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Topological Data Analysis

Madhuleka V Iyer

Abstract

Over the course of this project, we studied Topology and explored an application of Topo-
logical Data Analysis. Topology is the study of properties that are preserved after deformations
like stretching and twisting of objects. Topological Data Analysis is a method to analyse data
by studying the shape of data. To do this, we convert the data into a simplicial complex. We
then associate an algebraic invariant, Homology, to the simplicial complex. We study whether
the generators of each Homology space persists or not. If it persists, we call this a feature of the
data, else ignore it as noise.

We studied an application of Topological Data Analysis to human motion recognition.
Through this we explored that Topological Data Analysis is a better way to classify motion
recognition than Principal Component Analysis.
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Chapter 1

Introduction

Topological Data Analysis (TDA), the main theme of the project, is a method of analysing
data by studying the shape of data using Topological methods. Given a data set X, we first
convert the data set into a geometric object. Further, we assign an algebraic invariant to this
geometric object. We study the properties of the geometric object through this invariant and
learn something about the data.

A natural question to ask here is, why should we study Topological Data Analysis when
there are myriad other statistical techniques to analyse data?” Many times, analysing data
using summary statistics is insufficient. This is illuminated by the Anscombe’s quartet and the
Datasaurus.

The Anscombe’s quartet has eleven data points with almost identical summary statistics. But
the distributions look very different when plotted as a scatter plot, that is, they are qualitatively
very different. The four graphs were devised by Francis Anscombe to show the importance of
graphing in statistics.

The Datasaurus further shows us that the summary statistics can be deceiving. Certain
data points are plotted as a scatter plot to take the shape of a dinosaur. The data points are
then perturbed and moved towards a different shape. This is done while keeping the summary
statistics intact up to two decimal points. After certain perturbations, the scatter plot looks

like concentric circles, diagonal lines, horizontal lines and a cross. Since we ensured that the
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summary statistics remain the same, these plots are quantitatively similar. However, upon

plotting they look very different.

Iteration: 1 Iteration: 20,000 Iteration: 80,000 Iteration: 200,000

R i

Though data sets are quantitatively similar, they can be qualitatively poles apart. So, we
want to study the shape of data to distinguish between such data sets. We have claimed that
summary statistics are insufficient. What about other statistical methods to analyse data?

The datasaurus does not lie on any curve. If the data points lie in a higher dimension,

it is unlikely that the points would lie on a curve. Further, in Chapter 5, we will see that



even methods like Principal Component Analysis (PCA) are not efficient enough to classify
data points effectively. We explore in Chapter 5 whether Topological Data Analysis is a better
classifier of human motion recognition than Principal Component Analysis and learned it indeed
is.

When we say that we want to study the shape of data by assigning geometric objects to it,
what are these objects that we assign to the data? We associate a simplicial complex 2 to the
data set and study the properties of this simplicial complex.

The aim of the project is to study the shape of data and explore an application of TDA.
Before we can study the shape of data using topology, we need to know how to convert data into
geometric objects, and how to assign an algebraic invariant to it. For this, we study homology 3
and persistence homology 4. For this, we read Vidit Nanda’s Computational Algebraic Topology,
Lecture notes Nanda

The thesis takes the reader through the basic concepts of Topology, equipping them with the
knowledge required to perform TDA. Further, it elucidates the advantages of TDA over other
methods that are traditionally used to perform similar data analysis. We explore this idea using

an application of Topological Data Analysis to classify motion capture data.



Chapter 2

Simplicial Complex

2.1 Graphs

The famous Koénigsberg problem of seven bridges is one of the most important questions in the
field of Discrete Mathematics. The city of Konigsberg consisted of two islands and two mainland
regions. Seven bridges connected the islands to each other and to the two mainland regions. A
question arose as to whether it was possible to return to the starting point after traversing all
seven bridges, travelling through each bridge precisely once. The seven bridges were constructed

in the following way:

(©By Bogdan Giuscs - Public do-
main (PD), based on the image, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=112920

Leonhard Euler solved the problem in 1736. Upon coming across this puzzle, Euler under-



stood that the specific shapes or sizes of the four regions and the lengths of the seven bridges
were irrelevant to the solution. So, he chose to represent the four regions as single points each
and the bridges as line segments connecting the respective points. He proved that for such a
traversal to exist, at least one region should have an even number of bridges connecting it to
other regions. As all the regions in the given situation have an odd number of bridges connect-
ing them to other regions, such a traversal is impossible. In this process, Euler invented Graph
Theory and this led to the birth of Topology.

In general, the relationship between entities in a collection can be represented using graphs.
Each entity is represented by a point and is called a vertex of the graph. If two entities are
related, the relationship is expressed by a line segment connecting the two vertices and is called

an edge of the graph.

Definition 1. A graph G is an ordered pair (V, E) where V is a set of vertices and E is a set

of two elements subsets of V.

For example, consider a class with 6 students {A, B,C, D, E, F}. This forms a vertex set
V. A line is drawn between two students if they have interacted with each other more than
five times. A and B, A and C, B and C, D and E, and D and F have interacted with each
other more than five times. Other pairs of students have interacted less than or equal to five
times. This can be represented by the graph G = (V, E) where V. = {A,B,C, D, E,F} and
B = {{A, B}.{A,C}.{B,C}.{D, E}.{D. F}}.

If a further condition is added that A, B and C' mutually interact with each other, this
relationship can no longer be represented by graphs. This is because graphs only contain single-
element sets (vertices) and double-element sets (edges) while a three-element set is required to
represent this relationship. Therefore, graphs become an inadequate form of representation to
model such relationships.

To study relationships in higher dimensions we require structures that include sets of higher

cardinality. This motivates the study of simplicial complexes.



2.2 Simplicial Complex

Definition 2. Given a set V, a simplicial complex K on 'V is a collection of non-empty subsets

of the set V' satisfying the following conditions:

e Fwvery set containing only one vertex belongs to K

o If 7 isin K and o is a non-empty subset of 7, 0 € K.

Example 2.2.1. Let vertex set be V = {v1,v2,v3,v4}. Consider the set

K = {{v1}, {va}, {3}, {va}}.

We must now check that K is indeed a simplicial complex. The set V' has four elements. The
simplicial complex K contains four singleton sets containing four vertices each. Hence the first
condition is satisfied. Singleton sets do mot have any non-empty subsets. Hence, the second

condition is satisfied. Therefore, K is indeed a simplicial complex.

Example 2.2.2. Going back to the example for graphs, the vertez set is {A, B,C,D,E, F}. Let

us represent the graph G as

K = {A}L B} ACH DY AE}A{F} {A, BEAA, C3AB, O} AD, E} AD, F}}

where the singleton sets denote vertices and the two-element sets denote edges. We must now
check that K is indeed a simplicial complex. The set V has siz elements. The simplicial complex
K contains six singleton sets containing six vertices each. Hence, the first condition is satisfied.
Since K only has singleton sets and two-element sets, we need to check the second condition for
these two kinds of sets. Singleton sets do not have any non-empty subsets. Two element sets
can only have singleton subsets and since every possible singleton set is present in K, for all
TeK,ifo Crt, o€ K as well. Therefore, for allT € K, if o C 7, 0 € K as well. Hence, the

second condition is satisfied. Therefore, K is indeed a simplicial complez.

Example 2.2.3. More generally, given a graph G = (V, E), we can construct a set K containing

n singleton sets and m two element sets where |V| = n and |E| = m. Since the set contains n



singleton sets, every vertex in the verter set V is in K. Hence, the condition is satisfied. Since
K only has singleton and two-element sets, we meed to check the second condition for these
two sets. Singleton sets do not have any non-empty subsets. Two element sets can only have
singleton subsets and since every possible singleton set is present in K, for all T € K, ifoc C T,
o € K as well. Hence, the second condition is satisfied. Therefore, K is indeed an analogous

simplicial complex of the graph G.

Example 2.2.4. Let vertex set be V- = {vy, vy, v3,v4,v5}. Consider the set

K = {{Ul}a {’U2}’ {U3}a {U4}7 {'05}7 {Uh UQ}a {Ulv U3}7 {U2a U3}a {UQ’ U4}a {’U4a ’U5}’ {Ula V2, U3}}'

We must now check that K is indeed a simplicial complex. The set V' has five elements. The
simplicial complex K contains five singleton sets containing five vertices each. Hence the first
condition is satisfied. Since K only has singleton sets, two-element sets and three-element sets,
we need to check the second condition for these three kinds of sets. Singleton sets do not have any
non-empty subsets. Two element sets can only have singleton subsets and since every possible
singleton set is present in K, for oll T € K, if o C 7, 0 € K as well. Therefore, for all
Te€K,ifoc C1,0 € K as well. The only three elements set present in K is {vi,va,v3}. If
this set is T, then o is any of the two-element or one-element subsets of the given set. The
two element subsets include {vi,ve}, {vi,v3}, {va,v3} and these are all present in K. Further,
we have already confirmed that all possible singleton sets are present in K. Therefore, for all
TeK,ifo C1,0 € K as well. Hence, the second condition is satisfied. Therefore, K is indeed

a simplicial complex.

