w) - (v = w).

Theorem A.51. If f : R? — R? is an isometry that preserves origin (that is £(0,0) = (0,0)), then
f s linear.

Proof. To show that f is linear, we need to prove that f(v+w) = f(v)+ f(w) and f(av) = af(v).
As the only vector whose norm is 0 is the 0-vector, it is enough to show that || f(v + w) — f(v) —
f(w)|| = 0 and || f(av) — af(v)|| = 0. Both these follow from a simple computation using the
observation that f preserves inner product. Thus, these computations are left as exercise. O

Exercise A.52. Show that if f : R? — R? is an isometry that preserves origin, then || f(v + w) —
f(v) = f(w)[| = 0 and || f(aw) — af(v)]| = 0.
Lemma A.53. If f is an isometry and f(0) = 0 then f is a bijection.

Proof. Consider two points v,w € R? such that f(v) = f(w). Then, d(f(v), f(w)) = 0. But,
d(v,w) = d(f(v), f(w)). Therefore d(v,w) = 0 and thus, v = w. Thus, f is injective.

Let v € R? be arbitrary. We will prove f is surjective by finding a preimage for v. If f(v) =
then we are done. So, assume f(v) # v, let f(v) = u. Once again, if f(u) = v, we are done. So,
assume f(u) # v. Let ||v]| = 7. Then, ||u|| = ||v|]| = r. Now, there are two possibilities, d(u,v) < 2r
or d(u,v) = 2r.

Case 1 - d(u,v) = 2r: Notice that v is the only element with norm r such that d(u,v) = 2r.
But, d(u,v) = d(f(u), f(v)) = d(f(u),u) = d(u, f(u)). Thus, f(u) = v. Hence we have found a
preimage for v.

Case 2 - d(u,v) < 2r: Now there is exists exactly one w # wu such that |w| = r and
d(w,v) = d(u,v). Thus, d(u, f(w)) = d(f(w), u) = d(f(w), f(v)) = d(f(w), [(v)) = d(f(), u) =
d(f(u), f(v)) = d(u,v) and ||f(w)|| = r. That is, d(u,v) = d(u,f(u)) = d(u, f(w)). Thus, either
f(u) = f(w) or f(w) =v. But, as f is injective and w # u, f(w) # f(u). Therefore, f(w) = v.
Hence we have found a preimage for v. 0
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Theorem A.54. If f is an isometry, then f is a bijection.

Proof. Consider g : R? — R? such that g(v) = f(v) — f(0). Then, g € G3 and g(0) =0, so g is a
bijection. T : R? — R? defined as T'(v) = v + f(0) is also a bijection. Thus, T o g is a bijection.

But, T o g(v) = T(f(v) — f(0)) = f(v) — f(0) + f(0) = f(v). That is, T og = f. Thus, f is a
bijection. 0

Theorem A.55. Let f : R2 — R? be a linear map f and let A be the matriz associated to f. If f
is an isometry then AAT =T = ATA.

d
£(0,1) = (b,d). But, as f preserves norm

1=(1,0)l = [1£(1,0)l| = [[(a,0)]| = a* + .

Proof. Let A = [CCL b] or in other words f(z,y) = (ax + by, cx + dy). Then f(1,0) = (a,c) and

Similarly,
L= [0, Dl = 1£0, )]l = [I(b, d)]| = b* + d*.
Moreover,
0=((1,0),(0,1)) = (f(1,0), £(0,1)) = ((a ), (b;d)) = ab + cd.
Thus,

a2+ ab+ed

T, la c|la b
AA_lb d] [c d]_ ab+cd b*+ d?

‘lé ﬂ_

But, notice that

But, if A is associated with an isometry, it is invertible and its inverse A~! = ﬁ [_dc _ab]
is also associated with an isometry. Thus, if B = A™!, then
10 T 1 d —c||d b d>+c?  —(bd+ac)
=B B=_——-3 = 2 32
0 1 (ad—bc)?2 |=b a||-c a —(bd+ac) a*+b
Thus, ac + bd = 0 and d? + ¢* = (ad — be)? = a? + b%. Further notice that
2=1+1=(a®>+A)+ ¥ +d*) = (a>+ 1) + (Z + d?) = 2(ad — bc)?
Therefore, (ad — bc)? = 1. That is, d? + ¢ = 1 = a® + b?. Hence,
44T _ |@ bl la cf _ a? + b2 ac+bd _|ro
c dl|b d ac+bc + d? 0 1|°
O

Theorem A.56. Let f : R?2 — R? be a linear map f and let A be the matriz associated to f. If
AAT =T = AT A, then f is an isometry.
Proof. Notice that (v,w) = vTw = {vl 112} [le Therefore,

2

| 4v][? = (4v, Av) = (Av)" (Aw) = (v7AT) (Av) =v" (ATA) v = vTv = (v,0) = [Jo]%.

Thus, A preserves norm and hence distance. 0
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Definition A.57. A matrix A is called an orthogonal matrix if AAT = I. The collection of all
orthogonal matrices is denoted as O(2). Notice that 1 = det(I) = det(AAT) = det(A) det(AT) =
det(A)2. Thus, det(A) = 41. The collection of all elements of O(2) with determinant 1 is denoted
as SO(2).

The set of rigid motions (or isometries) under function composition also form great examples of
groups. Given any set X, the collection of bijections f : X — X under composition forms a group.
These were one of the original motivations to study group theory and Cayley’s theorem says that
in fact every group can be thought of as a collection of bijections from a set to itself. Having played
with concrete examples will help students when they start learning group theory.

Exercise A.58. Show that O(2), the set of all orthogonal matrices, is a group under matrix
multiplication.

Exercise A.59. Show that A € SO(2) iff there exits some 6 € [0, 27] such that

_ |cos(8) —sin(0)
A= [sin(ﬁ) cos(0) 1

Let R= | " |. 1 A€ O2), then cither A € SO(2) or RA € SO(2). 1t RA € SO(2), then there
exists 0 € [0, 27| such that
_|cos(#) —sin()
RA= [Sin(@) cos(6)
That is,

|1 0| |cos(@) —sin(d)| |—cos(d) sin(P)
A= [ ] [sin(@) cos(0) ] N l ]

Thus, we have

cos(0) sin(0)

Theorem A.60. If A € O(2), then there exists 6 € [0, 2w such that A = [sin(@) cos ()

1 or there

cos(26)  sin(26)
sin(20) — cos(26
the origin or is a reflection about a line passing through origin.

exists 0 € [0,27] such that A = [ )] . In other words, A is either a rotation about

An even more exciting result says that actually every rigid motions (and hence every isometry)
can be expressed as a composition of atmost three reflections. In the language of group theory, this
means that the collection of reflections generate the group of rigid motions. Thus, reflections gain
importance among other collection of functions.

Having characterised isometries or rigid motions, one can prove that the image of any triangle
under an isomtery is another triangle satisfying SSS criterion. Moreover, given two triangles sat-
isfying the SSS criterion, there exists an isometry that takes the first triangle to the second. This
shows the equivalence of the intuitive notion with the criteria we study in school and thus gives a
better understanding of Eucliedan geometry. So, in summary, we can think of Euclidean geometry
as the study of reflections.
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