Example 2.2.5. Let vertex set be V- = {vy,va,v3,v4}. Consider the set

K = {{vl}’ {U2}a {7)3}, {'04}7 {Ub UQ}a {1)1, 1)3}’ {Ula U4}

{U27 U3}7 {U27 U4}7 {U37 U4}7 {Ula V2, U3}7 {Ub V2, U4}7 {Ula U3, ’U4}, {U27 U3, U4}'

We must now check that K is indeed a simplicial complex. The set V' has four elements. The



simplicial complex K contains four singleton sets containing four vertices each. Hence the first
condition is satisfied. Since K only has singleton sets, two-element sets and three-element
sets, we need to check the second condition for these three kinds of sets. Singleton sets do
not have any non-empty subsets. Two element sets can only have singleton subsets and since
every possible singleton set is present in K, for all T € K, if o C 7, 0 € K as well. There-
fore, for oll T € K, if o C 7, 0 € K as well. The three element sets present in K include
{v1,va,v3}, {v1,v2,v4}, {v1,v3,v4},{ve,v3,v4}. If each of these three element sets is T, then o
is any two-element or one-eclement subsets of the given set. The two element subsets of these
three elements sets include {vi,va}, {va, v3}, {va,va},{v1,v3}, {vs, va}, {vi,v4} and these are all
present in K. Further, we have already confirmed that all possible singleton sets are present in
K. Therefore, for all T € K, if o C 1, 0 € K as well. Hence, the second condition is satisfied.

Therefore, K is indeed a simplicial complez.

Non-Example 2.2.1. Let vertex set be V = {v1,v2,v3, 04,05}

Consider the set

S = {{Ul}v {UQ}a {U3}> {U4}7 {Ula UQ}? {'027 '03}7 {Uh U3}a {U37 U4}}

We must now check if this set is a simplicial complex and we claim that it is not. The vertex
set contains 5 vertices. For the first condition to be satisfied, all five vertices need to be present
in S. But the vertex {vs} is not in S.

Hence, S is not a simplicial complez.

Non-Example 2.2.2. Let vertex set be V = {v1,va,v3}.

Consider the set

S = {{vi}, {va}, {vs}, {v1, v2}, {2, vs}, {v1, 02, v3}}

We must now check if this set is a simplicial complex and we claim that it is not. This set



contains the element {v1,va,v3}. For the second condition of simplicial complexes to be satisfied,
the edges {v1,va}, {va, v3}and{vi,v3} need to be in S. The edge {vi,v3} is not present in S.

Hence, S is not a simplicial complez.

2.3 Simplex

Graphs are sets made up of two components, vertices and edges. We generalised in Example 2.2.3
that all graphs have analogous simplicial complexes where vertices corresponded to singleton
sets and edges corresponded to two-element sets. Further, simplicial complexes contain higher
cardinality sets as well. Each of these elements or sets of the simplicial complex are constituents
that make up the simplicial complex. Breaking it back down to basic components, these sets or

elements of the simplicial complex are called simplices.

Definition 3. Any non-empty subset o of V' that lies in the simplicial complex K is called a

stmplez.

Example 2.3.1. Taking the first example from the last section, let the vertexr set be V =

{v1,v2,v3,v4}. Consider the simplicial complex

K = {{v1},{va}, {vs}, {va}}.
The subsets of V' that are also present in K include the sets {vi}, {va}, {vs},{vs}. Hence, these
are all the simplices of K.

Example 2.3.2. Let vertex set be V = {v1,vs,v3,v4}. Consider the simplicial complex

K = {{Ul}’ {02}7 {03}7 {U4}7 {1}1, U2}’ {Ulv U3}’ {Ula U4}v {UQ’ 1}3}, {vlv V2, 03}}'

The subsets of V' that are also present in K include the sets {v1},{va},{vs}, {va}, {v1,v2},
{v1,v3}, {v1,v4}, {ve,v3}, {v1,v2,v3}. Hence, these are all the simplices of K. Consider the sets
{vo,v4}, {v3, v}, {v1,v2,v4}. These are subsets of V but are not simplices since they are not

present in K.



Example 2.3.3. Let vertex set V= {v1,va,v3,v4}. Consider the simplicial complex

K= {{7)1}, {02}7 {U3}7 {U4}7 {1)1, UQ}’ {7)17 1)3}}.

The subsets of V that are also present in K include the sets {v1},{va}, {vs}, {va}, {vi,va},{v1,v3}}.
Hence, these are all the simplices of K. Consider the sets {vi}, {va},{vs}, {va}, {v1,va}, {v1,v3},{v1,v2,v3}.

These are subsets of V' but are not simplices since they are not present in K.

In the above examples, there are one-element, two-element and three-element subsets of V'
that are present in K. These are all simplices of K. Naturally, we would want to differentiate

between the simplices of different cardinalities and hence define the dimension of simplices.
Definition 4. The dimension of o is |o| — 1, that is, one less than the cardinality of o.

One element subsets of V' have a dimension of zero, two element subsets of V have a dimension
of one and so on. The dimension of the simplicial complex K is equal to the max {dim o|o € K}.
We denote the set of all i-dimensional simplices in K as K;. More specifically, the set of all

single element sets or the set of all vertices is denoted by Kj.

Example 2.3.4. Let vertex set V.= {vg,v1,v2}. Consider the simplicial complex

K = {{vo}, {v1}, {va}, {vo, v1}, {v1, v2}, {vo, va}, {vo, v1, va2}}.

The simplices of K are {vo}, {v1}, {va}, {vo,v1}, {v1,va}, {vo, va}, {vo, v1,v2}.  The simplices
{vo},{v1},{v2} have a dimension of zero, {vo,v1},{v1,va},{vo,v2} have a dimension of one

and {vo,v1,v2} has a dimension of two.

Some of the aforementioned n-dimensional simplices are subsets of higher dimensional sim-
plices. When this happens, we say that the n-dimensional simplices are faces of the higher

dimensional simplices.

Definition 5. Given two simplices o and 7, o is a face of T (0 < 7) when every vertex of o is

also a vertex of T.
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Example 2.3.5. Let vertex set V= {v1,va,v3}. Consider the simplicial complex

K = {{v1}, {va}, {vs}, {v1, v2}, {v2, v3}, {v1, v3}, {v1, v2, 03} }.

We claim that the zero-dimensional simplices, {v1} and {va} are the faces of the two dimensional
simplex {vi,va}. Further, we also claim that the two-dimensional simplices {vi,va}, {va,v3} and
{v1,v3} are faces of the three-dimensional simplex {v1,va,v3}. This is true since every vertex

in the former simplices is also present in the latter simplex.

Example 2.3.6. Let vertex set V- = {v1,v9,v3}. Consider the simplicial complex

K = {{v1}, {v2}, {v3}}.

FEvery simplex is of dimension zero and has only one element. Therefore, none of the simplices

has a face other than themselves.

We defined dimension to facilitate the differentiation of simplices with different cardinalities.
Faces are also of different cardinalities and to differentiate them, we define a term called the

co-dimension.

Definition 6. Let o and 7 be a pair of simplices of the simplicial compler K where o is a face

of 7. The co-dimension of o as a face of T is dim T — dim o.

The dimensions of the faces of a simplex are always less than or equal to the dimension of

the simplex.

Example 2.3.7. Taking the first example from the previous section, Let vertex set V- = {v1,ve,v3}.

Consider the simplicial complex

K = {{v1},{va}, {ws}, {v1, v2}, {v2, v3}, {v1, v3}, {v1, v2, v} }

The faces of the simplex {vi,va} are {v1} and {ve}. Here, T is the one-dimensional simplex and
o s a zero-dimensional face of the simplex. The co-dimension of the face is dim T — dim o =

1-0=1.

11



A face of the simplex {v1,va,v3} is {v1,va}. Here, T is the two-dimensional simplex and o
is the one-dimensional face of the simplex. The co-dimension of the face is dim ™ — dim o =
2—1=1. Further, {v1} is also a face of the simplex {vi,ve,v3}. Here, T is the two-dimensional
simplex and o is the zero-dimensional face of the simpler. The co-dimension of the face is

dimt—dimo=2—-0=2.

From the examples, it is clear that sets of the same cardinality can have different co-

dimensions when considered as a face of simplices of different dimensions.

2.4 Directed Graphs and Oriented Simplicial Complexes

We motivated the study of simplicial complexes as higher dimensional analogues of graphs.
Further, we defined the edge set in graphs as a set of two-element subsets of V. Sets are
generally unordered. So, the order of the elements in each element of E is unimportant in
graphs. We define directed graphs that are a special case of graphs, where the elements in every
element of F has an ordering. The set F will no longer remain a set of subsets of V. The set E

will now be a set of ordered pairs where the elements of the ordered pair are from V.

Definition 7. A directed graph is an ordered pair (V, E) where V is a set of vertices and E is
a subset of V x V.

Consider the set V = {0,1,2,3,4,5,6,7,8,9,10}. Let us take an example where an edge
is drawn from from vertex A to vertex B if A is divides B. In this case, the set E will be
{(1,2),(1,3),(1,4),(1,5),(1,6),(1,7),(1,8),(1,9),(1,10),(2,4),(2,6), (2,8), (2, 10), (3,6), (3,9),
(4,8),(5,10)}

Here, the order of the elements in the tuple matters. While there is an edge (2,4), there is
no edge (4,2).

The first element in the pair is assigned a negative sign and is called the source of the edge.
The second element in the pair is assigned a positive sign and is called the sink of the edge. An
edge can have only one source and one sink. Not all vertices need to be a source or a sink.

Oriented simplicial complexes are a higher dimensional analogue of directed graphs.

12



We write simplices as subsets of vertices. But do we write the vertices in any particular
order? The vertices are all written with sub-scripts. But do these sub-scripts signify anything
or are they just for differentiation?

If the vertices are written in a particular order, then such a simplex is called an oriented
simplex. But the order need not be the same as the order of the sub-scripts. We defined a
function o : Ky — N which assigns a unique natural number to each vertex. The natural order
on the set of natural numbers induces an order of the set of vertices. Since we are concerned
with the order of the vertices and not the number that is assigned to the vertex itself, we only
assign the first m natural numbers where m is the cardinality of the set of all zero dimensional
simplices.

The simplex o is hereafter written as an ordered subset of the set of all zero-dimensional
simplices. For the sake of simplicity, o(vg) < o(v1) < ...o(vg). Simplicial complexes consisting
of oriented simplices form an oriented simplicial complex.

We have been talking about simplicial complexes, simplices and their characteristics. De-
veloping on these ideas, we would like to visualise these abstract structures. To be able to
pictorially represent these structures, we shall define maps from the set of all zero-dimensional

simplices or vertices in K to R™.

2.5 Geometric Realisation

To geometrically realise the abstract simplicial complexes, we equate zero-dimensional simplices
to vertices, one-dimensional simplices to edges, two-dimensional simplices to filled triangles and
SO on.

While we want to geometrically realise all simplices, we define a map only on the zero-
dimensional simplices. This map takes vertices to points in R™. The higher dimensional geo-

metric simplices are the convex hull of the constituent vertices.

Definition 8. Given a set of vertices {xo,x1,...,zn}, the set {t1x1 + toxa + ... thxy | t1 +t2 +

<oty =1 and ty,ta,...t, > 0} is the convex hull of these vertices.

13



The function that maps the vertices to points in R” further needs to follow a few conditions.
For example, intuitively, for an object with more than 2 vertices to be 2 dimensional, the vertices
should not line on the same line. This means that a 2-dimensional simplex cannot be mapped
onto a line in R2.

Any three vertices {xg,x1,z2} do not lie on the same line iff (1 — x¢) and (zo — z¢) are
linearly independent. In general, n + 1 points do not lie on an n — 1 - dimensional subspace
iff the vectors (z1 — xo), (x2 — ), ..., (x, — xp) are linearly independent. We term vertices

satisfying such a linear independence as being affinely independent.

Definition 9. The points {xo,z1,22,...,2,} are said to be affinely independent if the set of

vectors {(x1 — xg), (x2 — x0), ..., (xn — x0)} is linearly independent.

Further, we would not want two points to be mapped to the same element in R™. This is
because such a mapping would lead to a reduction in dimension. Therefore, the function from
the set of all zero-dimensional simplices in K to R™ must be injective. Let us now define the

function.

Definition 10. Tuake a function ¢ : Ko — R". This function maps the zero-dimensional
simplices of K onto a point in R". The geometric realisation |o|, refers to the mapping of the
simplex o onto R™ with respect to the function ¢. Here, 0 = {vi,va,... v} and |o|, is the

geometric simplex of spanned by {p(vo), p(v1), e(v2), ..., o(vk)}.

When the function ¢ is injective and ¢(Kp) are affinely independent, we call the function ¢
an affine embedding of K in R™. Since K is a union of its constituent simplices, the union of
||, is the geometric realisation of K with respect to the function ¢.

To understand the examples from Graphs 2.1 and Simplicial Complex 2.2 sections pictorially,

we take the same examples and define the function ¢ : Ko — R"™ on them.

Example 2.5.1. Let vertex setV = {A, B,C, D, E, F} and edge set E = {(A, B), (A, C), (B, C),
(D,E),(D,F)}. The function ¢ : Ky — R" is defined as p(A) = (2,3),¢(B) = (1,5),¢(C) =
(3,5),0(D) = (6,3), o(E) = (5,5), and o(F) = (7,5). Upon mapping, we get

14
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Example 2.5.2. Let vertex set be V- = {vy,va,v3,v4}. Consider the set

K = {{Ul}a {U2}7 {’03}7 {U4}}'

The function ¢ : Ko — R™ is defined as p(v1) = (0,0), ¢(v2) = (2,0), ¢(v3) = (3,3), and p(v4) =
(1,4). Upon mapping, we get

ey

e U3

[ X0} [ X0

Example 2.5.3. Let vertex set be V = {v1, v, v3,v4,v5}. Consider the simplicial complex

K = {{v1},{va}, {vs}, {va}, {vs}, {v1, va}, {v1, v3}, {v2, vs}, {v2, va}, {va, v5}, {v1, v2, v} )

The function ¢ : Ko — R" is defined as ¢(vi) = (0,0),o(v2) = (2,0),p(v3) = (3,3),p(v4) =
(1,4), and ¢(vs) = (—2,3). Upon mapping, we get

Vg
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Non-Example 2.5.1. Let vertex set be V- = {vp,v1,v2}. Consider the simplicial complex

K = {{vo}, {v1}, {va}, {vo, v1 }, {v1, v2}, {vo, va}, {vo, v1, va}}.

The function ¢ : Ko — R? is defined as @(vo) = (0,0), p(v1) = (0,0) and p(vs) = (0,0).
Here, all elements are mapped to the origin. This function is not an affine embedding as ¢ is

not an injective function. Therefore, it is not a geometric realisation of the simplicial complex.

Non-Example 2.5.2. Let vertex set be V- = {vg,v1,v2}. Consider the simplicial complex

K = {{vo}, {v1}, {va}, {vo, v1}, {v1,v2}, {vo, va}, {vo, v1,v2}}.

The function ¢ : Ko — R? is defined as ¢(vo) = (0,0),p(v1) = (1,0), and p(vs) = (2,0)
This function is not an affine embedding as the images of ¢ are not affinely independent as the
image is not affinely independent. Therefore, it is not a geometric realisation of the simplicial

complex.

As with any algebraic structure, we want to understand what happens when we take a
certain part of the structure and work with the same. It is natural that for this sub-structure
to retain its properties, it needs to maintain its characteristics. In the next section, we explore

sub-complexes.

2.6 Sub-Complex

Definition 11. A subset L of K is a sub-complex of K if it is also a simplicial complex.

Example 2.6.1. Let vertex set V.= {v1,v9,v3}. Consider the simplicial complex

K = {{v1},{v2}, {ws}}.

A subset L of K is taken where L = {{v1}}. The subset L is clearly a simplicial complex and is

therefore a sub-complex of K.
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Example 2.6.2. Let vertex set V = {v1,va,v3}. Consider the simplicial complex

K = {{v1}, {va}, {vs}, {v1, v2}, {v2, v3}, {v1, v3}, {v1, v2, 03} }.

A subset L of K is taken where L = {{v1},{va},{vs}, {v1,va}, {ve,vs},{v1,v3}}. The subset L
is clearly a simplicial complex and is therefore a sub-complex of K.

Consider another subset M of K where M = {{vs}, {v1,va}, {ve,vs}}. This is clearly not a
simplicial complex since {vi,va} is in M while {v1},{va} are not in M and is therefore not a

sub-complez of K.

Example 2.6.3. Let vertex set V.= {v1,v9,v3}. Consider the simplicial complex

K = {{v1},{va}, {vs}, {v1, v2}, {v2, v3}, {v1, v3}, {v1, v2, 03} }

A subset L of K is taken where L = {{vi},{va},{vs}}. The subset L is clearly a simplicial
complex and is therefore a sub-complex of K.

Consider another subset M of K where M = {{vy,va}, {ve,vs},{v1,v3}}. This is clearly not
a sub-complex of K since none of the vertices is included in M and is therefore not a sub-complex

of K.

2.7 Closure

The examples of the subsets M of K in the previous section were not sub-complexes of K. But
all these subsets can be extended into sub-complexes by adding some elements to these subsets.

Such an extended subset is called a closure of the original subset.

Definition 12. Let K’ be a subset of the simplicial compler K. L is a closure of K' if L is the

smallest sub-complex containing K'.

Example 2.7.1. Consider the simplicial complex

K = {{vi},{vo}, {vs}, {v1, v2}, {v2, v3}, {v1, v} }
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Consider the subset K' = {{vi,va},{ve,vs},{v1,v3}}. Here, the vertices are missing and
therefore, K' is not a sub-complex. Upon adding the vertices to the set K', it will become

a simplicial complexr and thereby a sub-complexr of K. Therefore, the closure of K' is L =

Hor}s {v2}s {vsh, {v1, v2}, {va, v}, {v1, vs}}

Example 2.7.2. Consider the simplicial complex

K = {{vi}, {v2}, {v3}}.

Let us consider the set K' = {{v1},{v2}}. This set is a simplicial complex and is therefore a

sub-complex of K'. Therefore, its closure is the set K' itself, that is L = K'.
Theorem 1. K’ is the closure of itself iff K' is a sub-complex.

Proof. The proof of this theorem is twofold. We must prove that if K’ is the closure of itself
then K’ is a sub-complex and that if K’ is a sub-complex then K’ is the closure of itself.
Let us first prove the first statement. Let us assume that K’ is the closure of K. This means
that K’ is the smallest sub-complex containing itself. This means that K’ is a sub-complex.
Now let us prove the second statement. Let us assume that K’ is a sub-complex. Let us take
any L that is any sub-complex of K and contains K’. This means that K’ C L. This implies
that K’ is smaller than or equal to L. Since K’ is a sub-complex of K and for all L containing

K’, K’ is smaller than L, K’ is the smallest sub-complex containing K’. O

This leads us to the question of whether the ’smallest’ sub-complex exists. For example, if
we take two sub-complexes L and M containing K’ such that L ¢ M and M ¢ L, then we
cannot compare the two sets. We claim that we can find a sub-complex smaller than both L
and M containing K’, namely, L N M. The next step in this process is to prove that L N M is

a simplicial complex.
Claim 1. LN M is a simplicial complex if L and M are simplicial complexes.

Proof. To prove that L N M is a sub-complex, we must prove that every singleton subset of V'

is contained in LN M and that if r€ LN M and ¢ C 7, then o0 € LN M.
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Proving the first part, let us first show that every singleton subset of V is contained in L N M.
We know that L and M are simplicial complexes. Hence, every vertex is contained in L and is
contained in M. Hence, every vertex is contained in L N M.

To prove the next part, let us show that if 7 € LN M and ¢ C 7, then 0 € LN M. If
Te€ LNM,then 7 € L and 7 € M. Let us first consider the case where 7 in L. This implies
that if ¢ C 7 then ¢ € L as L is a simplicial complex. Next Similarly, if 7 in M, and ¢ C 7 then
o € M as M is a sub-complex. Since, 0 € L and o0 € M, 0 € L N M. Therefore, if r € LN M

and 0 C 7, then o € LN M. ]

The next question that we would like to answer is if we can generalise this result to say that

(\rer L is a sub-complex if for all L € £, L is a sub-complex.
Claim 2. (., L is a simplicial complex if for all L € L, L is a simplicial complex.

Proof. To prove that [, ., L is a sub-complex, we must prove that every singleton subset of V'
is contained in (. L and that if 7 € (\;c, L and o C 7, then 0 € (¢, L.

Proving the first part, we need to show that every singleton subset of V is contained in
Nrer L. We know that for all L € £ (., L is a simplicial complex. Hence, every vertex is
contained in L for all L € L. Hence, every vertex is contained in (., L. Proving the second
part, we need to show that if 7 € (;c, L and 0 C 7, then 0 € (. L. If 7 € (N, L, then
Te€Lforall Le L. If 7€ Lforall L€ L andif o C 7 then o € L as L is a simplicial complex.
Since, forall L€ £, 0 € L, 0 € (. L

Hence, (¢, L is a sub-complex. £ = {K' C L|L is a sub-complex}. O

Therefore, given a subset K’ of K such that sub-complexes L; contains K’ for 7 € N, then

the closure of K’ is ;. L.
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Chapter 3

Homology

3.1 Euler Characteristic

We began the previous chapter with the problem of the seven bridges that Leonhard Euler
resolved using a novel method now known as Graph Theory. We begin this chapter with another
of Euler’s many contributions to the field of Mathematics.

In school, we have encountered the Euler number for convex polyhedra. If V' is the number
of vertices, F is the number of edges and F' is the number of faces in the convex polyhedron,
then V — E + F is the constant 2. The Euler number is a characteristic or property of convex
polyhedra that remains unchanged. Such characteristics or properties are called an invariant
of the object. In general, the Euler characteristic defined for different geometric objects is an

invariant. We are interested in the Euler characteristic of Simplicial Complexes.

Definition 13. The Euler characteristic of a simplicial complex K is the integer x(K) € Z

given by the alternating sum of cardinalities

X(K) = 3 (<1 #K,

where #K; is the number of i dimensional simplices in K.
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Example 3.1.1. Consider the simplicial complex

K = {{vo}, {v1}, {v2}}.

The number of 0-dimensional simplices is 3 and there are no other higher-dimensional simplices.

So,
() = 3 (1K

This gives us, (—1)° x 4 = 4. Therefore, the Euler characteristic of K is 4. In the case where
the simplicial complex only consists of 0-dimensional simplices, the Fuler characteristic is just

the number of simplices in K.

Example 3.1.2. Consider the simplicial complex

K = {{vo}, {v1}, {v2}, {vs}, {va}{vo, v1} }.

The number of 0-dimensional simplices is 5 and the number of 1-dimensional simplices is 1.

There are no other higher dimensional simplices. So,
X(K) = Z(—l)i#Kz‘.

This gives us, (—1)? x 5+ (=1)! x 1 =5 —1 = 4. Therefore, the Euler characteristic of K is 4.

The Euler characteristics of both examples are 4. But clearly, the two simplicial complexes
are not the same. So, having the same Euler characteristic does not guarantee that the two
simplicial complexes are equivalent in any way.

While having the same Euler characteristic does not guarantee that the two simplicial com-
plexes are equivalent, if two simplicial complexes are equivalent, they will have the same Euler
characteristic.

By assigning such invariants, we reduce the simplicial complexes to an algebraic value. In

this chapter, we will be looking at a much stronger invariant called Homology. To define and
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study homology, we need to understand chains and boundaries of simplicial complexes.

3.2 Chains

We have all encountered polynomials during our journey with Mathematics. Polynomials, when
considered an algebraic object, are written as agz’+ajxz'+. .. a,z™. Now consider the polynomial
x + 22. Here, the symbol '+’ does not indicate addition. There is no prescribed way to add x>
to x. It is a way of indicating that there is a certain combination of the two elements. Such a
sum is called the formal sum of the elements. A formal linear combination is the formal sum of
basis elements multiplied by co-coefficients from the respective field.

A k-chain of a simplicial complex is a formal linear combination of the constituent k& dimen-
sional simplices with co-coefficients from a field F. These chains are elements of the set C}.
The set Cj is a vector space over the field F where the field can be R,Z/27Z and so on. It is
also possible to take the co-coefficients from a ring and a popular choice for this is Z. In this
situation, CY} is not a vector space but is a module. For the purposes of this project, we continue
to treat C as a vector space over some field F. The vector space Cj, is generated by the set of

all k-simplices in the simplicial complex K.

Definition 14. For each dimension, k > 0, the k-th chain group of K is the vector space Cy(K)

over F generated by treating the k-simplices of K as a basis.

Example 3.2.1. Consider the simplicial complex

K = {{vo}, {v1}, {v2}}.

The only simplices in K are 0-dimensional. So, the only chains in K are 0-chains and the set
Co =< vg,v1,v2 >. The stimplicial complex does not contain any 1-chains. So, Ci is a vector
space that is generated by the null set. This means that Cy will be a zero-dimensional vector
spaces containing only the zero elements. Similarly, there are no higher chains in K either. So,
they are all generated by the null set. The sets C; for all i > 1 are zero-dimensional vector

spaces, that is, they are singleton sets containing only the zero elements.
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Example 3.2.2. Consider the simplicial complex

K = {{UO}v {Ul}v {U2}7 {Uh 02}7 {1)1, 1)3}, {U27 U3}7 {Ula V2, U3}}'

All 0-dimensional simplices include {vo},{v1},{va} and all 1-dimensional simplices include
{v1,va}, {v1,v3}. The only simplices in K are of zero, one or two dimensions. So, the only
chains in K are zero, one or two chains. The set Cy =< vg,v1,v9 >, C1 =< v1v2, V103, VoU3 >
and Cy =< vgvivg >.

The simplicial complex does not contain any 3-chains. So, Cs is a vector space that is
generated by the null set. This means that Cs will be a zero-dimensional vector spaces containing
only the zero elements. Similarly, there are no higher chains in K either. So, they are all
generated by the null set. The sets C; for all i > 3 are zero-dimensional vector spaces, that is,

they are singleton sets containing only the zero elements.

Now that we have understood chains, the next thing to understand before defining the big

invariant Homology, is boundaries.

3.3 Boundaries

Consider the chain vgv1 + vive. What will the boundary of this chain be? Pictorially, the chain

will look as follows:

otg—eti—e U2

A reasonable guess for the boundary of the above chain would be that it is some combination
of its extreme vertices, vp and ve. Let us represent the boundary map by 9. Considering the
boundary of a 1 dimensional simplex to be some linear combination of its vertices, we feel
that, the co-coefficients should not depend on the choice of the 1 dimensional simplex. So,
d(vov1) = avg + aguy and O(v1va) = vy + agvs. Now, let us look at the boundary of the chain

vov1 + v1v2. The boundary map must be a linear map since the set of all £ dimensional chains

23



is a vector space. Considering linearity for now, we get that,
O(vov1 + v1v2) = O(vev1) + O(viv2) = Qv + Qv + a1 + avy = avg + (a1 + az)vr + agvs.

We already established that, intuitively, the boundary of the above simplicial chain should
involve vg and v9 but not v. So, we would want a1 + ag = 0 or ag = —ay. Thus, d(vpv1) =
avy — awy for some . The most natural choice for a is 1. So, we may define d(vpv1) := v — vy.
This observation can be generalised to higher dimensional simplices as well and we may formalise
this observation into an abstract definition of the boundary map.

The boundary of an n dimensional simplex, intuitively, is the constituent n — 1 simplices. So,
the boundary of k chains consists of k — 1 chains. We have previously studied oriented simplices

and we denote them by o. Let us now define o_;.

Definition 15. Let K be an oriented simplicial complex and let o = {vg,v1,... v} be an oriented

k-simplex in K. For each i in {0...k}, the i-th face of o is the k — 1 dimensional simplex

o_i = {V0,V1,. .. Vi—1,Vit1,... Uk}

obtained by removing the i-th vertez.
Now that we have defined o_;, let us define the boundary map of a k-chain.

Definition 16. For each dimension k > 0, the k-th boundary operator of K is the F- linear
map OF : Cx(K) — Cyx_1(K) which sends each basis k-chain o to the (k — 1) chain.

k
0 (o) = 3 (-1,
=0

The boundary map is only defined on the basis of k-chains. We extend this map linearly to

the other elements in the k£ chain vector space.

Example 3.3.1. Consider the vertex set {vo,vi,v2,vs,v4}. Consider the simplicial complex

{{wo}, {vi}, {v2}, {vs}, {va}, {vo, v1}, {v1, v2}, {v2, v3}, {vs, va}}. We have Cop =< vp, v1,v2,v3,v4 >,
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C1 =< vgu1, V102, V903, V304 >. These are ordered basis of K. We want to find the boundary of
the chain vov, + v1v9 + Vov3 + V3U4.
The boundary of the above chain will be v1 — vg + Vo — V1 + V3 — Vo + V4 — V3 = V4 — V.

Therefore, the boundary of the chain vouy + v1ve + Vo3 + V3V S V4 — V.

We can represent the example 3.3.1 in the form of matrices where the columns represent the
edges and the rows represent the vertices. The vertex that is the sink of the edge takes the value
of 1 and the vertex that is the source takes the value of -1. All other vertices take the value
of 0. Each edge can have only one source and only one sink. So, each column has exactly one

positive 1 and one negative 1. Every other element in the column is a 0.

Example 3.3.2. The following matriz captures this information in a concise manner.

v —1 0 0 0
v, 1 -1 0 0
vo 0 1 -1 0
v 0 O 1 -1

u 0 0 0 1

We have defined the boundary of k chains to be k& — 1 chains. We can find the boundaries
of boundaries as well. While the function Jj represents the boundary map of k simplices, dx_1
represents the boundary map of k£ — 1 simplices. We claim that the boundary of a boundary

map is equivalent to 0. We prove this as follows.

Proposition 2. For any oriented simplex o of dimension k > 0, we have

Ok—100k(0) =0.

k .
Proof. We know that 0x(0) = > (—1)'0_;. We now need to find the boundary of di(c). We
i=0
write this as
k
01D (=)o)
i=0
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Expanding this, we get,

k

DO D (o) + (=1 o)

=0 j<i J>i

This can be written as,

D (D) (o) + > (1) o).
j<i J>i
The element o_;; is the same in both the summations. But, one of them has a co-efficient
of (—1)"J and the other has a co-efficient of (—1)"*/~!. This means that one of them will have
a co-efficient of 1 and the other will have a co-efficient of -1. Effectively, the two values get

canceled out. So,

S (=)o) + > (1) (o) = 0.

Jj<i j>t

Hence, we have proven that dx_1 o Ox(0) = 0.

3.4 Homology

Homology is an invariant that is used to algebraically capture the essence of a simplicial complex.
Previously, we had said that we need to study chains and boundaries to define and understand
homology. This is because the homology of a simplicial complex is defined as the quotient vector

space of the ker 0y by the Im O 1.

Definition 17. For each dimension k > 0, the k-th homology group of a simplicial compler K

is defined to be the quotient vector space
Hy(K) = ker Ox/Im 0k + 1

Both the ker 0 and the Im 9y, 1 are sub-spaces of Cy. The elements in the ker 0y are called

k-cycles and the elements in the Im 04 are called k-boundaries.
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Example 3.4.1. Consider the simplicial complex

K = {{vo}, {v1}, {va}, {vs}, {va}}.

The zero dimensional simplices in K include four elements, {vo},{v1},{va}, {vs} and {vs}. So,
the vector space Cy =< vg,v1,v2,v3 >. The kernel of 0y = Cy. There are no I1-dimensional
simplices. This means that the image of 01 is the singleton set {0}.

The zeroth homology class of K is Ho(K) = ker (0p)/Im (01) = Cp/{0}.

The dimension of Hy is dim(ker (0p)) - dim(Im (01)). This gives us 4 — 0 = 4. So, the
dimension of Hyo(K) is 4.

Example 3.4.2. Consider the simplicial complex

K = {{vo}, {v1}, {vz}, {vs}, {va}, {vs}, {vo, v1}, {v2, v3}.

The zero dimensional simplices in K include siz elements, {vo},{v1}, {ve}, {vs}, {va} and {vs}.
So, the vector space Cy =< vy, v1, V2, V3, V4,05 >. The kernel of 9y = Cy.

The one dimensional simplices in K include two elements, {vg,v1} and {va,vs}. The vector
space C1 =< vgvi,v2v3 >. The images of these 1-dimensional simplices under 01 are vy — vy
and v3 — vy respectively. So, the image of the 01 is the vector space < v1 — vg, V3 — Vg >.

The zeroth homology class of K is Ho(K) = ker (0p)/Im (01) = Cp/ < v1 — vp,v3 — vg >.

The dimension of Hq is dim(ker (0p)) - dim(Im (01)). This gives us 6 —2 = 4. So, the
dimension of Hy(K) is 4.

The first homology class of K is Hy(K) = ker (01)/Im (02). Here, both the ker (01) and the
Im (02) are {0}. So, Hy ={0}/{0}.

The dimension of the first homology class of K. The dimension of Hi is 0 — 0 = 0. So, the
dimension of H1(K) is 0.

Example 3.4.3. Consider the simplicial complex

K = {{vo}, {v1}, {va}, {vs}, {va}, {vs}, {ve}, {7}, {vs}, {v1,va}, {2, v3},
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{1)1, 1)3}, {’1)4, ’1)5}, {1)5, 1)6}, {1}4, Uﬁ}, {’1)7, ’Ug}, {Ul, V2, 1)3}}.

The zero dimensional simplices in K include nine elements, {vo}, {vi},{ve}, {vs}, {va}, {vs}, {ve},
{v7},{vs}. So, the vector space Cy =< vy, vy, v2, V3, V4, U5, Vg, U7, V8 >. The kernel of 0y = Cp.

The one dimensional simplices in K include seven elements, {v1,vs}, {ve,v3}, {v1,v3}, {vs, v5},
{vs,v6}, {va, v6}, {v7,v8}. The vector space C1 =< v1v2, VaUs, V1V3, V4Us, VsV, V46, U7U8 >.

The tmages of the basis elements of Cy is vo —v1, V3 —v2, V3 — V1, U5 — V4, Vg — Vs, Vg — U4, Vg — VU7
The set Im (01) is < vg — v1,V3 — Vg, U5 — U4, Vg — V5,08 — U7 >. The natural question here is
why the elements vs — v1 and vg — vy are not included in the spanning set of Im (01). This is
because, v3 — vy s the linear combination of vo — v and vy — vo. Similarly, v — vq is a linear
combination of vs — vq and vg — vs.

The zeroth homology class of K is Hy = ker (0o)/Im (01) = Co/ < vo — v1,v3 — v2,05 —
V4,V — V5, V8 — U7 >.

The dimension of Hy is dim(ker (0y)) — dim(Im (01)). This gives us 9 — 5 = 4. So, the
zeroth homology of K is 4.

Next, we need to find the ker (01). The ker (01) =< vavs — v1U3 + V1V2, V5V — V4Vg, V4U5 >.
The Im (0s) is the set < vivauz >.

The first homology class of K is Hy = ker (01)/Im (02) =< vau3 — v103 + 0102, U506 — V406 +
v4vs > [ < v1vV3 >.

The dimension of Hy is dim(ker (01)) — dim(Im (02)). This gives us 2—1 = 1. So, the first

homology of K is 1.

Homology classes tell us the number of holes of different dimensions. The zeroth homology of
all the above examples is 4. All the examples have 4 components to them. The zeroth homology
class tells us the number of connected components.

Through homology, we can find the number of holes in a geometric structure, thereby pro-
viding a necessary condition for two simplicial complexes to be termed equivalent. While this
does not guarantee the equivalence of two structures, it is a very useful tool to differentiate the
two structures based on the difference in their homology class. For example, a disk is definitely

different from a doughnut since the former has no holes and the latter has one dimensional hole.
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Chapter 4

Persistance Homology

4.1 Data as a Simplicial Complex

The idea of studying Topology over the course of this project is to be able to analyse data by
studying the shape of the data. To be able to look at data geometrically, we create a simplicial
complex with the different data points as the vertices of the simplicial complex. To convert the

data into the simplicial complex, we define filtrations.

Definition 18. Consider a simplicial complex K. A filtration of K (of length n) is a nested

sequence of sub-complexes of the form:
hKCKhKC---CF, 1KCF,K

where F;_1 K # F; K for all i.

Example 4.1.1. Consider the simplicial complex

K = {{vi},{vo}, {vs}, {va}, {v1, v2}, {va, va}, {1, va}, {1, 03}, {v1, va}}.

The following nested sequence of sub-complexes forms a filtration of K of length 4.
K = {{vi}, {v2}}
K = {{vi}, {va}, {vs}, {va}}
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F3K = {{v1}, {v2}, {vs}, {va}, {v1, va}, {v2,va}, {v1,va}}
FyK = {{vi}, {va}, {vs}, {va}, {v1, va}, {va, va}, {v1, va}, {v1,v3}, {v1,v4}}
This is a filtration of K that starts with 2 vertices and has 'K C FoK C F3K C F,K = K.

The Cech Complex and the Vietoris Rips Complex are two such filtrations that are popularly
used to create a simplicial complex from a given set of points. For both these filtrations, we

need to fix a parameter R.

4.1.1 Cech Complex

The Cech complex is an abstract simplicial complex that we construct from a point cloud in the
following way. Let us denote the Cech Complex as Cg.

Let us consider a data set X that contains points in R¥. We fix a parameter R. We draw
a ball of radius R around each of these data points. Upon drawing these balls, if two balls
intersect each other, we draw an edge between the two vertices that form the centre of the two
respective balls. If the intersection of three balls is non-empty, then we draw a shaded triangle
with the three data points as vertices of the triangle. Generally, if the intersection of k balls is
non-empty, then a k — 1 simplex is formed. The highest dimension simplex that can be drawn

from n data points is n.
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4.1.2 Vietoris-Rips Complex

The Vietoris-Rips complex is an abstract simplicial complex that we construct from a point
cloud in the following way. Let us denote the Vietoris-Rips Complex as Vgi. Let us consider

a data set X that contains points in R¥. We fix a parameter R. We draw balls of radius R
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around each of the data points. Upon drawing these balls, if two balls intersect each other, we
draw an edge between the two vertices that form the centre of the two respective balls. If three
balls mutually interact, a filled triangle is drawn with the three centres being the three vertices.

Generally, if k£ balls mutually intersect, then a k — 1 simplex is formed.

5
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If we look at the two images, we will see that the triangle QC1V; is not shaded in the Cech

complex while the same triangle is shaded in the Vietoris-Rips complex.

4.2 Persistence homology

The Cech and Vietoris-Rips complexes are constructed by considering a parameter R. For which
R should we be studying these properties of the complex? We do not study the complex for a
fixed radius R. We take the properties of the simplicial complexes that are formed for a range
of R. We vary the value of R while constructing the complexes and thereby get different Cech
and Vietoris-Rips complexes. As we vary R, the homology of these complexes will also change.
For each value of k , we record the both and death of the generators of Hy as we vary R. As
the generators completely describe Hy, this is good enough.

The dim(H) will give us the number of connected components, the dim(H;) will tell us
whether there is a one-dimensional loop or hole that is not filled, and so on.

The complexes constructed for each value of R gives us some information about the geometry
of the complex. Properties that persist for a long period of time, that is, over a large range of
R, are called features of data. If the properties do not persist, we ignore them as noise.

We record the value of R where a hole is born and dies. We capture the birth and death of
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data using a persistence diagram.

We have written a code to compute the homology of a Vietoris-Rips complex. The data
points are of two kinds, one that is a set of random points that form a square and another that
is a set of random points that form a square with a circular cutout in the center.

The following block of code finds the data points with random points in a square and its
persistence diagram.

no_cut <- function(mn)
{
i=0
x <- vector (mode=’1list’, length=n)
y <- vector(mode=’list’, length=n)
while(i <= n)
{
a <- runif (1, -3, 3)
b <- runif(1, -3, 3)
x[i] <- a
y[i] <- b
i=i+1
}
print (x)
¢ <- append(x,y)
p2 <- matrix(unlist(c), ncol = 2,nrow=n)
plot(x, y)
return (p2)
}
nocut_1 = no_cut (500)
Diag <- ripsDiag(X=nocut_1, maxdimension = 1, maxscale = 5, printProgress = FALSE)

plot(Diagl[["diagram"]])

The following block of code finds the data points with random points in a square with a

circle cutout in the center and its persistence diagram.
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Birth

Figure 4.1: A data set consisting of random points in a square and the persistence diagram of
this data set.

cutout <- function(n)
{
i=0
x <- vector(mode=’1list’, length=n)
y <- vector (mode=’1list’, length=n)
while (i <= n)
{
a <- runif (1, -3, 3)
b <- runif (1, -3, 3)

if (a**2 + b**x2 > 1)

{
x[i] <- a
y[i]l <- b
i=i+1
}
}
print (x)

¢ <- append(x,y)
p2 <- matrix(unlist(c), ncol = 2,nrow=n)
plot(x, y)

return(p2) }
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Figure 4.2: A data set consisting of random points in a square with a circular cutout in the
center and the persistence diagram of this data set.

cutout_1 <- cutout (500)
Diag <- ripsDiag(X=cutout_1, maxdimension = 1, maxscale = 5, printProgress = FALSE)

plot (Diag[["diagram"]])

We use these persistence diagrams to distinguish between data. We say that two data sets
are similar when they have very similar persistence diagrams. These persistence diagrams can
be thought of as a proxy for the actual data sets. We gauge the similarity of the persistence

diagrams by computing the Wasserstein’s distance between the two diagrams.

4.3 Wasserstein’s distance

The Wasserstein’s distance is a measure used to understand the similarity between two persis-

tence diagrams.

Definition 19. The Wasserstein’s distance between two persistence diagrams X and Y 1is

W(X,Y) = [inf 3 lle (@)l &)'”
zeX

where 1 is all possible bijections between X and Y .

This distance will tell us how similar two point clouds are and thereby, tell us how similar

two data sets are.
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In the next chapter, we will be looking at an application where this distance has been used

to classify Karate moves.
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Chapter 5

Classification of Karate moves using

Topological Data Analysis

After studying the concepts of topology required to analyse data sets using the method of
Topological Data Analysis or TDA, we started to look through potential applications in the
fields of engineering, bio-medicine and chemistry, to name a few. The field of computer vision
had a lot of promising research that was very interesting. Computer vision is a field of artificial
intelligence that studies and classifies digital images and videos. Most of the research in this field
involves using machine learning to perform the classification. But to study the data through
machine learning, we would need a very large set of data. Often, the data sets are small
and therefore, machine learning algorithms are not the ideal way to classify such data sets.
Topological Data Analysis is a novel way to analyse data by using techniques from topology.
Researchers have been studying computer vision through TDA. So, we decided to explore the
same.

The data sets were from varying situations like home safety footage, bio-medical imaging,
neuro-imaging and so on. We studied the use of Topological Data Analysis in human motion
recognition. The paper that we followed was “The application of topological data analysis to
human motion recognition” by Marcin Zelawski and Tomasz Hachaj Zelawski and Hachaj

The authors are Polish researchers and the paper was published in the year 2021.
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Through this chapter, I aim to first provide a brief explanation of Principal Component
Analysis (PCA) and a summary of the paper. Further, I will provide a run-through of the
algorithm used by the authors by elucidating the algorithm by including compatible sections of

code. The code has been provided by the authors along with the article.

5.1 Principal Component Analysis

Principal Component Analysis is a machine learning method that is used to reduce the dimen-
sion of large data sets. The paper, “The application of topological data analysis to human

" claims that TDA outperforms PCA-based feature recognition. So, we first

motion recognition,’
understand PCA.

If we have only one variable, we can plot the data on a number line. If we have two variables,
we can plot the data on a plane. If we have three variables, we would have another axis and
plot the data on a three-dimensional space. Once we reach four variables, we can no longer
plot them on a scatter plot. Through PCA, we take higher-dimensional data and plot it on a
lower-dimensional plane.

Let us assume that we have a scatter plot of three dimensional data. We first calculate the
average value for each of the three variables. We plot this point and call this the centre of the
data. We shift the data points such that the centre coincides with the origin but the position of
the data points respective to each other remains the same.

Next, we want to find the best fit line for this data set. How do we know which is the best-fit
line? We draw a line through the origin and project the data points onto this line. We then
rotate this line until the sum of the squared distances of the projected points to the origin is
maximised. We square the distances so that the negative values do not cancel out the positive
values. This line is the best-fit line and is called the Principal Component 1 or PC1. This line
is a combination of the three variables.

We then calculate the unit vector along the PC1 and call this the Singular Vector. This
gives us the proportion with which the variables are combined. These proportions with which

the three variables make up the PC1 are called the loading scores.
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While computing the best fit line, we maximised the sum of the squared distances of the
projected points to the origin. Now, if we take the square root of the sum of the squared
distances of the projected points to the origin, we call this the Singular Value.

Now that we have covered Principal Component 1, let us move onto Principal Component
2. The line through the origin that is perpendicular to PC1 and is the best-fit line is called the
Principal Component 2 or PC2.

Next, we take PC1 to be the z-axis and PC2 to be the y-axis. We project the points onto
PC2 as well. Finally, we project the points back onto the plane by taking the value on PC1 as
the z-coordinate and the value on PC2 as the y-coordinate. The sum of the squared distances
of the projected points on PC1 to the origin divided by n — 1, where n is the number of data
points, is called the variation of PC1. The same calculation is done for PC2.

We can also find a PC3, the line that is perpendicular to both PC1 and PC2 and passes
through the origin. But, we want to achieve dimension reduction.

We get as many Principal Components as there are variables in the data set. But the first
two PCs carry a large part of the information regarding the variation in the data points. So,
plotting just the PC1 and PC2 would be enough for recognising clusters in the data. Even if
the first two PCs do not carry most of the variation, we will still be able to identify clusters and
therefore, get information from just the first two PCs.

So, even though we can get as many PCs as there are variables, we only consider the first
two PCs for plotting the data. This way we convert a higher dimensional data set into a 2D

plot with PC1 as the z-axis and PC2 as the y-axis.

5.2 Summary of “The application of topological data analysis

to human motion recognition”

One of the areas where motions capture data is used extensively is in the field of sports. The
paper “The application of topological data analysis to human motion recognition” uses Topo-
logical Data Analysis for motion capture processing and human action recognition in Karate.

Human capture recognition is called MoCap (motion capture).
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The authors use an open-source data set of three Shorin-Ryu karate players. They have
been recorded while performing twelve types of Karate techniques, each repeated ten times. So,
the data set contains 360 motion capture data points. The data was captured using systems
involving seventeen Internal Measurement Unit (IMU) sensors. The motion recordings contain
twenty body joints.

The twelve moves have been performed with high speed and precision. Due to the complexity
of the moves, there are limited data sets available for analysis. This makes machine learning
hard on these data sets.

First, a broad analysis was done on the data before TDA. The data were classified broadly
into bounding boxes. If the bounding boxes of the Karate moves matched, a further TDA was
performed to precisely classify the moves. This was to increase efficiency. Not every move had
to be verified with every other move in the TDA stage if the bounding boxes did not match.
The full algorithm will be discussed in the next section.

The algorithm was implemented using R. The data sets were split such that the data from
two players were used as training data sets and the data from the third player was used as the
validation data set. A three-way cross-verification was performed where all possible combinations
were taken. The results were averaged. The topological method gave a recognition rate of 0.975.

There were instances where the left and right versions of the same move were misclassified.
This is because Topology does not efficiently differentiate such a difference as it is stable to
rotations, translations and scaling.

The PCA-based method gave a recognition rate of 0.647 with a similar three-fold cross-
verification. This proves that TDA-based analysis outperforms PCA-based analysis and is

therefore an efficient method for human action recognition.

5.3 Algorithm used in “The application of topological data anal-

ysis to human motion recognition”

The paper “The application of topological data analysis to human motion recognition” has

effectively analysed and evaluated the novel method of Topological Data Analysis to classify
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Karate moves. They have established that it is a better classifier than PCA for human motion
recognition.

In this section, we explore the algorithm that the authors have devised to perform the
aforementioned TDA classification. The algorithms is two-fold. In the first step, the authors are
performing a crude classification of the different moves. This is called the bounding box stage.
The next step uses TDA. Those point clouds that clear the bounding box stage are analysed
using Oth-dimensional persistence homology. The algorithm was implemented using R. Let us

first define the terminology used in the paper,

e M represents the number of sensors.
e ¢ represents the co-ordinates and can take the value of 0, 1 or 2.
e s;; is the position of the i-th co-ordinate of the j-th sensor.

e K represents the number of measurements.

Now, let us consider the set vy = {tg, So1k, S11k - - - Sonmk . The point cloud will be the set
{v, € R3M*YE = 1,... K}. This point cloud is transformed into a Vietoris-Rips complex and

the persistence homology is visualised using persistence diagrams.

5.3.1 Bounding boxes

The bounding boxes are constructed around the data points as a first level of filtering. Each
Karate athlete had sensors on twenty body joints. For this stage of analysis, the hip sensor is
taken as the origin.

We take two Karate athletes as the training data set and the third Karate athlete as the
validation data set. For the point clouds representing the different moves, the minimum and
maximum co-ordinates reached by the j-th sensors or the maximal and minimal co-ordinates
of the bounding boxes of the j-th sensors were calculated with respect to the hip sensor. It is
computed as follows:

min

x = (ming, Sojk, MiNg S1jk, Ming S2;k) — (S0k0, 51105 5210)-
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max
Ty = (mamk 805k, MATE S1jk, MAT 82jk-) - (30h07 S1h0, Szho)-
pc <- PointCloud

BoxList <- 1list ()

# LeftHand

min <- c(min(pc[,"lhand_x"]), min(pc[,"lhand_y"]), min(pc[,"lhand_z"]1))
max <- c(max(pc[,"lhand_x"]), max(pcl[,"lhand_y"]), max(pcl[,"lhand_z"]))
Box <- rbind(min, max)

BoxList <- append(BoxList, list(Box))

# RightHand

min <- c(min(pc[,"rhand_x"]), min(pc[,"rhand_y"]), min(pc[,"rhand_z"]))
max <- c(max(pc[,"rhand_x"]), max(pcl[,"rhand_y"]), max(pcl[,"rhand_z"]1))
Box <- rbind(min, max)

BoxList <- append(BoxList, list(Box))

# LeftFoot

min <- c(min(pc[,"1foot_x"]), min(pc[,"lfoot_y"]), min(pc[,"lfoot_z"]1))
max <- c(max(pc[,"1lfoot_x"]), max(pcl,"lfoot_y"1), max(pcl[,"lfoot_z"1))
Box <- rbind(min, max)

BoxList <- append(BoxList, list(Box))

# RightFoot

min <- c(min(pc[,"rfoot_x"]), min(pcl[,"rfoot_y"]), min(pcl[,"rfoot_z"]1))
max <- c(max(pcl[,"rfoot_x"]), max(pcl,"rfoot_y"]), max(pcl,"rfoot_z"1))
Box <- rbind(min, max)

BoxList <- append(BoxList, list(Box))

The above code performs this action three times, once for each point cloud.

The next step is to compute the distance between the bounding boxes of the training point
cloud C7, and the validation point cloud C5, for the j-th sensor. We calculate this distance
by summing the distance between the minimal co-ordinates of the j-th sensor in the two point
clouds and the distance between the maximal co-ordinates of the j-th sensor in the two point

clouds. This is computed as follows:
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(1, Cp) = d(@™ (1), 2™ (Ca)) + d(@™(Cr), 27 (C)

where d refers to the Euclidean distance between the two points.

We now define the hand foot distance for each of the athletes respectively. We calculate this
distance to be the sum of the distances between the bounding boxes of the left hand sensor,
right hand sensor, left foot sensor and right foot sensor, of the training and the validation point

clouds. This is computed as follows:
d" (C1, Ca) = i (C1, Co) + dj* (C1, C2) + dif (O, Ca) + dif (O, C).

The value of "/ measures the similarity between the bounding boxes of the two point clouds.
This value detects the differences between the moves very quickly. So, only those point clouds
that are not rejected by the bounding box algorithm are analysed using TDA in the next stage.

The box distance function has been implemented as follows.
box_distance <- function(bl_1, bl_2)

{

box_dist <- 0

11 <- length(bl_1)

12 <- length(bl_2)

if( 11 == 12 & 11 > 0)
{

for(i in 1:11)

{

nl <- length(bl_1[[i]][,1]1)

n2 <- length(bl_2[[i]][,11)

if( n1 == n2 & n1 > 0)
{
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for(j in 1:n1)
{

box_dist <- box_dist + euc_dist(bl_1[[i]11[j,], p1_2[[i11[j,1)

}

return( box_dist )

Once the box distance has been computed, they create an array with the box distance. This
is done as follows.
Movement <- list(FileName = FileName, MovName = MovName, File = File,
MovName_1 = MovName_1, MovName_2 = MovName_2,

PointCloud = PointCloud, Diag.info = Diag.info, BoxList = BoxList)

MovementList <- append( MovementList, list(Movement) )

5.3.2 Topological Data Analysis

Once the bounding box stage is complete, those point clouds that were rejected during the
bounding box stage are removed from the training data set. We now have a smaller list of point
clouds that we need to compare the point clouds in the validation data set with.

To perform Topological Data Analysis, we first convert the point clouds into Vietoris-Rips
complexes. The authors only calculate the 0 dimensional persistence homology. By varying R,
we get the generators of Hy at different values of R. The values at which the generator or 0
dimensional holes are born and die are recorded. This is converted into a persistence diagram.
The Wasserstein’s distance between the persistence diagrams of the training and validation data
sets is calculated.

This process is done by taking all possible combinations of two Karate athletes as the training
data set and the third Karate athlete as the validation data set, thereby, performing the three-

way cross verification process.

43



The parameter € is set empirically. The algorithm returns a unique match in the training
data set for the point cloud in the validation data set.
The following block of code finds the minimum distance between the persistence diagrams

between the training and the validation data set.

if ( TDA_ON > 0 )
{
rec_dist_sort <- rec_dist[order (sapply(rec_dist, ’[[’, "Dist"))]
if ( rec_dist_sort [[2]]$Dist - rec_dist_sort[[1]]1$Dist <= TDA_VERIF_MARGIN )
{
min_dist_final <- Inf
min_idx_final <- -1
for (i in 1:min(TDA_VERIF_SIZE, length(rec_dist_sort)))
{
PatIndx <- rec_dist_sort[[i]]$Indx
PatMov <- MovementListPat[[ PatIndx ]]
Diag2 <- PatMov$Diag.info$diagram
Mov <- MovementList [[m1]]
Diag.info <- ripsDiag(X=Mov$PointCloud, maxdimension=0,
maxscale=TDA_MAXSCALE,
dist="euclidean", TDA_library, printProgress=FALSE)

Diagl <- Diag.info$diagram

distance_TDA <- wasserstein(Diagl = Diagl, Diag2 = Diag2,

dimension = d)

# find the move with minimum wasserstein distance from ml
if( distance_TDA < min_dist_final )
{

min_dist_final <- distance_TDA

min_idx_final <- PatIndx
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b

#we check if for the training data set, the movement names

#at the the two indices match or not if they do not match for

#the training data set, probably TDA is not helping us, thus we go

#back to default classification using box distance.

if( min_idx_final > -1 & min_idx_xyz > -1 )

{
name_xyz <- MovementListPat[[min_idx_xyz]]$MovName_1
name_xyz_s <- MovementListPat[[min_idx_xyz]]$MovName_2
name_TDA <- MovementListPat[[min_idx_final]]$MovName_1
name _TDA_s <- MovementListPat [[min_idx_final]l]$MovName_2
if ( name_xyz != name_TDA & name_xyz_s == name_TDA_s )
{

min_dist_final <- distance_xyz

min_idx_final <- min_idx_xyz

Once the index with the minimum Wasserstein distance between the persistence diagrams
of the training and validation set is retrieved, we check if the name of the move at that index
matches the name of the move on the validation data set. If it does, we increase the counter by
one.

if( min_idx_final > -1 )

{

dist_final[d+1, ml, 2] <- MovementListPat[[min_idx_finall]] $MovName

mov_name_1 <- MovementList[[m1]]$MovName_1

mov_name_2 <- MovementListPat[[min_idx_final]l]$MovName_1
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if ( mov_name_1 == mov_name_2 )
good_rec_final <- good_rec_final + 1
dist_final[d+1, m1, 1] <- "OK"

else

{

dist_final[d+1, m1, 1] <- "ERR"

The classification rate for the algorithm is 0.975.
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Chapter 6

Conclusion

The aim of the project was to study and analyse the shape of data and explore an application of
Topological Data Analysis. During the first half of the project, we studied topology to be able
to study the shape of data. Once the theoretical study was done, we explored the different fields
where TDA is applied. Some of these fields included engineering, bio-medicine and chemistry.
One of the most interesting areas we discovered was computer vision. So, we read and analysed
the paper, “The application of topological data analysis to human motion recognition” written
by Marcin Zelawski and Tomasz Hachaj.

The paper provided a topological way to classify Karate moves. We also explored and un-
derstood the R code that the authors had supplemented the paper with. The code implemented
the algorithm developed in the paper.

Upon understanding the code, we wanted to try and analyse a different data set using the
method explicated in the paper by Zelawski and Hachaj. We came across the paper, “Fine
Classification of Complex Motion Pattern in Fencing.” Mantovani et al. The aim of the
paper was to classify the movements of fencers from motion capture data using PCA, wavelet-
based analysis and a feature extraction method.

Since the paper uses PCA as a first step, we wanted to understand if TDA provided a better
classification. At first glance, the data sets looked very similar, thereby piquing our interest.

However, the data sets provided by the authors were single dimensional, that is, PCA had
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already been performed on the data set. We were unable to procure the raw data sets and
where therefore, unable to perform our own analysis.
There are many fields where TDA is now being applied to. It is an interesting way to look

at data and analyse it thereby, increasing its popularity amongst all researchers.
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